A systematic approach to generalisations of General Relativity and their
  cosmological implications by Heisenberg, Lavinia
A systematic approach to generalisations of
General Relativity and their cosmological
implications
Lavinia Heisenberg
Institute for Theoretical Studies, ETH Zurich, Clausiusstrasse 47, 8092 Zurich, Switzerland.
Abstract
A century ago, Einstein formulated his elegant and elaborate theory of General Relativ-
ity, which has so far withstood a multitude of empirical tests with remarkable success.
Notwithstanding the triumphs of Einstein’s theory, the tenacious challenges of modern
cosmology and of particle physics have motivated the exploration of further generalised
theories of spacetime. Even though Einstein’s interpretation of gravity in terms of the
curvature of spacetime is commonly adopted, the assignment of geometrical concepts to
gravity is ambiguous because General Relativity allows three entirely different, but equiv-
alent approaches of which Einstein’s interpretation is only one. From a field-theoretical
perspective, however, the construction of a consistent theory for a Lorentz-invariant mass-
less spin-2 particle uniquely leads to General Relativity. Keeping Lorentz invariance then
implies that any modification of General Relativity will inevitably introduce additional
propagating degrees of freedom into the gravity sector. Adopting this perspective, we will
review the recent progress in constructing consistent field theories of gravity based on ad-
ditional scalar, vector and tensor fields. Within this conceptual framework, we will discuss
theories with Galileons, with Lagrange densities as constructed by Horndeski and beyond,
extended to DHOST interactions, or containing generalized Proca fields and extensions
thereof, or several Proca fields, as well as bigravity theories and scalar-vector-tensor theo-
ries. We will review the motivation of their inception, different formulations, and essential
results obtained within these classes of theories together with their empirical viability.
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1. Introduction
Physics stands for “knowledge of Nature ”and studies the matter of our world and its
evolution determined by the laws of physics. The macroscopic and the microscopic world
are described by two conceptually simple standard models: the Standard Model of Particle
Physics and the Standard Model of Big Bang cosmology. They are based on the physical
assumptions and techniques of Quantum Field Theory and General Relativity. The unifi-
cation of these two worlds would mark a breakthrough step forward in our understanding
of Nature and is still a monumental challenge for modern physics.
Nature manifests itself through four fundamental forces: the electromagnetic, the
strong, the weak and the gravitational force. Despite the fact, that the gravitational force
was the first to be revealed, it still constitutes the most puzzling one, posing the most
tenacious problems. Gravitational physics recently witnessed an important centenary and
a breathtaking event. The year 2015 saw the 100th anniversary of Albert Einstein’s el-
egant and elaborate theory of General Relativity and the year 2016 marked a milestone
in the detection of gravitational waves [1]. Einstein successfully constructed General Rel-
ativity based on a geometrical interpretation of gravity. He inferred from his principal
of equivalence that the gravitational interactions are due to the curvature of spacetime.
This intimate relation of General Relativity with the geometry of spacetime puts it into
a very extraordinary and distinctive place compared to other forces in Nature, even if its
geometrical interpretation is ambiguous [2, 3, 4].
More than 100 years after its inception General Relativity is still the best theory to
describe the underlying gravitational physics on a vast range of scales. A multitude of
laboratory, ground-based and space-borne experiments were applied to an intense scrutiny
of General Relativity in the last decades. It was put on trial by laboratory measurements
at sub-mm scales and constrained with an exquisite precision by the observations of the
Solar System [5]. The predictions of General Relativity for the emission of gravitational
waves is compatible with the decrease of the orbital period of binary systems at the
percent level. Furthermore, it is in perfect agreement with the observations of black hole
and neutron star mergers [6]. After a great deal of inquiry General Relativity has outlived
most competitors among the alternative gravity theories.
The underlying physics on cosmological scales is described by the Standard Model of
Big Bang cosmology on the basis of two fundamental pillars: General Relativity and the
cosmological principle. The latter relies on the assumption that the universe is spatially
homogeneous and isotropic on cosmological scales. Different combinations of cosmological
observations like those of the Cosmic Microwave Background (CMB), supernovae, lens-
ing and baryon acoustic oscillations (BAO) have firmly established the standard ΛCDM
model of cosmology, which requires an accelerated expansion of the universe at late times.
This simple world model puts us in an excellent position to account for the observed
phenomenology on cosmological scales. Nevertheless, this simple picture forces us to in-
troduce three unknown ingredients: dark energy in form of a cosmological constant, dark
matter and the inflaton field. Despite many years of research their origin has not yet been
identified.
Within the simple cosmological standard model, there thus remain severe theoretical
challenges. The most persistent theoretical obstacle without a satisfactory foundation is
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the cosmological constant problem [7, 8], representing the largest discrepancy between
theoretical predictions and observations in all of science. From an effective field theory
perspective, the cosmological constant has to be added to the Einstein-Hilbert action and
there is no symmetry recovered in the limit of a vanishing cosmological constant. Since the
de Sitter and Poincare´ groups have the same number of generators, any fine-tuning of the
cosmological constant is technically unnatural. In other words, the classical value of the
cosmological constant receives large quantum corrections. Within the realm of General
Relativity one cannot address its smallness.
Another burdensome theoretical challenge is a successful description of gravity accord-
ing to the principles of quantum physics. Unfortunately, the attempts to apply the usual
prescriptions of quantum field theory to the force of gravity fail drastically, since the un-
derlying theory is not renormalizable. One can only use the theory as an effective field
theory valid up to the Planck scale and a more complete theory is needed for physics
beyond that scale. It could be that the cosmological constant problem is not just an IR
problem but reflects the missing piece of a consistent quantum gravity. These are the two
biggest theoretical puzzles of the Standard Model of Big Bang cosmology, that concern
physics both at the largest and at the smallest scales.
As we mentioned above the Standard Model of Big Bang cosmology is in excellent
agreement with observations. However, apart from the aforementioned theoretical chal-
lenges, it faces some anomalies from the observational side. Just to mention a few: the
tension in the value of the Hubble constant obtained from the CMB and local measure-
ments, the hemispherical asymmetry in the CMB, the lack of power in the CMB on large
scales, the possible existence of large scale bulk flows and unexpected large scale correla-
tions inferred from studies of distant quasars among other things. In the context of dark
matter, galaxy clusters also seem to allude to a slightly different cosmology than CMB
measurements [9].
Several of these tensions and anomalies are still controversial and of an unclear sta-
tistical significance. However, jointly they might signal the failure of the cosmological
principle. These observational anomalies together with the theoretical challenges have
motivated the study of modifications of gravity in the far IR and UV. Assuming that Gen-
eral Relativity is still the right effective theory for the intermediate scales, one can tackle
these problems by modifying the gravitational interactions in the IR and UV, respectively.
With the increase of high precision of the cosmological measurements, cosmology is
becoming a fertile testing ground for fundamental physics. It is the unique place to test
gravitational interactions. Its multi-disciplinary nature merges different concepts from
gravity, field theory, particle physics, quantum mechanics, astrophysics, fluid mechanics,
statistics and mathematics, which facilitates the creation of synergies between all these
different fields.
The other three forces of Nature are successfully described by the Standard Model of
Particle Physics and unified with an exquisite experimental success. The electromagnetic,
weak and strong interactions together with the elementary particles have masterly been
put together piece by piece. The last missing piece, the Higgs boson, has also joined the
crew and gave an additional reassuring support for the Standard Model [10, 11]. Even
though the Standard Model of Particle Physics accounts in a consistent way for most of the
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particle physics phenomena, it suffers from puzzles similar to the cosmological constant
problem, namely the Higgs hierarchy problem. This reflects the fact that the mass of the
Higgs boson is so many orders of magnitude smaller than the Planck/unification scales.
This hierarchy is puzzling as it does not seem to be protected without the help of new
physics or symmetries. It originates from tunings that are not technically natural. As a
counter example, the electron mass is also hierarchically smaller than the electroweak scale.
However, in the limit of vanishing electron mass there is an enhancement of the underlying
symmetry in form of an additional chiral symmetry, which protects the electron mass
from receiving large quantum corrections in that limit. Hence, beyond that limit quantum
corrections will only give rise to a renormalization of the electron mass proportional to
itself, which renders the hierarchy between the electron mass and the electroweak scale
technically natural. This is ’t Hooft’s naturalness argument [12, 13]. Since this argument
can not be applied to the Higgs mass, it exigently enforces the necessity of new physics,
such as supersymmetry [14], extra dimensions [15], or D-brane configurations in string
theory [16, 17]. Unfortunately, solutions proposed to solve the Higgs hierarchy problem
are not applicable to tackle the cosmological constant problem since they rely on physics
at different scales. Other challenges of the Standard Model of Particle Physics are the
finite neutrino masses, their hierarchy and oscillations. It also fails to explain the baryon
asymmetry, reflecting the imbalance between baryonic and antibaryonic matter.
Most of the problems of the two Standard Models motivate the exploration of new
physics and modifications of gravity, both in the IR and the UV [18, 19, 20, 21, 22, 23,
24, 25]. Imposing the conditions of Lorentz symmetry, unitarity, locality and a (pseudo-
)Riemannian spacetime, any attempt of modifying gravity inevitably introduces new dy-
namical degrees of freedom. They could be additional scalar, vector or tensor fields.
Specially, if the modifications are such that gravity is weakened on cosmological scales,
one could hope for not only tackling the cosmological constant problem, but also for a
mechanism responsible for the late-time acceleration enigma. Promising approaches in
this context arise in massive gravity or in higher-dimensional frameworks.
In the latter case, the Dvali-Gabadadze-Porrati (DGP) model is an important large
scale modification of gravity [26], which is based on a three-brane embedded in a five
dimensional bulk. The brane curvature sources an intrinsic Einstein Hilbert term, that
helps to recover the four dimensional gravity on small scales. On the opposite scales,
gravity is systematically weakened since it acquires a soft mass. From the four dimensional
point of view the effective graviton carries five degrees of freedom: two helicity-1 modes
and one helicity-0 mode on top of the usual helicity-2 modes. The decoupling limit of
DGP revealed interesting derivative interactions for the helicity-0 mode, that gives rise to
second order equations of motion and invariance under Galileon symmetry. The reason
why the DGP model received quite some attention in the literature is the existence of a self-
accelerating solution, which is sourced by the helicity-0 mode of the graviton. However,
it was quickly realised that this branch of solutions seems to be plagued by ghost-like
instabilities [27, 28].
Another promising approach to the cosmological constant problem and the late-time
acceleration enigma arises by replacing the soft mass by a hard mass of the graviton, as
is the case in massive gravity. From a purely theoretical perspective, the existence of a
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graviton mass is an important fundamental question: Is the graviton really massless or
does its mass just happen to be so small that it can be safely neglected on sufficiently small
scales? Exactly this question was considered long ago. However, introducing a consistent
mass term for the graviton is not as easy as it might look at first sight. Starting with
the linear interactions one can construct a unique mass term which does not lead to the
presence of ghostly degrees of freedom in the theory, namely the Fierz-Pauli action [29].
Unfortunately, albeit theoretically consistent this linear theory of massive gravity suf-
fers from the vDVZ discontinuity, i.e., in the limit of vanishing graviton mass the predic-
tions of General Relativity are not recovered. The main reason for this is the existence
of the helicity-0 degree of freedom, that couples to the trace of the energy momentum
tensor. Clearly, the vDVZ discontinuity is just an artefact of the linear approximation
and signals the exigent necessity of non-linear completion. Lamentably, non-linear exten-
sions to the theory usually introduce the Boulware-Deser ghost instability when non-trivial
backgrounds are considered [30]. This was a challenging task for more than forty years
and many authors devoted large efforts to overcoming this difficulty. The attempt by [31]
for constructing non-linear interactions of the helicity-0 mode yielded a negative conclu-
sion due to an erroneous decomposition of the massive graviton into its helicity modes.
This was successfully corrected in [32], which marked a milestone in the construction of
ghost-free non-linear interactions for a massive spin-2 field. This was performed in the de-
coupling limit of massive gravity. The resummation of the non-linear interactions beyond
that limit was then triumphantly performed in [33], now known as the dRGT model. It
constitutes the first consistent example of a ghost free non-linear covariant theory of mas-
sive gravity in four dimensions, that avoids the no-go result of Boulware and Deser [34].
The construction of a Lorentz invariant massive gravity theory is based on a framework
in which the massive graviton propagates on top of a fixed background reference metric.
Ghost-free bimetric gravity theories can be constructed by adding an additional kinetic
term for the reference metric and hence promoting the reference metric dynamical [35].
In both frameworks, DGP as well as massive gravity, the cosmological constant problem
is addressed via degravitation [36, 37, 38]. Due to the soft or hard mass of the graviton,
which plays the role of a high-pass filter, gravity is weakened in the IR and the vacuum
energy has a weaker effect on the geometry than anticipated, and hence can reconcile a
natural value for the vacuum energy as expected from particle physics with the observed
late time acceleration. Both theories contain five propagating degrees of freedom, with
the most important protagonist being the helicity-0 mode. Typically, the helicity-1 modes
decouple from the conserved stress energy tensor, whereas the helicity-0 mode does not and
therefore can mediate an extra fifth force. A successful recovery of General Relativity in
the decoupling limit then relies on the Vainshtein mechanism [39, 40, 41]. In this limit the
usual helicity-2 modes are treated linearly while the helicity-0 mode is subject to non-linear
interactions. The basic idea behind the Vainshtein mechanism is that the helicity-0 mode
can be decoupled from the gravitational dynamics via its nonlinear interactions. In the
vicinity of matter, these non-linear interactions of the helicity-0 mode become appreciable
and after canonical normalisation its coupling to matter becomes suppressed.
Motivated by the non-linear interactions of the helicity-0 mode in the decoupling limit
of DGP, more general Galilean invariant interactions have been proposed [42]. From
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the DGP perspective, the invariance under internal Galilean and shift transformations
is a relict of the five dimensional Poincare´ invariance. From the point of view of a four
dimensional effective field theory, one can construct the most general Lagrangian for this
Galileon scalar field, that is invariant under these residual symmetries and gives rise to
second order equations of motion. The latter condition is relevant for the absence of
ghostly degrees of freedom behind the derivative interactions. In four dimensions one can
construct five interactions of this type.
There has been a flurry of investigations of these Galileon interactions. One worrying
property is the superluminal propagation of spherically symmetric solutions around com-
pact sources [43, 44] and the danger of constructing closed time-like curves [45]. However,
a similar Chronology Protection conjecture as in General Relativity is realized in Galileon
models and any attempt to form a closed time-like curve faces the fact that Galileon in-
evitably becomes infinitely strongly coupled and the effective field theory breaks down [46].
Even if the Galileon interactions are interesting in their own right as scalar field theories,
an interesting question is how one can promote the Galileon to a non-flat background.
The covariantization of the decoupling limit of the DGP model was performed in [47].
The naive covariantization of the entire Galileon interactions would yield higher order
equations of motion unless appropriate non-minimal couplings to gravity are added [48].
This covariant Galileon led to the rediscovery of the Horndeski scalar-tensor theories [49].
From a five dimensional perspective these covariant Galileon interactions are consequences
of Lovelock invariants in the bulk of generalized braneworld models [50]. In analogy to the
covariantization of the DGP decoupling limit [47], one can also directly covariantize the
decoupling limit of massive gravity and construct consistent scalar-tensor theories, which
are a subclass of the Horndeski interactions [51, 52]. In all these theories the covarianti-
zation procedure removes the Galileon symmetry. However, one can devote an additional
effort to successfully generalising the Galileon interactions to the (Anti-) de Sitter back-
ground and ultimately to maximally symmetric backgrounds, where a generalized Galileon
symmetry becomes apparent [53, 54].
Among the modified gravity theories, those based on scalar fields are the most exten-
sively explored models. In the cosmological context, one practical benefit is that scalar
fields can give rise to accelerated expansion without breaking the isotropy of the universe.
They do not need to be the scalar fields that we know from the Standard Model of Particle
Physics, like for instance the Higgs boson, but may belong to the gravity sector. The basic
inflationary paradigm providing an initial phase of accelerated expansion of the universe
is commonly ascribed to a scalar field with flat potential. On the other hand, if one wants
a scalar field to act as dark energy, it has to be very light, which then results in long-range
forces. Since such fifth forces have never been detected in local gravity tests, the scalar
field has to be hidden on small scales via screening mechanisms whereas being unleashed on
large scales to produce cosmological effects. The aforementioned Horndeski scalar-tensor
theories with second order equations of motion have been extensively explored for this
purpose [55, 56, 57]. Giving up the restriction about the second order nature of the equa-
tions of motion, one can construct beyond Horndeski theories with higher order equations
of motion but still retaining the right number of propagating degrees of freedom [58, 59].
The scalar-tensor theories do not only have important cosmological, but also astrophysical
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implications [60, 61, 62].
The Standard Model of Particle Physics represents the fundamental fields of the gauge
interactions by abelian and non-abelian vector fields. After their experimental discovery,
we at least know that vector fields exist in Nature. This motivates the exploration of the
role of bosonic vector fields in the cosmological evolution of the universe apart from scalar
fields. Furthermore, some of the aforementioned anomalies could be indicating a preferred
direction effect, which could be naturally generated by a vector field. For an abelian vector
field with U(1) gauge symmetry it is not possible to obtain homogeneous and isotropic
background solutions. Therefore one would need to promote it to the non-abelian case,
where three orthogonal vector fields can realise the symmetry together via their spatial
components. An alternative relatively unexplored route emerges if one explicitly breaks
the underlying U(1) symmetry of the vector field and constructs generalisations of the
Proca vector field [63, 64, 65, 66]. The generalised Proca theories are the most general
vector-tensor theories with second order equations of motion for both the tensor and vector
field.
In analogy to the scalar-tensor theories one can construct more general interactions
by abandoning the restriction of second order equations of motion. In this way one can
construct beyond generalized Proca theories with higher order equations of motion but still
maintaining the three propagating degrees of freedom without the Ostrogradski instability
[67, 68]. Instead of breaking the U(1) symmetry of an abelian vector field, one can consider
the breaking of the SU(2) symmetry of a non-abelian gauge field and construct derivative
self interactions for such a field. Performing an analogous construction scheme as in
generalised Proca theories, one can construct the consistent interactions for a set of vector
fields, the multi-Proca theories [69, 70]. Last but not least, an important step towards
unifying the general classes of Horndeski and generalized Proca theories was undertaken
in [71], which gave rise to consistent ghost-free scalar-vector-tensor gravity theories with
second order equations of motion with derivative interactions, for both the gauge invariant
and the broken-gauge cases.
When Einstein constructed his theory of General Relativity, he pursued the purely
geometrical interpretation of gravity. In his formulation the gravitational interactions are
ascribed to the curvature of spacetime. In this review we will adopt the more modern
particle physics perspective of gravity and represent General Relativity as the unique
theory of a massless spin-2 particle. Imposing locality, unitarity, and Lorentz invariance
as the fundamental principles, we will construct alternative consistent field theories of
gravity based on additional scalar, vector and tensor fields. Since there exist already
exhaustive reviews on massive gravity [72, 73, 74], we only aim at discussing the very
recent developments in this respect and the points relevant for the rest of this review. It
is an important concern to us to fill the gap in the recent literature of alternative theories
of gravity by gathering a comprehensible account of the many different constructions of
field theories, including the recent developments of vector-tensor theories and beyond. We
shall devote an additional effort to classify and unify the different theoretical assumptions
of gravity theories and discuss their defining properties together with their theoretical
and phenomenological results. It will be hopefully useful both for particle physicists and
astrophysicists/cosmologists interested in submerging into the framework of consistent
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gravity theories and in search of alternatives to the standard ΛCDM and inflation model.
The review addresses both the familiarised reader and the non-expert and contains parts
with an exhaustive and rigorous exposition for the newcomer but also brief compendiums
of useful concepts for experts.
Before diving into the consistent construction of field theories, we will give a brief skim
through the different geometrical interpretations of General Relativity in the next section
and reinforce our statement that the assignment of geometrical concepts to gravity is am-
biguous. We will see that General Relativity allows three entirely different, but equivalent
approaches of which Einstein’s interpretation is only one. We have grown accustomed
to assigning gravity to the curvature of a given spacetime. However, this perception has
masked the fact that differential geometry affords much wider classes of geometric ob-
jects to represent the geometrical properties of manifolds. Besides the curvature, these
are torsion and non-metricity. In Einstein’s formulation of General Relativity, both non-
metricity and torsion vanish. An equivalent representation of General Relativity can be
established based on a flat spacetime with a metric, but asymmetric connection. In this
teleparallel description, gravity is entirely ascribed to torsion [3]. A third equivalent and
simpler representation can be constructed on an equally flat spacetime without torsion,
in which gravity is purely assigned to non-metricity. In terms of a suitable gauge choice,
the connection vanishes completely, depriving gravity from any inertial character, and the
resulting action is purged from the boundary term [4].
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2. Different Interpretations of Gravity
When Einstein built his fundamental theory of gravity, he did not follow a modern field
theory approach, but rather chose a geometrical formulation. You might wonder why one
should expect to be able to describe gravity by geometry. The key word is: equivalence
principle. The possibility to ascribe gravity to geometry is granted by the equivalence
principle. The origin of this conception dates back to the somewhat unsatisfactory role of
inertial frames in Newtonian physics. According to Newton, the force acting on an object
is equal to the inertial mass mI of that object multiplied by the acceleration F = mIa,
assuming a constant mass. This force is an inertial force if it is an apparent force acting
on a mass whose motion is described using a non-inertial frame of reference and is always
proportional to the inertial mass mI . This inertial force, sometimes referred to as fictitious
force, can be gotten rid of in an inertial frame of reference. Examples are for instance the
centrifugal force and the Coriolis force on earth.
The extraordinary achievement of Einstein began with the innocent wonder, whether
gravity could be seen as a fictitious force as well, since an observer in a freely falling ref-
erence frame is not exposed to the gravitational force. Hence, Einstein wondered whether
freely falling reference frames could replace inertial frames. If the gravitational mass mg
equaled the inertial mass mg = mI , then the gravitational force F = mgg would be of
the same form as an inertial force. The equivalence principle relies strongly on the as-
sumption mg = mI , which is observationally confirmed with a tiny little uncertainty. In a
modern language, the equivalence principle dictates that all the matter fields couple with
the same strength to gravity. Therefore, the geometrical nature of gravity emerges from
the universality dictated by the equivalence principle and the motion of particles is solely
determined by the geometrical properties of spacetime.
In Newtonian physics gravitation is due to a force instantly propagating between bod-
ies. According to that, every point mass attracts every other point mass by a force pointing
along the line connecting both points, which is directly proportional to the product of the
two masses and inversely proportional to the square of the distance between these two
masses GNMm
r2
= mg. This force is conservative, meaning that one can write the accelera-
tion as a negative gradient of a potential g = −∇φ. Newtonian gravity is invariant under
Galilean transformations. Thus, the gravitational force is transmitted instantaneously and
there is the notion of an absolute universal time. Observationally, it has been confirmed
that Newtonian physics works very well as long as the gravitational potential is weak
φ/c2 ∼ 10−8 and the involved velocities are sufficiently small v2/c2 ∼ 10−8. For large
gravitational potentials and speeds, it has to be complemented by a relativistic theory.
In this sense, General Relativity is modified gravity with respect to Newtonian gravity,
extended to cover large gravitational potentials and speeds.
Einstein was following the conviction that the laws of physics should be identical in all
inertial systems. For all observers, the speed of light in vacuum should have the same value,
independently of the proper motion of the source. The invariant time interval between
two events should be promoted to an invariant spacetime interval. In this way, the notion
of time would become dependent on the reference frame and spatial position and similarly
time and space would not be defined independently of each other. All this would boil down
to the requirement that the Galilean transformations should be replaced by the Lorentz
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transformations. These concepts led Einstein to develop his theory of Special Relativity.
It is special in the sense that it corresponds to spacetime with Minkowski metric. The
generalisation to a curved spacetime took him almost ten years since he had to familiarise
himself with differential geometry. However, the necessary approach was clear to him.
Einstein was convinced that gravitation should be regarded as an attribute of curved
spacetime instead of a force that propagates between two bodies. The presence of energy
and momentum would distort spacetime and particles in the vicinity would move along
trajectories determined by the geometry of spacetime. In this way, the resulting gravi-
tational force can be viewed as a fictitious force due to the curvature of spacetime. He
could substantiate his ideas by borrowing concepts from differential geometry. In order
to set up the geometrical framework, he assumed that spacetime is represented by a four
dimensional manifold M.
A manifold M is a topological space, that resembles a Euclidean space around each
point, meaning that it is homeomorphic to Euclidean space locally (preserving the topolog-
ical properties). The manifolds interesting for us are differentiable. At each point p ∈ M
on the manifold we can define a tangent space TpM, which represents a vector space con-
taining all the possible directions tangential to curves containing p. In other words, at
each point we can define directional derivatives vµ ∂∂xµ that pass through p and are tangent,
where eµ =
∂
∂xµ is the underlying basis for TpM. Similarly, we can define a cotangent
space T ∗pM as the dual vector space to the tangent space with the basis e˜µ = dxµ. Now,
when we take a vector field v = vµ ∂∂xµ and a covector field u = uµdx
µ, then the inner prod-
uct 〈u,v〉 of these two vector fields is invariant under general coordinate transformations,
since 〈 ∂∂xµ , dxν〉 = δνµ. With the basis elements of TpM and T ∗pM we can define any tensor
field with arbitrary covariant and contravariant indices. According to the transformation
laws under change of coordinates (going from coordinates xµ to coordinates x˜µ), we can
define the objects of interest. For instance a vector density with weight w transforms as
A˜µ = Jw ∂x˜
µ
∂xνA
ν , with the Jacobian J = det ∂x˜
ρ
∂xσ . It means that some objects might have a
scaling power w of the Jacobian under general coordinate transformations.
Next, we can define tensorial derivatives. Let us consider an infinitesimal change
of coordinates x˜µ = xµ + µ, such that the functional variation of a scalar field would
be δφ = φ˜(x) − φ(x) = φ˜(x˜ − ) − φ(x), which can be approximated to first order as
δφ ≈ φ˜(x˜)−µ∂µφ−φ(x). On the other hand, we know that a scalar density changes under
infinitesimal coordinate transformations as φ˜(x˜) = Jwφ(x), where the Jacobian for the in-
finitesimal transformation, that we are considering, simply reads Jw =
(
det ∂(x
ρ+ρ)
∂xσ
)w
=
(det(δρσ + ∂σ
ρ))
w
. In fact, from linear algebra we know that for an arbitrary matrix
M we can write det(1 + M) in terms of the elementary polynomials of M . Thus, to
first order we can approximate det(1 + M) ≈ 1 + TrM + · · · . For the Jacobian this
simply means that we can approximate Jw = 1 + w∂µ
µ, such that the scalar density
transforms as φ˜(x˜) = Jwφ(x) ≈ (1 + w∂µµ)φ(x). If we now return to the functional
variation of the scalar field, we see immediately that the functional variation becomes
δφ ≈ (1 + w∂µµ)φ(x) − µ∂µφ − φ(x), which is the Lie derivative of the scalar field
δφ ≈ w∂µµφ(x)− µ∂µφ = −Lφ. This quantifies the change of the scalar field along the
vector µ. In a similar way we can compute the functional variation of any tensor field
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with an arbitrary rank. In general, the Lie derivative is the change of a tensor field along
the flow of a vector field. At this stage, let us emphasise that we have not yet introduced
neither the connection nor the metric, nevertheless we could define tensorial derivatives
and the Lie derivative.
Apart from the Lie derivative, we cannot do much on our manifold if we do not in-
troduce further structure. Next, we define the covariant derivate on our manifold. This
stands for the derivative along tangent vectors of the manifold. Let us consider a differen-
tiable curve γ(t) on the manifold with its tangent vector v = γ˙(t) at a point x ∈ M (see
figure 1). We can express the tangent vector in terms of the basis as vµeµ. A variation
of an arbitrary vector uνeν along the flow of the tangent vector of the curve would be in
terms of the basis vectors simply
Dvu = v
µ∂µ(u
νeν) = v
µ(eν∂µu
ν + uν∂µeν) . (1)
The derivative of a basis vector along another basis vector is exactly the connection ∂µeν =
Γρµνeρ, such that the variation can be expressed as Dvu = v
µ(∂µu
ρ + Γρµνuν)eρ. In other
words, the covariant derivative applied to the vector field uµ will be then given by ∇µuρ =
∂µu
ρ + Γρµνuν . This can be generalised for tensors of arbitrary rank and defined in a
very similar way. If we have a vector density with a given power of the Jacobian under
coordinate transformations, then the weight of the vector density will also contribute to
the covariant derivative
∇µuρ = ∂µuρ + Γρµνuν + wΓαµαuρ . (2)
Figure 1: A pictorial representation of a tangent space TxM at point x ∈ M on the manifold together
with a differentiable curve γ(t) on the manifold with its tangent vector v = γ˙(t). It is taken from https:
//en.wikipedia.org/wiki/Tangent_space.
A mathematically more robust definition of the connection arises after introducing a
smooth fiber bundle. The fiber bundle Tp : {ea} at point p has the Lie group GL(4,R)
as its natural structure group, where the latin indices indicate here the gauge indices
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of the GL(4,R). This can be easily understood recalling that at each point p ∈ M we
can introduce an orthogonal frame, that is invariant under general linear transformations
GL(4,R). The fiber bundle and the tangent space have the same dimensions, which allows
to go from the fiber space {ea} to the tangent space { ∂∂xµ }. If this map is invertible, we
have an isomorphism between Tp : {ea} and TpM : { ∂∂xµ }. Such a map is provided by the
soldering of the fibre bundle. The solder form e realises a linear isomorphism e : TpM→ Tp
from the tangent space TpM at p to the vertical tangent space of the fibre Tp. In other
words, any vector field on the tangent space is mapped as e : vµ → eµava. The Lie
group GL(4,R) has its natural connection w aµ b defined such that Dµva = ∂µva + w aµ bvb
transforms covariantly under the group GL(4,R). We can then use the inverse solder form
to map this natural connection on the fiber bundle to the tangent space
∇µvα = e−1 [Dµ [e(v)]] = eαaDµ
[
eaβv
β
]
= eαa
[
∂µe
a
βv
β + eaβ∂µv
β + w aµ be
b
βv
β
]
= ∂µv
α + eαa
[
∂µe
a
β + w
a
µ be
b
β
]
vβ
= ∂µv
α + Γαµβv
β . (3)
Hence, the connection on the tangent space is given by Γαµβ = e
α
a
[
∂µe
a
β + w
a
µ be
b
β
]
. As
we have seen, we can use the solder form to map directly the natural connection w aµ b of
the Lie group GL(4,R) to the tangent space Γαµβ. The soldering enables us to convert the
gauge indices of the connection to the spacetime indices.
With the covariant derivative at hand, we can define different geometrical objects by
applying the commutator of covariant derivatives on different tensor fields. For instance,
if we apply the commutator on a scalar field, we obtain
[∇µ,∇ν ]φ = −(Γαµν − Γανµ)∂αφ. (4)
We immediately observe, that the commutator vanishes if the connection is symmetric.
The term in parentheses is defined as the torsion T αµν = Γαµν −Γανµ. Torsion represents one
of the fundamental invariants of the connection and characterises the way how the tangent
spaces twist about a curve after a parallel transport. One can visualise the presence of
torsion by the non-closedness of parallelograms as shown in figure 2.
Another important geometrical object can be constructed by applying the commutator
of the covariant derivatives to a vector field
[∇µ,∇ν ]Aρ = RραµνAα − T αµν∇αAρ, (5)
where the Riemann tensor is defined as Rραµν = ∂µΓ
ρ
να − ∂νΓρµα + ΓρµβΓβνα − ΓρνβΓβµα.
The Riemann tensor represents the other fundamental invariant of the connection and
dictates the way how the tangent spaces roll along a curve, as shown in figure 2. On
a general manifold with an arbitrary connection we can define different independent
traces of the Riemann tensor, since the only symmetry property of the Riemann ten-
sor is the antisymmetry in the last two indices. One such contraction corresponds to
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the Ricci tensor Rµν = R
ρ
µρν , contracting the first and third indices. There is an-
other independent trace, which is called the homothetic tensor Qµν = R
ρ
ρµν , which is
antisymmetric and corresponds to the contraction of the first two indices. It is often
said in the literature that the Ricci tensor is symmetric if the torsion vanishes. That
this is not the case can be easily verified by writing Bianchi’s first identity Rµ[ανβ] = 0
with a vanishing torsion. The right hand side of the Bianchi identity is exactly zero
in absence of torsion. When we take the corresponding trace of the Ricci tensor, we
have Rµ[αµβ] =
1
3! (R
µ
αµβ +R
µ
µβα +R
µ
βαµ −Rµαβµ −Rµµαβ −Rµβµα). In terms of the
Ricci and the homothetic tensors, the Bianchi identity can be also written as Rµ[αµβ] =
1
3!
(
2R[αβ] − 2Qαβ
)
= 0. This requires R[αβ] = Qαβ. So even if the torsion vanishes, the
Ricci tensor is not symmetric and its antisymmetric part is given by the homothetic tensor
Qαβ.
Independently of the connection we can also introduce a metric gµν on our manifold
in order to define the length of and angle between tangent vectors. A metric maps a pair
of tangent vectors bilinearly into the real numbers. It is symmetric and non-degenerate,
meaning det g 6= 0. Under coordinate transformations it transforms as g˜µν = ∂xα∂x˜µ ∂x
β
∂x˜ν gαβ,
therefore its determinant transforms as a scalar density of weight w = −2, i. e. det g˜µν =
J−2 det gµν . Using its square root
√−g one can then write any tensorial density as an
ordinary tensor with weight zero Tµ···ν··· = (
√−g)wT µ···ν··· . The square root of the determinant
of the metric is also crucial for constructing invariant volume elements
√−gdV and a
covariant derivative applied to it gives ∇µ√−g = ∂µ√−g − Γρµρ√−g.
We can define the metric in a mathematically more robust way as we did with the
connection. Using the inverse solder form we can map directly the natural metric of the
fiber bundle to the tangent space. As before, we introduce a frame bundle T : {ea} with
the Lie group GL(4,R). Now, we consider a frame which is orthonormal (orthogonal and
unit). This reference frame introduces a natural metric. Restricting the symmetry group
to the Lorentz group SO(3, 1) allows to define a reference frame orthonormal with respect
to the Minkowski metric. The Lie algebra of the associated group defines the Killing
metric as the natural metric on the frame bundle. The Killing metric is a symmetric
bilinear map defined as g(x, y) = trace(ad(x)ad(y)) with x and y being elements of the
Lie algebra. The adjoint endomorphism ad(x)(y) (a specific linear group representation)
is defined with the help of the Lie bracket ad(x)(y) = [x, y]. Thus, we can define in a
natural way the Killing metric of the Lie group of the associated frame bundle and use the
inverse soldering to induce a metric on the tangent space. In this way, we can attribute
the metric to gµν = e
a
µe
b
νηab.
We can use the metric to define yet a third rank-2 tensor from the Riemann tensor,
which is the co-Ricci tensor Pµν = g
αβRµανβ , representing the remaining independent
contraction. Thus, in total we can have three independent contractions of the Riemann
tensor, i.e. the Ricci tensor Rµν = R
ρ
µρν , the homothetic tensor Qµν = R
ρ
ρµν and the
co-Ricci tensor Pµν = g
αβRµανβ . They are all independent of each other. However, if one
performs a further contraction, they all yield contributions given by the Ricci scalar.
Another important geometrical object arises when one applies the covariant derivative
directly to the metric. In standard General Relativity this vanishes, but in a more general
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geometrical framework it will not
∇ρgµν = Qρµν . (6)
This non-metricity tensor represents the change of the norm of vector fields along a curve.
It is symmetric in the last two indices. In figure 2 we illustrate schematically the effects of
curvature Rαβµν , torsion T αµν and non-metricity Qαµν on vector fields in a given spacetime.
If one transports a vector field along a closed path and its direction at the end point differs
from its initial direction, then this indicates a non-vanishing curvature. If one has two
vectors u and v and transports each of them along the other and they do not form a closed
parallelogram, this indicates the presence of a non-vanishing torsion. Similarly, if there is
non-metricity, the transport of a vector field along a curve changes its norm. Note that
the non-metricity satisfies ∇[µQν]αβ = R(αβ)νµ − 12T λµνQλαβ.
Figure 2: A schematic illustration of the roles of curvature Rαβµν , torsion T αµν and non-metricity Qαµν . We
have omitted their indices in the figures for clarity of the presentation. If the spacetime contains curvature,
then the direction of a vector field changes when we move it along a closed circle as shown in the upper left
figure. In the presence of torsion, parallelograms do not close as shown in the upper right panel. Finally,
non-metricity changes the norm of vector fields transported along a curve, as illustrated in the lower panel.
We re-write equation (6) with cyclic permutations of the indices,
∂ρgµν − Γαρµgνα − Γαρνgµα = Qρµν (7)
∂µgνρ − Γαµνgαρ − Γανµgαρ = Qµνρ (8)
∂νgµρ − Γανρgαµ − Γαµρgαν = Qνρµ . (9)
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We now sum the first two equations, subtract the last and solve the result for the connec-
tion. This gives the general connection
Γρµν = {ρµν}+ Lρµν(Q) +Kρµν(T ) (10)
=
1
2
gρα
(
∂νgµα + ∂µgαν − ∂αgµν
)
+ Lρµν(Q) +Kρµν(T ) .
We recognise immediately the standard Levi-Civita part of the connection
{ρµν} =
1
2
gρα
(
∂νgµα + ∂µgαν − ∂αgµν
)
, (11)
but in general there are also contributions coming from the non-metricity, that we de-
noted in the disformation tensor Lρµν =
1
2Qρµν − Q(µαν), and also from torsion, which we
represented by the contorsion tensor Kρµν =
1
2T ρµν + T(µαν). Both contributions together
are sometimes refereed as distorsion. Hence, General Relativity builds upon a manifold
without distortion, with Qρµν = 0 and T αµν = 0. On a more general manifold the torsion
contributes dd(d−1)2 (24 in four dimensions) components and the non-metricity d
d(d+1)
2 (40
in four dimensions) components on top of the standard contribution of the metric with
d(d+1)
2 (10 in four dimensions) components.
Thus, a general manifold (M, g,Γ) can be equipped with
• Curvature Rαµνβ(Γ) 6= 0,
• Torsion T αµν(Γ) 6= 0,
• Non-Metricity Qαµν(Γ, g) 6= 0.
In figure 4 taken from [75] we show all the permutations of the Riemann curvature Rαµνβ ,
the torsion T αµν and non-metricity Qαµν in general spacetimes. The spacetimes de-
noted as Riemann and Symmetric Teleparallel in figure 4 are characterised as torsionless,
since the connection is symmetric T αµν(Γ) = 0. The spacetime denoted as Weitzenbo¨ck
is characterised as metric compatible and flat, since in this case Qαµν(Γ, g) = 0 and
Rαµνβ(Γ) = 0. Important relations between the curvature and the torsion tensors arise
when one applies the Jacobi identity for the covariant derivative,
[∇α, [∇β,∇γ ]] + [∇β, [∇γ ,∇α]] + [∇γ , [∇α,∇β]] = 0 . (12)
In terms of the torsion and curvature tensor the identity result in the following Bianchi
identities:
Rαβ(µν) = 0 , (13)
Rµ[αβγ] −∇[αTµβγ] + T ν[αβTµγ]ν = 0 , (14)
∇[αRµ|ν|βγ] − T λ[αβRµ|ν|γ]λ = 0 , (15)
where the vertical lines exclude the indices of antisymmetrisation. The first identity just
reflects the defining property of the Riemann tensor, while the latter two are the outcome
of the Jacobi identity applied to a scalar and a vector respectively.
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Figure 3: A diagram of all possible geometries based on the Riemann curvature Rαµνβ , the torsion T
α
µν
and the non-metricity Qαµν . This is borrowed from [75].
Concerning the matter fields living on this general manifold, the majority will be
immune to the presence of the distortion. For instance, a point particle with its action of
the form S = −mc2 ∫ dτ will only see the Levi-Civita part of the connection. The same is
true for all the bosonic particles that are minimally coupled to gravity. The matter fields
will follow the geodesic equation
d2xµ
dτ2
+ Γµνα
dxν
dτ
dxα
dτ
= 0 , (16)
where the minimally coupled bosonic fields will have Γµνα = {µνα}. In General Relativity
starting from the action S = −mc2 ∫ dτ or the geodesic equation (16) gives rise to the
same result. However, the coupling of matter can be somewhat ambiguous in generalised
geometries if we do not follow the minimal coupling prescription. One immediate obser-
vation is that the geodesic equation in (16) is symmetric under the exchange of ν ↔ α,
therefore the torsion does not contribute. On the contrary, fermions will be very sensitive
to any distortion of the connection. In spacetimes with torsion teleparallelism (with the
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connection of the parallelisation being the Weitzenbo¨ck connection with vanishing cur-
vature) the minimal coupling procedure fails for fermions [76]. Furthermore, considering
the Weitzenbo¨ck connection in the Dirac Lagrangian results in inconsistent field equa-
tions since the right hand side of the field equations receives antisymmetric contributions
[77]. This could be made consistent by enforcing the connection in the Dirac Lagrangian
to be the standard Riemannian Levi-Civita connection, introduced arguably ad hoc and
less natural. On the other hand, in spacetimes with non-metricity, the minimal coupling
prescription of the fermions works consistently without any adjustments, since the con-
tribution of the disformation tensor Lαµν drops out of the Dirac Lagrangian. Hence, the
Dirac fields are insensitive to any disformation of geometry based on non-metricity [78].
Needless to say, that the dynamics of the matter fields will highly depend on the assumed
matter action and whether the minimal coupling prescription is followed.
Standard interpretation of General Relativity a` la Einstein:
In standard textbooks on gravity General Relativity is represented as describing the geo-
metric property of spacetime, where the fundamental geometrical object is the curvature.
Einstein’s interpretation of gravity by spacetime curvature has been implanted in our
minds whenever we think of gravitational interactions. After 100 years of this standard
view it is challenging to unbind oneself from this firmly deep-set interpretation. However,
as we will see in the following, there are two other justified and equivalent geometrical
formulations of General Relativity that are not based on curvature, but rather on tor-
sion or on non-metricity. The standard formulation of General Relativity is based on
a manifold with non-vanishing curvature Rαβµν 6= 0 but with zero torsion T αµν = 0 and
zero non-metricity Qαµν = 0. The connection is simply given by the Christoffel symbols
Γρµν = {ρµν} = 12gρα
(
∂νgµα+∂µgαν−∂αgµν
)
and the matter fields can be coupled minimally
to the volume element.
Now, we can build the underlying Einstein-Hilbert Lagrangian of the standard formu-
lation and the field dynamics. Demanding locality, unitarity and causality together with
covariance, Lorentz invariance, a pseudo-Riemannian manifold and second order equations
of motion for the metric uniquely determines the action to be
S =
∫
d4x
√−g
(
M2Pl
2
R− 2λ
)
+ Smatter , (17)
with a cosmological constant λ allowed by the symmetries. The connection is simply
the Levi-Civita connection Γρµν = {ρµν} given by (11), where Lρµν = 0 = Kρµν . Since the
connection is uniquely determined in terms of the metric in this case, we only need to
perform the variation with respect to the metric. This yields Einstein’s field equations
Gµν =
Tµν
M2Pl
, where the Einstein tensor Gµν = Rµν− 12Rgµν is divergence-free and the stress
energy tensor arises from the matter action Tµν =
−2√−g
δSmatter
δgµν . Actually, the fact that the
connection is simply given by the Levi-Civita part is an intrinsic property of the action
and does not need to be put by hand. In order to appreciate the uniqueness of General
Relativity in terms of the Einstein-Hilbert action we could have written the action (17)
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alternatively as
S =
∫
d4x
√−g
(
M2Pl
2
gµνRµν(Γ)− 2λ
)
+ Smatter (18)
with an independent more general connection. This leads to the Palatini formulation
of General Relativity. We can first perform the variation with respect to the metric at
constant connection
δgS =
∫
d4x
M2Pl
2
[
(δ
√−g)gµνR(µν)(Γ) +
√−gδgµνRµν(Γ)
]
+ δgSmatter , (19)
where we have put λ = 0 since it is irrelevant for the present discussion. The Ricci scalar
is not varied with respect to the metric, since it is assumed to depend on an independent
connection. Noting that (δ
√−g) = −12
√−ggµνδgµν , the variation with respect to the
metric simply yields Gµν(Γ) =
Tµν
M2Pl
as before, but with the Einstein tensor of the general
connection. Since the connection is independent, we can also perform the variation of the
action with respect to the connection at constant metric
δΓS =
∫
d4x
M2Pl
2
√−ggµνδR(µν)(Γ) + δΓSmatter . (20)
The variation of the Ricci tensor is given by δRµν(Γ) = ∇αδΓανµ−∇νδΓααµ−TαβνδΓβαµ. We
can integrate by parts in order to extract the δΓ terms. Then, the variation becomes
δΓS = −
∫
d4x
M2Pl
2
[
∇α(
√−ggµν)δΓανµ −∇ν(
√−ggµν)δΓααµ −
√−ggµνTαβνδΓβαµ
]
+
∫
d4x
M2Pl
2
[∇α(√−ggµνδΓανµ)−∇ν(√−ggµνδΓααµ)]+ δΓSmatter . (21)
Now, some caution is needed here. In standard Riemannian manifolds with vanishing
torsion, the terms in the last line simply correspond to total derivatives and can be dis-
carded. As we mentioned above in equation (2), if one has a vector density that generates
a given power of the Jacobian under coordinate transformations, the weight of the vector
density will inevitably contribute to the covariant derivative. If the weight of the vector
density is w = −2, the covariant derivative acquires a contribution in form of the torsion
∇µuµ = ∂µuµ + T ννµuµ. Exactly at this place this property will play a crucial role in equa-
tion (21). These boundary terms will contribute whenever there is torsion. The variation
with respect to the connection then results in
δΓS = −
∫
d4x
M2Pl
2
[
∇α(
√−ggµν)δΓανµ −∇ν(
√−ggµν)δΓααµ −
√−ggµνTαβνδΓβαµ
]
+
∫
d4x
M2Pl
2
[√−ggµνδΓβνµ −√−ggβµδΓρρµ)] T ααβ + δΓSmatter . (22)
We can reshuffle the indices in order to factor out the common δΓ parts. In this way the
connection field equations can be equivalently written as
∇ρ
[√−ggµν]− δµρ∇α [√−ggαν] = √−g [gµνT ααρ + gανT µρα − δµρ gβνT ααβ]+ ∆µνρ , (23)
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where we introduced the hypermomentum of the matter fields defined as ∆µνρ =
2
M2Pl
δSmatter
Γρµν
.
As we mentioned above the bosonic matter fields will not contribute to the hypermomen-
tum. In the case of vanishing torsion and hypermomentum, only the left hand side of
equation (23) survives ∇ρ [√−ggµν ]− δµρ∇α [√−ggαν ] = 0. We can take the trace of these
equations, i.e. set µ = ρ. In this case the equations simplify to ∇α [√−ggαν ] = 0, which
can be plugged back into (23) giving rise to ∇α [√−ggµν ] = 0. Even in the presence of
the hypermomentum, these equations can be solved for the connection algebraically and
one finds that the connection has the Levi-Civita form up to a projective transformation
Γαµν → Γαµν + δαν ξµ (see the detailed derivation in [79]). Thus, even if one starts with
a more general approach like the Palatini formulation, the connection ends up to be of
Levi-Civita form up to a projective symmetry and General Relativity arises naturally.
This is due to the fact that the action was chosen to be of Einstein-Hilbert form. In fact,
if one wants to make use of the much richer geometrical structure, one has to modify
the underlying action. One could for instance consider a general function of the form
S = ∫ d4x√−gF (gµν , R(µν)(Γ)), hence a general function of the inverse metric and the
symmetric Ricci tensor depending on a general connection. There have also been purely
affine suggestions such as Eddington gravity S = m4λ
∫
d4x
√
detR(µν)(Γ). Similar consid-
erations have been also studied in the context of the Born-Infeld inspired gravity theories,
where the previous determinant is replaced by S = m4λ
∫
d4x
√
−det(gµν +m−2λ R(µν)(Γ)).
For more details on this type of alternative gravity theories see [79]. As we have seen in
this section, if one is willing to modify General Relativity in the geometrical framework,
then one has to consider manifolds that go beyond the restricted Riemannian setup and
consider more general Lagrangians. General Relativity arises uniquely if the dynamics is
given by the Einstein-Hilbert action, even if it is formulated a` la Palatini.
Teleparallel Equivalent of General Relativity (TEGR):
There is an equivalent formulation of General Relativity based on torsion, which is also
known as teleparallelism. A relevant object in teleparallelism is the conjugate torsion
defined as
S µνα = aT µνα + bT [µ ν]α + cδ[µα T ν] , (24)
where a, b and c are arbitrary constants. Using the conjugate torsion, we can define the
torsion scalar as
T =
1
2
S µνα T αµν
=
1
2
(aTαµν + bTµαν + cgαµTν) T αµν . (25)
Note, that since the torsion is antisymmetric in the µ− and ν−indices, there are only
three possible independent contractions in the quadratic order of torsion and there is only
one independent trace Tν = T ανα. The teleparallel formulation of the general quadratic
torsion action is based on the constraints imposed by the teleparallelity and metricity in
terms of appropriate Lagrange multipliers
LG = 1
2
√−gT+ λ βµνα Rαβµν + λαµν∇αgµν , (26)
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where the two Lagrange multipliers are given by a rank-4 tensor density with the symmetry
λ µβνα = λ
µ[βν]
α , and a rank-3 tensor density with the symmetry λαµν = λ
α
(µν), both
having weight −1. The teleparallelism condition Rαβµν = 0 is enforced by the variation
of the action with respect to the 4-index Lagrange multiplier. This condition imposes
the general teleparallel Palatini connection to be of the form Γαµβ = (Λ
−1)αν∂µΛνβ, with
Λαβ being any element of the general linear transformations GL(4,R). This implies the
teleparallel torsion to be constrained as T αµν = 2(Λ−1)αβ∂[µΛβν]. Similarly, the metricity
condition∇αgµν = 0 is enforced after the variation of the action with respect to the 3-index
Lagrange multiplier, which on the other hand relates directly the derivatives of the metric
and of the inertial connection field to each other in the following form gλ(µ∂αΛ
ν)
ρ(Λ
−1)ρλ =
1
2∂αg
µν . Hence, we can integrate out the metric in terms of the inertial connection. The
metric plays only the role of an auxiliary field. For the parameters a = 1/4, b = 1/2
and c = −1 in (26) we have T → T˚ where T˚ = 12 S˚ µνα T αµν and S˚ µνα is the conjugate
torsion given by equation (24) with these parameters. Restricting the parameters to those
results in the teleparallel equivalent of General Relativity (TEGR). This can be easily
comprehended recalling the relations between the Levi-Civita connection and the general
one. The Ricci tensor of the general connection Rµν can be decomposed in terms of the
Ricci curvature of the Levi-Civita connection Rµν as
Rµν = Rµν +Dα
(
S˚ αν µ + gµνT α
)
− TαKανµ −KανβKβαµ , (27)
with the covariant Levi-Civita derivative Dα. The contraction of this relation gives the
known relation of the curvatures
R = R+ T˚+ 2DαT α . (28)
The flatness condition R = 0 imposed on the left hand side of this relation then tells us
that the Ricci scalar R of the Levi-Civita connection differs from T˚ by a total derivative
2DαT α. Hence, the dynamics of General Relativity are identically recovered. The stan-
dard formulation of TEGR as the gauge theory of translations in the literature relies on
the tetrad fields, with the introduction of the frame bundle and the corresponding solder-
ing form [3]. As we have seen, we can construct exactly the same theory in a manifestly
covariant manner using the Lagrange multipliers. The restriction of the parameters, that
recovers General Relativity, introduces an additional local Lorentz symmetry. Thus, out
of the 16 components of Λαµ, one can remove 8 due to diffeomorphisms and 6 more due to
Lorentz transformations, leaving 2 propagating degrees of freedom as in General Relativity
[78].
Coincident General Relativity (CGR):
As we have appreciated above, General Relativity a` la Einstein corresponds to a torsion-
free metric compatible curved spacetime. However, the geometrical richness allows an
alternative description of the equivalent dynamics by a mere change of the geometrical
stage. Alternatively, General Relativity can be described as a flat contorted spacetime
based on the action STEGR =
∫
d4x
√−gT˚ as we just saw above. As we mentioned, one
can also ascribe gravity to the non-metricity Qαµν [2]. In [4], yet another geometrical
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manifestation of General Relativity was considered, where gravity is attributed to a flat
torsion-free spacetime with non-metricity. The findings of [4] can be summarised as:
• a simpler geometrical formulation of General Relativity is proposed without the
concept of curved spacetime
• the connection vanishes Γαµν = 0, hence no inertial effects
• the resulting theory is General Relativity without the boundary term.
This new formulation is based on a flat and torsion free geometry, which we can again
impose with the help of appropriate Lagrange multipliers. Since the non-metricity tensor
Qαµν is symmetric in the last two indices, we can construct five independent contractions
at the quadratic order in non-metricity. Therefore, the most general quadratic action takes
the form
LG = 1
2
√−gQαµν(c1Q µνα + c2Qµ να + c3gµνQα + c4δµαQ˜ν + c5δµαQν) (29)
+ λ βµνα R
α
βµν + λ
µν
α T αµν ,
where Q˜ν = Q ανα and Qµ = Qµαα, respectively. The Lagrange multipliers correspond to a
rank-4 tensor density with the symmetry λ µβνα = λ
µ[βν]
α , and a rank-3 tensor density this
time with the symmetry λαµν = λ
α
[µν]. The teleparallelism condition R
α
βµν = 0 restricts
again the connection to be only a pure GL(4,R) transformation parametrised by Λαµ, as in
the TEGR case. The variation with respect to the 3-index Lagrange multiplier imposes this
time the vanishing of the torsion tensor T αµν = 0, which translates into a condition for the
transformation matrix to fulfil (Λ−1)αν∂[µΛνβ] = 0. In other words, we can parametrise
the transformation matrix as Λαµ = ∂µξ
α with infinitesimal ξα ∈ GL(4,R). In these
symmetric teleparallel theories (symmetric referring to the fact that Q is symmetric), the
connection can then be exactly cancelled by means of a diffeomorphism. We will call the
gauge in which the connection trivialises the coincident gauge. Hence, the connection is
simply parametrised as
Γαµν =
∂xα
∂ξλ
∂µ∂νξ
λ . (30)
Let us emphasise again, that this seemingly innocent form of the connection implies an
incredible property of the non-metricity representation, namely the connection can be put
to zero by a coordinate transformation: The gauge choice ξα = xα makes the connection
vanish. This can be interpreted as the gauge shifting the spacetime origin into the point
parameterised by ξα. Since then ξα coincides with the coordinate origin, this choice can
be dubbed the coincident gauge.
If the free coefficients ci in equation (29) are chosen in the following specific way
c1 = −c3 = −1
4
, c2 = −c5 = 1
2
, c4 = 0 , (31)
one recovers General Relativity. The quadratic dependence on the non-metricity becomes
for this choice
Q˚ = 1
4
QαβγQαβγ − 1
2
QαβγQβγα − 1
4
QαQα + 1
2
QαQ˜α . (32)
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In the coincident gauge Γαµν , the triviality of the connection directly imposes the relation{
α
µν
}
= −Lαµν . In this gauge, the action simplifies to
SCGR[Γ = 0] = 1
16piG
∫
d4x
√−ggµν
({
α
βµ
}{
β
να
}
− { αβα}{ βµν}) . (33)
This is the action of Coincident General Relativity, which corresponds exactly to the
Hilbert action, but devoid of boundary terms. The equivalence to General Relativity
becomes apparent after decomposing the connection into the standard Christoffel symbols
and the disformation tensor. The general curvature can then be expressed as
Rµν = Rµν − LαβµLβαν −
1
2
QαLαµν +DαLαµν +
1
2
DνQµ . (34)
Thus, the curvature scalar satisfies the relation
R = R+ Q˚+Dα(Qα − Q˜α) , (35)
where Q˚ is the quadratic scalar (32) after setting the parameters to the values given in (31).
One immediate distinctive property of CGR is that it only involves first derivatives of the
metric. In the standard formulation of General Relativity a` la Einstein the boundary term
introduces second derivatives of the metric and as we will see in section 5.5 this jeopardises
the well-posed variational principle and makes the introduction of the Gibbons-Hawking-
York boundary term inevitable. This can be straightforwardly avoided in CGR. This
formulation of General Relativity has the following advantages:
• there is no need for the Gibbons-Hawking-York boundary term for a well-defined
variational principle
• it has more direct contact with (the most fundamental) field theory description
(Deser’s resummation approach), which we will see in section 5.3
• it is oblivious to the affine spacetime structure, thus fundamentally depriving gravity
from any inertial character
• the computation of the entropy of black holes based on Euclidean action is improved
and unambigous (see section 5.5 for more detail)
• it represents a new tool to explore the holographic nature of General Relativity.
Summarising, we have seen that the geometrical interpretation of gravity introduces
ambiguity in the formulation of General Relativity: the trinity of gravity.
The standard formulation introduced by Einstein is based on curvature. This perception
brings along all the difficulties associated to a curved spacetime with inertial effects and
the presence of a boundary term. However, as we have seen the differential geometry pro-
vides a much wider class of geometrical objects to represent the geometrical properties of
a given manifold, namely the torsion and the non-metricity. An equivalent representation
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Figure 4: The triangle of General Relativity: the underlying physics behind General Relativity can be
described in three equivalent manners, where the fundamental geometrical object is either the curvature
(standard GR), the torsion (TEGR) or the non-metricity (CGR). They differ only by means of a boundary
term and give rise to the same field equations.
of General Relativity can be achieved on a flat spacetime with an asymmetric connection,
where the gravity is entirely assigned to torsion (TEGR). A third equivalent and simpler
formulation of General Relativity arises on an equally flat spacetime without torsion, in
which gravity is entirely ascribed to non-metricity (CGR). By means of a gauge choice,
the connection can be made to vanish altogether in this representation.
different interpretations of gravity
GR TEGR CGR
Curvature Torsion Non-Metricity
R 6= 0, T = 0, Q = 0 R = 0, T 6= 0, Q = 0 R = 0, T = 0, Q 6= 0
S = ∫ √−gR S = ∫ √−gT˚ S = ∫ √−gQ˚
Γρµν = {ρµν} Γαµβ = (Λ−1)αν∂µΛνβ Γαµβ = 0
gµν(10)-2× 4 (Diffs)=2 Λαβ(16)-2× 4 (Transl.)-6(Lor.)=2 the same as in GR
R = R R = R+ T˚+ 2DαT α R = R+ Q˚+Dα(Qα − Q˜α)
equivalent theories up to boundary terms
Even if the three actions based on the Levi-Civita curvature R, the torsion scalar T˚
and the non-metricity scalar Q˚ give rise to the same underlying physical theory (Gen-
eral Relativity), promoting these scalar quantities to arbitrary functions thereof yields
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distinctive modified gravity theories.∫ √−qR → ∫ √−qf(R)∫ √−qT˚ → ∫ √−qf(T˚)∫ √−qQ˚ → ∫ √−qf(Q˚) . (36)
Modifications based on f(R) and f(T˚) have been extensively studied in the literature.
However, the simple geometrical formulation of General Relativity purified from any iner-
tial effects introduces a promising alternative starting point for modified gravity theories
based on f(Q), which is less explored. It would be interesting to study the distinctive fea-
tures of f(Q) modifications with respect to the other two already existing modifications.
Specially, the cosmological implications deserve a detailed analysis.
In the remainder of this review we will abandon the view of geometrical formulation
of gravity and adapt to the more modern perspective of field theoretical formulation of
gravity. From a field theoretical perspective, the construction of a consistent theory for a
Lorentz-invariant massless spin-2 particle uniquely leads to General Relativity. Under the
assumptions of unitarity, locality, Lorentz symmetry and a (pseudo-)Riemannian manifold,
any attempt at generalising the theory of gravity inevitably leads to new propagating
degrees of freedom, which can be scalar, vector, or tensor fields. In this review we will give
a comprehensive overview over a conceptually complete landscape of theories and their
consequences together with their already existing tight empirical constraints.
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3. Field theories in cosmology and particle physics
In cosmology as well as in particle physics the mostly studied fields are those with
massless or massive particles of spin-0, 1/2, 1 and 2. Higher spin particles are considered
only in theories beyond the Standard Model of Particle Physics. We can describe particles
with zero mass by their helicities, representing the projection of their angular momentum
onto the direction of motion. In the Standard Model of Particle Physics massless bosons
play the role of long range forces since otherwise forces carried by massive particles would
be Yukawa suppressed due to their masses. We shall discuss the protagonists of the
particles present in the Standard Model of Particle Physics and the Standard Model of
Big Bang cosmology and their main properties. The study of the Lorentz group plays
a crucial role in these research fields. Many fundamental laws of Nature like special
relativity, the theory of electromagnetism and the theory of fermions etc. are invariant
under Lorentz transformations.
The Lorentz group is a subgroup of the Poincare´ group, which denotes all the isome-
tries of the Minkowski spacetime. The Poincare´ symmetry contains the translations on
spacetime, the rotations in space and the Lorentz boosts. The latter two are the trans-
formations in the Lorentz group. Hence, while the Poincare´ group comprises ten degrees
of freedom of the isometries, the Lorentz group has only six, namely rotations about the
three orthogonal directions in space and boosts along these directions. The elements Λαµ
of the Poincare´ group satisfy ηµν = ΛαµΛβνηαβ. The determinant and the 00 component
of this relation give the conditions det(Λαµ) = ±1 and Λ00 ≥ 1 or Λ00 ≤ −1, respectively,
dividing the Poincare´ group into subsets. The case with det(Λαµ) = 1 and Λ00 ≥ 1 is the
SO(3, 1) Lorentz group. It is classified as a Lie group since it describes the set of con-
tinuous infinitesimal physical transformations of rotations and boosts with the generators
Jµν = ∂µxν − ∂νxµ, that satisfy the commutation relation
[Jµν , Jαβ] = i(ηναJµβ − ηµαJνβ − ηνβJµα + ηµβJνα) . (37)
The boost operations Ki and the rotation operations Li of the Lorentz group in terms
of these generators Li = −12ijkJjk and Ki = J0i give the commutation relations of the
Lorentz group as [Li, Lj ] = iijkLk, [Ki, Lj ] = iijkKk and [Ki,Kj ] = −ijkLk. The latter
represents the interesting fact, that commuting two boosts results in a rotation, hence
boosts do not form a subgroup.
An element of the Lorentz group is represented by the exponent of the generators
and the six parameters of the transformation Λ = exp(− i2ωµνJµν). The form of Lorentz
transformations can be given by finite or infinite dimensional representations. Since it is a
non-compact group, the finite dimensional representations are not unitary, in other words
the generators are not Hermitian and act on finite dimensional vector spaces. First of
all, there is the one dimensional representation with Jµν = 0 and hence Λ = 1, acting on
a one dimensional vector space, which is nothing else but a Lorentz scalar. This trivial
representation of a Lorentz transformation acts on a scalar φ by
φ→ Λ(= 1)φ = φ . (38)
The vector representation on the other hand acts on a four dimensional vector space with
the generators represented by a 4×4 matrix (Jµν)αβ = i(ηµαδνβ−ηναδµβ). The elements
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of this four dimensional vector space are the Lorentz vectors. The Lorentz transformation
acts on a vector Aµ as
Aµ → (e−iωαβJαβ )µνAν , (39)
and the matrices of the vector representation are exactly the SO(3, 1) matrices themselves,
hence they form the fundamental representation of the Lorentz group. Tensor represen-
tations are nothing else but direct tensor products of vector representations acting on
tensors of a given rank, the Lorentz tensors. Hence, a (2, 0) rank tensor gµν with two
contravariant indices transforms as
gµν → ΛµαΛνβgαβ . (40)
Similarly, there are spinorial representations acting on the set of two component objects,
the Lorentz spinors.
These finite representations so far were constants. Quantum field theory on the other
hand deals with fields, which depend explicitly on spacetime. Since the fields are func-
tions of coordinates that are also subject to Lorentz transformations one needs to use
infinite dimensional field representations. In this case a generic field φa(x) will transform
as φa(x)→ Λabφb(Λ−1x).
Particles are degrees of freedom in a spacetime with a given number of dimensions
classified by their spin and masses, which are carried by fields. A spin-0 particle is simply
a scalar field. In fact, we know that fundamental spin-0 particles do exist in nature. The
missing piece of the Standard Model of Particle Physics, the Higgs boson, is a spin-0
particle, which has been found after adamant efforts. A scalar degree of freedom might
also play a fundamental role in cosmology, as it is a natural candidate for inflation and
dark energy providing accelerated expansion without breaking isotropy. Modified gravity
theories incorporate scalar fields in a very natural manner. A free massless scalar field is
simply described by the Lagrangian Lφ = −12(∂φ)2 consisting of the kinetic term. Adding
a mass term for a massive scalar field does not require any caution in order not to alter
the number of propagating physical degrees of freedom, since the massless limit does not
contain any gauge symmetry. Hence, one can simply promote the Lagrangian to
Lφ = −1
2
(∂φ)2 +
1
2
m2φφ
2 , (41)
or even add a general potential interaction V (φ). Imposing Lorentz invariance, one can
construct in a similar manner consistent self-interactions. The inclusion of derivative self-
interactions requires peculiar caution in order to maintain the right number of propagating
physical degrees of freedom, as is the case for the Galileon [42] (which will be extensively
studied in section 4).
A spin-1 particle on the other hand is simply carried by a vector field. We already
observed the presence of spin-1 particles in Nature, represented by the abelian and non-
abelian vector fields like the photon and the carriers of the weak and strong interactions in
the Standard Model of Particle Physics. The latter two are massive vector fields while the
photon is a massless vector field. Vector fields might also play a crucial role in cosmology.
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The only difficulty there is the generation of large scale anisotropies, which can be avoided
by considering a massive vector field [64, 80, 81, 82]. A controlled way of their presence
could however facilitate explaining some of the reported anomalies at large scales in the
CMB. In order to have a consistent theory for a massless spin-1 particle with manifest
Lorentz symmetry and locality, the massless vector field has to carry a gauge symmetry
Aµ → Aµ+∂µθ, which guarantees the propagation of only two physical degrees of freedom.
This uniquely results in the Maxwell theory
LAµ = −
1
4
F 2µν − JµAµ , (42)
with the field strength Fµν = ∂µAν − ∂νAµ and an external source Jµ. In a similar way,
one can add consistent self interactions of the massless vector field, which on the other
hand yields the non-abelian gauge Yang-Mills theory. Adding a mass term needs a little
bit of caution since it alters the number of propagating degrees of freedom due to the
broken gauge symmetry. A massive spin one field carries three propagating degrees of
freedom instead of two as the massless case. The consistent theory for a massive vector
field is given by the Proca theory
LAµ = −
1
4
F 2µν −
1
2
m2AA
2
µ − JµAµ . (43)
In the same way as in the massless spin-1 case, the consistent theory for a massless spin-2
field with manifest Lorentz invariance requires a gauge symmetry, in form of a general
coordinate invariance. Demanding Lorentz invariance and locality uniquely gives General
Relativity
Lgµν =
√−gR+ Lmatter , (44)
with the Ricci scalar R. This theory propagates only two physical degrees of freedom.
Adding a mass term would instead give five propagating degrees of freedom. At linear
order such a mass term corresponds to the Fierz-Pauli term m
2
2 (hµνh
µν − hµµhνν). Adding
further interactions is not trivial and rather challenging. Arbitrary potential interactions
introduce ghostly degrees of freedom and one has to construct the interactions in a very
specific way in order to avoid this problem. We will discuss in section 6 how this is achieved
in the dRGT theory.
In the standard model of particle physics the spin-1/2 particles play also very important
role, describing the elementary fermions, i.e. the leptons and quarks. They enter in form
of the massless Weyl fermions or the massive Dirac or Majorana fermions. Among them
the Dirac fermions deserve special attention since most of the Standard Model fermions
are Dirac fermions described by
Lψ = ψ¯(iγµ∂µ −m)ψ , (45)
with the Dirac spinor ψ and ψ¯ ≡ ψ†γ0. The γ matrices form the Clifford algebra {γµ, γν} =
2ηµν and are given in terms of the Pauli matrices σi in the Dirac representation. In
contrast to the Standard Model of Particle Physics, the standard spinorial fields have not
been much explored in cosmology. On the one hand this is due to the fact that it is difficult
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to interpret classical fermionic fields in terms of their underlying quantum particles. They
cannot produce classical fermionic fields as they cannot condensate in coherent states. On
the other hand fermions are inefficiently produced during preheating and decay fast in an
expanding universe. The role that fermions play in the cosmological evolution is in form of
a thermal distribution, as it is the case for instance for neutrinos. Moreover, it is plausible
to think that some composite systems might be well-described by an effective classical
spinorial field. This has been explored in the so-called ELKO spinors with the unusual
field property of (CPT )2 = −1 [83, 84]. For instance, this framework has been used to
drive an inflationary phase [85]. In order to describe spinors in a curved spacetime, using
the tetrad formalism becomes essential, since it allows to generalize the gamma matrices
to the case of a non trivial background.
In the following sections we will review the individual representations of the Lorentz
group and construct consistent field theories together with their relevance for cosmology.
We will start with the simplest scalar representation and discuss in this context the im-
portant classes of theories based on a scalar field, like k-essence and Galileons. We will
not only pay special attention to their classical behaviour but also embrace their quantum
nature. We will then formulate General Relativity as the unique fundamental theory for
a massless spin-2 particle and emphasize the role of general coordinate invariance. On
that occasion we will explicitly break this symmetry and discuss how a consistent theory
of a massive spin-2 particle can be established. This will be the playground of steady
tensor-tensor interactions.
After appreciating the general properties of a massive spin-2 particle and its consistent
couplings to matter fields, we will examine its stability under quantum corrections and
prove its technical naturalness. Next, we will promote the scalar field theories discussed
on flat space-time to the general curved space-time and construct viable scalar-tensor
theories, known as covariant Galileon and Horndeski theories. We will accentuate the role
of non-minimal couplings to gravity in order to have second order equations of motion.
We will also draw some parallels between scalar-tensor theories and massive gravity by
covariantizing the decoupling limit of massive gravity. Furthermore, we will mention how
the technical naturalness argument is altered on general curved space-time. More general
interactions can be constructed by giving up the restriction of second order equations of
motion. In this context, we will discuss the beyond Horndeski and DHOST theories.
After finalising the general properties attributed to scalar-tensor theories, we will con-
centrate on the spin-1 representation of the Lorentz group. We will see how the require-
ments of Lorentz symmetry and masslessness inevitably imposes a gauge symmetry on
the vector field. The construction of the corresponding Lagrangian uniquely leads to the
Maxwell theory of electromagnetism. We will then investigate how one can generate more
general interactions for the vector field, depending on whether the vector field carries a
mass or not. We meet with resistance and encounter a no-go result for constructing self
derivative interactions for a massless vector field. This result can be bypassed in the case
of massive vector fields, which enables the construction of generalized Proca theories. We
will describe their properties using different formulations and derive them also from the de-
coupling limit in a bottom-up approach. New genuine vector interactions will arise, which
do not have any analog in the scalar theories. We will quickly explore their behaviour un-
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der quantum corrections and comment on the differences to the scalar Galileon theories.
We will then promote these vector interactions constructed on flat spacetime to the case
of curved backgrounds. This will constitute the consistent vector-tensor theories. Some
of the interactions will again require the introduction of non-minimal couplings between
the vector field and the gravity sector. Among the two new genuine vector interactions,
only one requires the presence of non-minimal coupling to the double dual Riemann ten-
sor. The two important classes of field theories, Horndeski and generalized Proca, can be
unified into consistent scalar-vector-tensor theories, for both the gauge invariant and the
gauge broken cases. Moreover, we will promote the U(1) symmetry of a massless vector
field to a SU(2) symmetry of a non-abelian vector field and discuss how the breaking
of the SU(2) symmetry yields multi-Proca theories with interactions among three vector
fields. Finally, we will investigate in detail the cosmological implications of all these field
theories, together with their common and distinctive features on cosmological scales.
31
4. Scalar fields
As we mentioned in the introduction, the spin-0 particles are associated with scalar
fields in quantum field theory, either real or complex valued, where the latter serve as
charged particles. The Higgs boson in the Standard Model of Particle Physics is such a
charged scalar field. Extensions of the Standard Model of Particle Physics and modifi-
cations of gravity naturally encompass scalar degrees of freedom. It is a crucial question
what kind of consistent interactions a scalar field can have and how one can construct
them using a few standard techniques and concepts.
First of all, in order to have a manifestly Lorentz invariant action, the terms to be
considered have to be a scalar quantity in terms of the scalar field and its derivative. The
simplest Lagrangian for a massive scalar field pi is given by
Lpi = −1
2
∂µpi∂
µpi − 1
2
m2pipi
2 . (46)
As we mentioned above, the inclusion of a mass term (or in general any potential term)
does not alter the number of propagating degrees of freedom since taking the limit mpi → 0
does not introduce a gauge symmetry. The variation with respect to the scalar field gives
the well known free Klein-Gordon equation
(−m2pi)pi = 0 , (47)
with  = ∂µ∂µ.
This equation is solved by a superposition of plane waves e±ikµxµ with kµkµ = E2−~k2 =
m2
pi(x) =
∫
d3k
(2pi)3
√
2E
(
a~ke
−ikµxµ + a∗~ke
ikµxµ
)
, (48)
where a∗~k is the adjoint operator with the property a
∗∗
~k
= a~k. The total energy is given by
the Hamiltonian, which has to be positive definite or in other words bounded from below.
It represents the conserved charge related to time translation invariance. In terms of the
momentum Πpi = ∂Lpi/∂p˙i = p˙i conjugate to pi, the Hamiltonian is given by1
Hpi = Πpip˙i − Lpi = 1
2
(
Π2pi + (~∇pi)2 +m2pipi2
)
. (49)
This Hamiltonian density corresponds to the 00-component of the energy momentum
tensor T 00 = Hpi. The remaining coefficients of the latter are given by
Tµν = ∂µpi∂νpi + ηµνLpi . (50)
1At this stage it is useful to mention that in the presence of a ghost instability, the momentum conjugate
would enter with a minus sign Hpi = Πpip˙i − Lpi = 12
(
−Π2pi + (~∇pi)2 +m2pipi2
)
, which would render the
Hamiltonian unbounded from below. See Appendix A for different types of instabilities that one has to
be careful about when constructing field theories.
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Now, consider the following split into a background field and a small perturbation
pi = p¯i + δpi. In this case, the Lagrangian of second order in perturbations reads
L(2)pi =
1
2
δpi
(
−m2pi
)
δpi . (51)
The corresponding propagator of the scalar field is simply the inverse of the expression in
the brackets Dpi =
1
(−m2pi) . If we have two sources J(x) and J(y) at positions x and y,
respectively, the scalar exchange amplitude would yield
W (J) = −1
2
∫
d4xd4yJ(x)Dpi(x− y)J(y)
= −1
2
∫
d4k
(2pi)4
J∗
1
k2 −m2J . (52)
Hence, the scalar field as an exchange particle would give rise to an attractive force between
the two sources. If we did not know more about the gravitational force, in principle it
could be attributed to a scalar field.
4.1. K-essence
An interesting and crucial question is whether one can construct other non-trivial
interactions for the scalar field without spoiling the consistency of the theory and the
number of propagating degrees of freedom. We already know, that we can promote the
mass term to a general potential term without altering the consistency of the theory,
yielding a Quintessence field [86, 87]
Lpi = −1
2
∂µpi∂
µpi − V (φ). (53)
In fact this type of scalar field theories has been for instance considered in the early
universe cosmology with a particular flat potential playing the role of the inflaton field
[88]. A natural generalisation of the above Lagrangian would be to consider a general
function of the field and its kinetic term as in K-essence [89, 90, 91, 92]
P (X,pi) with X = −1
2
∂µpi∂
µpi. (54)
The fact, that it contains only one derivative per field ensures that the equations of motion
will be at most second order in the derivatives and hence the number of propagating degrees
of freedom will be unchanged, namely just one scalar degree of freedom will propagate.
One particular restriction widely considered in the literature is the factorised dependence
P (X,pi) = f(pi)P˜ (X). This type of interactions naturally arises in the low energy limit of
string theory of the dilaton field. Another special class of the P (X,pi) theories is the Dirac-
Born-Infeld model, which has a higher-dimensional geometrical probe-brane origin [93].
It has the restriction of the shift symmetry. It is also invariant under a global symmetry
pi → pi+ c+ vµxµ +pivµ∂µpi with constants c and vµ. It can be interpreted as the remnant
of the invariance under higher-dimensional rotations and boosts. The effective Lagrangian
is a functional in form of a square root P (X) ∼ √1 +X in this case. These theories have
been widely used in the literature and we refer to the review article [18] for more detail
and references therein.
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4.2. Galileon
Theories based on an arbitrary kinetic term of the scalar field do not alter the number
of propagating degrees of freedom, since there is still only one derivative per field. How
about other derivative self-interactions with two derivatives per field? Naively, one would
expect to obtain higher order equations of motion. In fact, in the context of the decoupling
limit interactions of the five dimensional DGP brane-world scenario [26], a self-derivative
interaction for the helicity-0 mode of the form L3 = pi(∂pi)2 arises (where the subscript
3 in L3 refers to the number of appearance of the field pi). Even if this interaction carries
two derivatives at the level of the Lagrangian, the equation of motion is still second order
in the field derivatives E3 = (pi)2 − (∂µ∂νpi)2. Furthermore, the interaction is invariant
under internal Galilean and shift transformations pi → pi+c+xµbµ. This is also a remnant
of the five dimensional symmetries. Within the effective field theory perspective, one could
wonder whether further higher order derivative interactions could be constructed in the
same spirit. The previous cubic interaction contained three fields and four derivatives.
Next, one could try to construct interactions with four fields and six derivatives and write
down a general Ansatz with all possible contractions
L4 = α1(∂pi)2(pi)2 + α2(∂pi)2(∂µ∂νpi)2 , (55)
with arbitrary coefficients α1 and α2. Other contractions are equivalent to those after
integration by parts. First of all, the equations of motion are not second order in the
derivatives. We have a contribution of the form (α1 + α2)
...
pi . In the presence of these
higher order terms, an additional ghostly degree of freedom propagates, which hides itself
behind
...
pi . In order to get rid of these constributions, one has to impose α2 = −α1. Thus,
the consistent interactions at this order have to be tuned in the following way
L4 = (∂pi)2
(
(pi)2 − (∂µ∂νpi)2
)
. (56)
One can construct the subsequent interactions following the same procedure and making
sure that the equations of motion of the scalar field do not contain higher than second
order time derivatives.
With the additional restrictions of invariance under internal Galilean and shift trans-
formations, the requirement of second order equations of motion is fulfilled by only five
interactions in four dimensions LGal =
∑5
i=1 ciLi [42]
L1 = pi
L2 = (∂pi)2
L3 = (∂pi)2pi
L4 = (∂pi)2
[
(pi)2 − (∂µ∂νpi)2
]
L5 = (∂pi)2
[
(pi)3 − 3pi(∂µ∂νpi)2 + 2(∂µ∂νpi)3
]
, (57)
with arbitrary coefficients ci. These interactions are local and include terms higher order in
the derivatives. Despite the presence of the higher order derivative operators the equations
of motion are second order. The relative tunings of the coefficients guarantee that. Since
the interactions contain only derivatives, they are invariant under the transformations
pi → pi + c+ xµbµ , (58)
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with constant c and bµ. This constitutes the Galileon theories. A crucial property is that
these symmetries are realised only up to total derivatives at the level of the Lagrangians.
Thus, they are exact symmetries of the theory only at the level of the equations of motion.
These interactions can also be written in a more convenient and compact form using the
iterative relation
Ln+1 = −(∂pi)2En (59)
where n ≥ 1 and En = δLnδpi are the equations of motion
E1 = 1
E2 = pi
E3 = (pi)2 − (∂µ∂νpi)2
E4 = (pi)3 − 3pi(∂µ∂νpi)2 + 2(∂µ∂νpi)3
E5 = (pi)4 − 6(pi)2(∂µ∂νpi)2 + 8pi(∂µ∂νpi)3 + 3((∂µ∂νpi)2)2 − 6(∂µ∂νpi)4 . (60)
As can clearly be seen, the equations of motion are at most second order in the derivatives,
avoiding the Ostrogradski instability [94, 95]. The Galileon interactions can also be equally
written in terms of the antisymmetric Levi-Civita tensors Eµαρσ as LnGal =
∑5
i=1 c˜iLi
L1 = piEµαρσEµαρσ,
L2 = piEµαρσEναρσΠµν ,
L3 = piEµαρσEνβρσΠµνΠαβ,
L4 = piEµαρσEνβγσΠµνΠαβΠργ
L5 = piEµαρσEνβγδΠµνΠαβΠργΠσδ , (61)
with Πµν = ∂µ∂νpi. This fundamental object of the theory is symmetric under the exchange
of the indices µ ↔ ν. Therefore, there is only one way of contracting it with the totally
antisymmetric Levi-Civita tensors. Its two indices have to be contracted separately with
the respective index of the two Levi-Civita tensors. In this way, one can construct the
interactions order by order by augmenting in Πµν . In this formulation it becomes apparent
why the series stops at L5 in four dimensions, since all the indices of the two Levi-Civita
tensors are then fully contracted. In five dimensions, one could for instance generate
piEµαρσκEνβγδξΠµνΠαβΠργΠσδΠκξ for L6, etc. The action of the Galileon interactions can
be also rewritten as
SGal =
∫
d4x
5∑
n=2
c˜n
n(n− 2)!(5− n)!
1
Λ6(n−2)/2
LnGal , (62)
where the interactions (61) in terms of the Levi-Civita tensors can be written in the
compact form
LnGal = piEα1···α4Eβ1···β4
n−1∏
i=1
∂αi∂βipi
4∏
j=n
ηαjβj . (63)
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Due to this antisymmetric structure, the Galileon interactions can be also expressed in
terms of a deformed determinant
pidet(δµν + c˜i∂
µ∂νpi) = pi
4∑
i=0
−c˜i
i!(4− i)!Eµ1···µiαi+1···α4E
ν1···νiαi+1···α4∂µ1∂ν1pi · · · ∂µi∂νipi . (64)
Expanding the determinant gives exactly the elementary polynomials.
The Hamiltonian of the Galileon can be straightforwardly computed and the simple
expression of the Hamiltonian for a free scalar field in (49) gets replaced by
Hpi =
∫
d4xHpi =
∫
d4x
1
2
∑
n
(Kp˙i2 + V(∂ipi)2) . (65)
where the kinetic and potential terms are respectively given by
K =
5∑
n=2
(n− 1)c˜n
(n− 2)!(5− n)!E
d−1
n−1 ,
V =
5∑
n=2
c˜n
(n− 2)!(5− n)!E
d−1
n−1 , (66)
where the operator of the equation of motion is obtained by the variation Edn =
1
n
δLdn
δpi
Edn = Eα1···αdEβ1···βd
n−1∏
i=1
∂αi∂βipi
d∏
j=n
ηαjβj . (67)
Most non-trivial Galileon Hamiltonians on specific backgrounds are unbounded from below
[96, 97]. On the spherically symmetric backgrounds the Hamiltonian becomes unbounded
from below when the kinetic term is negative. Let us consider a background field con-
figuration pi = pi(r, t), then for (67) we have E2 = 2
d
r2dr
(
r2pi′
)
, E3 = 2
d
r2dr
(
r(pi′)2
)
and
E4 = 2
d
r2dr
(
r(pi′)2
)
, respectively. The Hamiltonian in this case becomes
H = 4pi
∫
drp˙i2
d
dr
(
1
6
r3 + c˜3r
2pi′ +
3
2
c˜4r(pi
′)2 +
2
3
c˜5(pi
′)3
)
+ (pi′)2
1
2
d
dr
(
1
3
r3 + c˜3r
2pi′ + c˜4r(pi′)2
)
. (68)
Defining the new variable p˜i = pi′/r, we can rewrite the Hamiltonian as H = H0 +H1 after
some integrations by parts, where we defined
H0 =
4pi
3!
∫
dr
d
dr
(F0(p˜i)) (p˙i
2 + κ(pi′)2)
H1 =
4pi
3!
∫
drr4p˜i2F1(p˜i) , (69)
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with the functions F0 and F1 introduced for brevity
F0 = 1 + 6c˜3p˜i + 9c˜4p˜i
2 + 4c˜5p˜i
3
F1 =
3
2
(1− 3κ)c˜4p˜i2 + 4c˜3p˜i(1− 2κ) + 3(1− κ) . (70)
There exists a relation between the c˜3 and c˜4 parameters, which allows to bring the
Hamiltonian in a form, that is manifestly negative if only the kinetic term is negative.
If these two parameters satisfy c˜4 = pc˜
2
3, where p =
8(1−2κ)2
9(1−κ)(1−3κ) , then the function F1
becomes a perfect square, hence the part H1 of the Hamiltonian positive definite. For
κ ≥ 0 and c˜4 = pc˜23 with p ≤ 0 or p ≥ 8/9, the Hamiltonian of the Galileon becomes
negative if only the kinetic term is negative. This causes the unboundedness in the case
of spherical symmetry if the kinetic term becomes negative.
4.3. Stability under quantum corrections
One important theoretical question is whether the introduced tuning of the relative
and overall coefficients of the scalar field interactions are subject to strong renormalisation
under quantum corrections. A detuning of the relative coefficients within the scale of
validity of the effective action would render the theories sick. The fact that the Galileon
realises the internal Galileon symmetry up to total derivatives is a crucial property, that
protects the interactions from large quantum corrections.
Needless to say, the shift and Galileon symmetry will prevent the generation of local
operators by loop corrections which would break explicitly these symmetries. However, one
could still worry if quantum corrections might yield terms invariant under these symmetries
and hence renormalise the Galileon interactions themselves. It is an appealing property
of the Galileon that this actually does not happen and the tunings of the classical interac-
tions are protected from the quantum corrections by the virtue of the non-renormalisation
theorem. To appreciate the latter, the formulation of the interactions in terms of the two
Levi-Civita tensors in (61) is very useful.
Let us consider an arbitrary Feynman diagram with a vertex given by L3 = piEµαρσEνβρσΠµνΠαβ
and contract an external leg of momentum qµ with the pi particle in the vertex without
derivative and let the other two pi-particles run in the loop with momenta kµ and (q+k)µ.
This vertex will then contribute to the scattering amplitude in the following form
A ∝
∫
d4k
(2pi)4
DkDk+q EµαρσEνβρσ kµ kν (q + k)α (q + k)β · · · , (71)
with Dk = k
−2 representing the Feynman massless propagator for the Galileon field. Note,
that the terms linear in the external momentum EµαρσEνβρσkµkνkαqβ or independent of
it EµαρσEνβρσkαkβkµkν will vanish exactly due to the contraction with the antisymmetric
Levi-Civita tensors. The only surviving term will come in with at least two powers of the
external momentum qαqβ. Thus, one generates only terms with higher order derivatives
per field, which do not belong to the Galileon interactions and are suppressed in the
effective action.
The crucial point is that the Galileon symmetry is only realised up to total derivatives
whereas the Feynman diagrams generate operators, which satisfy this symmetry exactly
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and therefore do not renormalise the classical Galileon interactions. This is the essence
of the non-renormalization theorem of the Galileon (see [98, 99, 42, 100, 101, 102, 103,
104] for more detail on the quantum corrections of the Galileon). This means that the
Galileon coupling constants are technically natural and remain radiatively stable. The
non-renormalization theorem is not a unique attribute of the Galileon but also applies to
the derivative theories P (X), specially to the sub-class of the DBI scalar field models.
Surprisingly, even if the DBI models are equipped with an additional symmetry, they are
equally protected from the quantum corrections as the P (X) theories. Independently of
the symmetry difference they have the same regime of validity[105].
At this stage, it is important to emphasise that the non-renormalization theorem does
not survive when one includes explicit couplings to matter. The scalar field can couple
either via a conformal coupling piT , disformal coupling ∂µpi∂νpiT
µν or a longitudinal cou-
pling ∂µ∂νpiT
µν . The disformal coupling arises naturally in the context of massive gravity
[32, 38]. In [104] the contributions coming from the one-loop quantum corrections through
the different couplings to matter were studied and it was shown that the terms generated
by one-loop matter corrections not only renormalise the Galileon interactions themselves
but also give rise to ghostly higher order derivative interactions. These contributions are
suppressed by the coupling scale and hence harmless within the regime of validity of the
effective field theory.
Implications of the UV completion:
Even if the UV completion of a theory is not known, one can infer important properties of
the low energy effective field theory based on the unitarity and analyticity requirements of
the scattering amplitudes [106, 107, 108, 109, 110]. They are known as positivity bounds
and constrain the sign of the coefficients in the effective action. The 2-to-2 scattering
amplitudes are the best apparatus for this purpose [111]. One important precondition
is that the probabilities should add up to 1 (conservation of probability), to wit the
Hamiltonian should be hermetian H† = H. This on the other hand imposes that the S-
matrix should be unitary S†S = 1, with S = eiHt. One immediate implication of unitarity
is the optical theorem, which states that the imaginary part of the forward scattering
amplitude A is proportional to the total scattering cross section σ
Im[A(s, t = 0)] =
√
s(s− 4m2)σ(s) , (72)
with the centre of mass energy s and the momentum transfer t = 0. Unitarity translates
into the positivity requirement of the scattering amplitude as [109]
∂n
∂tn
Im[A(s, t)]
∣∣∣
t=0
> 0 for n ≥ 0 and s ≥ 4m2 . (73)
Another important requirement is the analyticity of the scattering amplitude. This allows
to imply positive bounds on the low energy scattering away from the forward limit
∂n
∂tn
Im[A(s, t)] > 0 for s ≥ 4m2 and 0 ≤ t < 4m2 . (74)
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Combining the unitarity and analyticity conditions enables to derive the Froissart-Martin
bound on the scattering amplitude at fixed t.
lims→∞|A(s, t)| < Cs1+(t) for 0 ≤ t < 4m2 , (75)
with C constant and (t) < 0, which facilitates that the fixed t amplitude can be dealt
with as in the t = 0 case [112]. In [109] the reader can find the detail application of these
bounds not only on the tree-level scattering amplitudes but actually on the coefficients
in the tree-level Lagrangians of the low energy effective field theory. Since the quantic
Galileon interactions do not contribute to the 2→ 2 tree-level amplitude, one only obtains
bounds on the ratio of the cubic and quartic interactions. There is no obstruction for the
potential existence of an analytic UV completion if the parameters of the Galileon satisfy
the bound c˜4 < 3/4c˜
2
3. Violation of these bounds has tremendous implications: no local,
unitary and Lorentz invariant UV completion of the underlying scalar theory. In this
way one can put theoretical bounds on the coefficients of the effective action based on
unitarity and analyticity, where the latter allows to constrain the scale of new physics
beyond the perturbative unitarity argument. These positivity bounds are only applicable
in the presence of a mass gap. Therefore, the forward limit positivity bounds show an
obstruction to a local UV completion of the massless Galileon [42, 106]. This problem was
resolved in [110] by considering a massive Galileon theory. In this case the coefficients
of the theory can follow the positivity bounds required for an unitary analytic Lorentz
invariant UV completion. The bounds on the cubic and quartic interactions at the tree-
level scattering amplitudes are summarised in figure 5.
4.4. Superluminal propagation
A potentially worrying phenomenon of the Galileon is the fact that the fluctuations
of the Galileon field can propagate superluminally in the regime of validity of effective
field theory [42, 113]. The risk of superluminality is the construction of closed time-like
curves and hence violation of causality. The superluminal propagation is unavoidable if
one imposes the stability of the perturbations. Let us consider a localised point source
ρ = Mδ3(r) and a spherically symmetric background for the Galileon field pi(r). The
equation of motion of the Galileon reads for this background configuration [42]
1
r2
d
dr
{
r3
(
c2
pi′
r
+ 2c3
(
pi′
r
)2
+ 2c4
(pi′
r
)3)}
=
M
MPl
δ3(~r) , (76)
which can be integrated to write it as
c2
pi′
r
+ 2c3
(
pi′
r
)2
+ 2c4
(
pi′
r
)3
=
M
4pir3MPl
. (77)
Now, a crucial condition is the stability of this background field configuration2 under small
perturbations of the field pi = pi(r) + δpi(t, r, θ, ϕ). In this case the quadratic Lagrangian
2Concentrating for instance up to the cubic Galileon, the background solution would be given by
pi(r) = a1
√
r + a2r
2 +O(r)7/2, where the parameters a1 and a2 are given in terms of the parameters M ,
MPl and c3. Introducing the strong coupling scale in the cubic interactions as c3/Λ
3, the redressed strong
coupling scale would become Λred =
√
piΛ/
√
Λ3.
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Figure 5: This figure is taken from [110], where the positivity bounds on the coefficients of the cubic g3
and quartic g4 Galileon interactions are summarised. These two parameters correspond to c˜3 and c˜4 in
our notation in (62). This allowed region of parameter space is the outcome of the imposed conditions
for a local, analytic UV completion, for a cutoff above the Galileon mass, and for a static and spherically
symmetric Vainshtein mechanism. For c˜4 < 3/4c˜
2
3 there is no obstruction for a local and analytic UV
completion.
becomes
L = 1
2
∂tδpiKtt∂tδpi − 1
2
∂rδpiUrr∂rδpi − 1
2
∂ΩδpiVΩΩ∂Ωδpi (78)
with the solid angle Ω the following kinetic and potential terms
Ktt =
c22 + 4c2c3
pi′
r + 12(c
2
3 − c2c4)(pi
′
r )
2 + 24(c3c4 − 2c2c5)(pi′r )3 + 12(3c24 − 4c3c5)(pi
′
r )
4
c2 + 4c3
pi′
r + 4c4(
pi′
r )
2
Urr = c2 + 4c3
(
pi′
r
)
+ 6c4
(
pi′
r
)2
VΩΩ =
c22 + 2c2c3
pi′
r + (4c
2
3 − 6c2c4)(pi
′
r )
2
c2 + 4c3
pi′
r + 6c4(
pi′
r )
2
(79)
In order to avoid any ghost instability Ktt > 0 (see Appendix A), we have to impose the
following conditions:
c2 > 0, c4 ≥ 0, c3 ≥
√
3
2
c2c4 and c5 ≤ 3
4
c24
c3
. (80)
Together with these constraints we also need to ensure the absence of gradient instabilities
related to the propagation speed of fluctuations. First of all, the radial speed of fluctuations
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is given by
c2r =
Urr
Ktt = 1 + 4
c3
c2
pi′0
r
+ · · · > 1 . (81)
One immediately observes that the radial propagation speed is always superluminal if one
enforces the stability conditions. We will also have a similar stability condition for the
angular speed of fluctuations c2Ω = VΩΩ/Ktt < 1, which is forced to be subluminal after
imposing the absence of ghost instabilities. As we have seen from this short analysis, the
single Galileon field suffers always from the superluminal propagation as a consequence
of the stability condition of the fluctuations. The same burden is shared by theories of
multi-Galileon or massive gravity [44].
A serious concern in the context of superluminal propagation comes from the possibil-
ity of acausality and construction of closed time-like curves (CTCs). On a closer inspection
there arise many facets of the configuration. There are studied cases in which the super-
luminal fluctuations come with their own metric and causal structure being completely
different from those felt by photons. In some cases the causal cones of these superluminal
fluctuations lie even outside the causal cones of the photons. As it was shown in [114], the
causal structure of the spacetime can be protected if there exists one foliation of spacetime
into surfaces which can be considered as Cauchy surfaces for both metrics.
In the context of Galileon theories one can construct CTCs within the naive regime of
validity of the effective field theory. Actually, already in GR one can construct such CTS.
It is about curves which form closed loops in space and time, and which can be traversed
in a time-like manner. Even if these solutions are theoretically possible, they actually
never arise since the scalar Galileon inevitably becomes infinitely strongly coupled giving
rise to an infinite amount of backreaction [46]. Exactly this strong backreaction effect
makes the effective field theory break down and so forbids the actual formation of CTCs.
In other words, the background solutions with CTCs become unstable with an arbitrarily
fast decay time. This reflects the fact, that theories based on Galileon interactions satisfy
a direct analogue of Hawking’s chronology protection conjecture [46].
It is worthwhile to point out that the propagation of superluminal fluctuations in
Galileon theories signals the failure of having a Wilsonian UV-completion [106]. However,
the presence of the Vainshtein mechanism and the lack of a Wilsonian UV-completion
could just mean the urgency of an alternative UV completion such as classicalization, [115,
116, 117]. A curios observation is that the Vainshtein mechanism and the superluminal
propagation seem to appear hand in hand if one imposes trivial asymptotic conditions
at infinity and wants to avoid quantum strong-coupling issues due to vanishing kinetic
terms. Since the Vainshtein mechanism is inherently nonlinear, the perturbations depend
strongly on the source distribution present. Hence, one would expect to always be able to
find backgrounds around which there are superluminal propagation.
One way of avoiding superluminal propagation but still having a fully functional Vain-
shtein mechanism seems to be only possible if the Galileon is not treated as an independent
field in its own right, but rather as a fundamental component of a fully fledge theory, like
it is the case for instance in massive gravity or generalized Proca theories. The crucial
difference comes from the fact that in such a case one is not forced to impose trivial
asymptotic conditions for the Galileon at infinity.
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By its nature, in massive gravity the helicity-0 mode does not need to vanish at infinity,
as long as the metric itself is well defined at infinity. An example of this realisation was
pushed forward in [118] with a non-trivial asymptotic of the Galileon in massive gravity
where the metric approaches to a cosmological one at large distances. An important in-
gredient in this setup is the presence of a disformal coupling to matter fields ∂µpi∂νpiT
µν
which naturally arises in massive gravity in any case. In this way one could find configura-
tions which explicitly exhibit the Vainshtein mechanism without necessarily giving rise to
superluminal propagation on top of these configurations. Along these lines, it is essential
to explore the deep physical relations between all these phenomena which are up to date
still mysterious.
4.5. Galileon dualities
Another interesting property of the Galileon which is worth exploring is the existence
of dual descriptions [119, 120, 121]. It has been shown that a specific subclass of Galileon
interactions are dual to a free massless scalar field, which would suggest that the naive
existence of superluminal propagation within this class can still give rise to causal theory
with analytic and unitary S-matrix [121], since it corresponds to just a free luminal theory.
Likewise, the idea of a UV completion via classicalization finds a promising realisation,
since the duality maps a strongly coupled state to a weakly coupled state. Following this
duality the original Galileon theory can be mapped to another Galileon theory by a non-
trivial field redefinition x˜µ = xµ + ∂µpi(x)/Λ3. Applying the inverse transformation gives
the dual Galileon xµ = x˜µ + ∂˜µρ(x˜)/Λ3. This corresponds to a Legendre transformation
where the respective Hessian matrices should satisfy |ηµν − Πµν | = |ηµν + ρµν |−1. Hence,
a crucial requirement is that the map is invertible. Starting with the original Galileon
interactions LnGal with the coefficients cn, we can map them to a set of Galileon interac-
tions with different coefficients pn, namely LdualGal =
∑ pn
Λ6(n−2)/2Ln(ρ), where the relations
between the coefficients are given by [121]
pn =
1
n
5∑
k=2
(−1)kck k(4− k + 1)!
(n− k)!(4− n+ 1)! . (82)
For the specific coefficients p2 = −1/12, p3 = −1/6, p4 = −1/8 and p5 = −1/30, the
duality maps a quintic Galileon to a free scalar field. This on the other hand would
strongly suggest, that the low energy classical superluminal propagation of the Galileon
in a chosen field representation does not immediately mean acuasality. Even if group
velocities could appear superluminal, the front velocities should be luminal and the same
in both dual representations. This would also mean, that the S-matrix for this specific
quintic Galileon is analytic. This duality was also applied to the generalised Galileon
[122], which is Horndeski in flat space-time (we will discuss them in detail in section
7). In specific classes of generalised Galileons the duality turns into a symmetry of the
action. Following the coset construction of the Galileon theory, the dualities correspond
to coordinate transformations on the coset space as a result of the spontaneously broken
Galileon group [123, 124].
One immediate question arises concerning the fact that most non-tirival Hamiltonians
of the Galileon is unbounded from below. Using the duality relation we might hope to shed
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light on the special class of Galileons dual to a free theory, which of course has manifestly
bounded Hamiltonian. As an illustrative example, consider the Hamiltonian of a dual free
scalar field in a 1+1 dimensional toy model H = 12
∫
dx˜(ρ˙2+(ρ′)2), which after applying the
duality corresponds to a manifestly positive Hamiltonian H = 12
∫
dx|1 + pi′′|(p˙i2 + (pi′)2).
However, if we had started with the original formulation, this would have never been the
corresponding Hamiltonian of the Galileon. The fundamental object Πµν = ∂x˜µ/∂xν =
δµν + ∂ν∂
µpi takes in this toy model the simple form Π00 = 1− p¨i, Π01 = p˙i′ and Π11 = 1 + pi′′,
where we have omitted the scaling of Λ for brevity. Now, some conditions need to be
imposed on this fundamental object in order to guarantee the viability of the duality.
First of all, we need to impose that det Π > 0 for the invertibility of the duality. Then, all
the eigenvalues of Π should be real (and even positive if we want to ensure that the Galileon
metric has the same eigenvalues as the Minkowski metric). In order for the surface t˜ to
be space-like eveywhere (or similarly Π0µ time-like) we need to have Π
0
µΠ
0
νη
µν < 0 and for
the time-like unit vector to be forward directed we need Π00 > 0. Furthermore, we need to
enforce Πµ1 Π
ν
1η
µν > 0 ...etc. It could be that imposing all these conditions for the viability
of the duality together with the equations of motion might make the obtained Hamiltonian
bounded below. Could there exist Lorentz invariant conditions we can apply directly to
the Galileon, so that the Hamiltonian of the Galileon would become bounded below and
could the duality be a promising road to find these conditions? All these questions are
worthwhile to explore and are still not-well understood mysteries.
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5. Massless Spin-2 Field
General Relativity is presented in textbooks of gravity as the geometric property of
spacetime with the fundamental geometrical object being the curvature of spacetime, as
formulated by Einstein and this interpretation has been incepted in our consciousness
since then. After 100 years ingrained view it is an uncomfortable feeling to detach oneself
from this interpretation. As we saw in section 2, there exist two other legitimate alter-
native geometrical formulations of General Relativity, which are based on either torsion
or non-metricity with zero curvature [125, 4]. Thus, one can geometrically interpret Gen-
eral Relativity as curvature, or torsion, or non-metricity. Curvature dictates how vectors
change their directions along closed paths, torsion how a parallelogram does not close and
non-metricity how the length of vectors change. So gravity can be attributed to these
three completely exclusive views. Hence, the triangle of General Relativity shows that the
geometrical interpretation of General Relativity is ambiguous.
Let us carry out a gedankenexperiment and imagine that Einstein never existed. Ad-
mittedly, this would be a very sad thought. However, imagine a modern version of Ein-
stein, who would have learned all the standard techniques of field theory description. This
modern Einstein would have eventually constructed General Relativity from field theory
perspective (even years later) based on the interactions of a massless spin-2 field. In this
field theory perspective General Relativity emerges as a unique unambiguous theory of a
spin-2 particle. Why should the gravitational force be carried by a spin-2 particle? First
of all, we know that the gravitational force is long-range, which implies that the force car-
rier should be massless or with a very small mass (this possibility we will discuss in next
section). We further know that gravity exists as a classical theory therefore the particle
can be only bosonic with spin s = 0, 1, 2, . . . .
As we mentioned in section 3 we do not know how to interpret classical fermionic fields
in terms of their underlying quantum particles. The reason for why they cannot produce
classical fermionic fields is that they cannot condensate in coherent states. Hence, the
carrier of the gravitional force can not be a fermion. Among the bosonic candidates with
spin s = 0, 1, 2, . . . , it cannot be a spin-1 particle since we know that the gravitational
force is purely attractive. There are theoretical challenges to construct theories based on
higher spin s > 2. Thus, only the spin-0 and the spin-2 particle remain as a possible
candidate. A particle of spin-0 would quite naturally couple to the matter fields via piT ,
to wit to the trace of the stress energy momentum tensor. First and foremost it would not
interact with light, which would evidently be in contraction with observations. Therefore,
the spin-2 particle remains as the most promising survivor among the bosonic fields.
5.1. Linear theory a la Fierz-Pauli and Weyl transverse diffeomorphism
Following the introduction in section 3, a spin-2 particle is carried by a tensor field
and in order to construct a manifestly Lorentz invariant theory, the interactions have
to be scalar quantities built out of the tensor field and its derivatives. Locality and
Lorentz invariance uniquely fixes the Lagrangian of the massless spin-2 particle to be
given by General Relativity. We will see that manifest Lorentz invariance introduces
diffeomorphism invariance. Incorporating all the propagating physical degrees of freedom
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of the spin-2 field in hµν , we write down the most general local and Lorentz invariant
Lagrangian for a symmetric tensor as
Lh = α1
2
∂ρhµν∂
ρhµν − α2∂µhµρ∂νhνρ + α3∂µh∂νhµν − α4
2
∂µh∂
µh , (83)
with arbitrary parameters α1,2,3,4. These are the most general Lorentz scalar quantities
built out of the tensor field and one derivative per field. Since the spin-2 field is carried
by a symmetric tensor field hµν , it naively contains ten degrees of freedom. However, we
know that a consistent theory for a massless spin-2 field should have only two propagating
degrees of freedom. This means that we need additional constraint equations to eliminate
the unphysical degrees of freedom. We can vary the action with respect to hµν in order
to obtain the equations of motion. We will be aiming at rendering the (0i) and (00)
components of the symmetric tensor non-dynamical. The equations of motion for the (0i)
components contain second time derivatives applied on h0i in form of
E(0i) = (−α1 + α2)h¨0i + · · · (84)
Hence, in order to get rid of the dynamics for the (0i) components we have to impose α2 =
α1. In this way the equations of motion for the (0i) components generate three constraints
associated to h0i. Imposing this condition the above Lagrangian in equation (83) becomes
invariant under transverse diffeomorphisms hµν → hµν + 2∂(µξTν) with ∂µξTµ = 0. As next,
we shall construct one additional constraint that would render the (00) component non-
dynamical. Since the equations of motion for the (00) and (ii) components mix the second
time derivatives applied on h00 and hii, we have to first diagonalise the kinetic matrix.
The obtained eigenvalue relevant for the dynamics of the (00) component takes the form
(with the canonically normalised field with α1 = 1)
(−α3 + 2α4 −
√
1− 2(α3 + α4) + 4(α23 − α3α4 + α24))h¨00 . (85)
We impose the vanishing of this eigenvalue, that renders h00 non-dynamical. This gives
the relation
α4 =
1
2
(1− 2α3 + 3α23) . (86)
The initial Lagrangian with the absence of the dynamics for the (00) and (0i) components
becomes
Lh = 1
2
∂ρhµν∂
ρhµν − ∂µhµρ∂νhνρ + α3∂µh∂νhµν − 1
4
(1− 2α3 + 3α23)∂µh∂µh. (87)
with the remaining free parameter α3. This one parameter family of Lagrangians can be
understood by considering via a non-derivative local field redefinition hµν → hµν +λhηµν .
With this redefinition the original α3 and α4 parameters become α˜3 = α3−2λ(1−2α3) and
α˜4 = α4− 4(1 +α3− 4α4)λ+ (1 + 4α3− 8α4)λ2. For α3 = 1 = α4, the new parameters are
given by α˜3 = 1 + 2λ and α˜4 = (1 + 2λ)(1 + 6λ). For λ =
α3−α˜3
2(1−2α3) the new parameters α˜3
and α˜4 still satisfy the relation in equation (86). By means of this local field redefinition
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we can freely choose the value for α3. With the convenient choice α3 = 1, the Lagrangian
in equation (87) then becomes
Lh = 1
2
∂ρhµν∂
ρhµν − ∂µhµρ∂νhνρ + ∂µh∂νhµν − 1
2
∂µh∂
µh. (88)
Summarising, the conditions α2 = α1 and α4 = α3 with the canonical normalisation
α1 = 1 and the choice α3 = 1 corresponds to the Fierz-Pauli case and has the (00) and
(0i) components non-dynamical. This was already achieved for the one parameter family
in equation (87).
A special case is α˜3 = 1/2, since it can not be reached from α3 = 1 by means of the
above mentioned local field redefinition with λ 6= −1/4. For this particular choice the re-
definition becomes singular. Apart from this case, these one parameter family Lagrangians
are equivalent to Fierz-Pauli. Another special case is λ = −1/4, when the local field re-
definition is not invertible anymore for α3 = 1/2. In this special case the Lagrangian has
an additional Weyl symmetry and is independent of the trace. In other words the equa-
tions of motion of the theory with Weyl transverse diffeomorphisms correspond to just the
traceless part of the equations of motion of the Fierz-Pauli theory. Using the linearized
Bianchi identity one observes that the trace of the latter ones can be recovered from the
previous ones up to an integration constant, which stands for the cosmological constant.
While the linear theory of Fierz Pauli satisfies the equations of motion hµν = 0 with the
spin-2 field having a vanishing trace h = 0 and being transverse ∂hµν = 0 realising the
linearised diffeomorphism hµν → hµν + ∂µξν + ∂νξµ, the linear theory of Weyl transverse
diffeomorphism satisfies the equations of motion ∂µ∂νhµν = c (with constant c) with the
field now being invariant under only transverse diffeomorphism hµν → hµν + 2∂(µξTν) (with
∂µξµ = 0) but having the Weyl symmetry hµν → hµν + φηµν and being also traceless
h = 0. Integrating the equations of motion of the latter gives ∂νhµν =
1
4Λxµ + t
T
µ with
an arbitrary transverse vector tTµ , which can be get rid of by means of the transverse
diffeomorphism. See [126] for useful discussions on this.
Thus, at the linear order, one can construct a massless spin-2 theory in form of
• Fierz-Pauli with diffeomorphism invariance hµν → hµν + ∂µξν + ∂νξµ and equations
of motion hµν = 0
• Weyl transverse diffeomorphism invariant theory with the equations of motionh¯µν =
−Ληµν with h¯µν = hµν − c8x2ηµν
Both theories contain the transverse diffeomorphism invariance, which can be either en-
larged to the full diffeomorphism as in Fierz Pauli or to the linear theory with an additional
Weyl symmetry. As one can see, the difference between these two linear theories boils down
to an integration constant c that acts as a constant source. The first one gives rise to Gen-
eral Relativity at the non-linear order and the latter one results in Unimodular gravity
[127, 128] (see also [129] for scale-invariant alternatives). It is equivalent to General Rel-
ativity and the cosmological constant appears as an integration constant. We will only
focus on the linear theory a` la Fierz Pauli. The linearized version of General Relativity
given by the Fierz-Pauli action (88) can also be written compactly as
Lh = −hµν Eˆαβµν hαβ , (89)
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with the Lichnerowicz operator Eˆ standing for
Eˆαβµν hαβ = −
1
2
(
hµν − 2∂α∂(µhαν) + ∂µ∂νh− ηµν(h− ∂α∂βhαβ)
)
. (90)
Note, that the Lichnerowicz operator satisfies the identity ∂µEˆαβµν hαβ = 0, which will
become important in the next subsection.
5.2. Matter coupling
One prompt question is how we can couple the matter fields to this linear theory
of massless spin-2 field. The matter field could be for instance a scalar field with the
stress energy tensor given by equation (50) or any other form of matter fields with their
corresponding stress energy tensors. One immediate naive guess would be to couple the
massless spin-2 field to the stress energy tensor of the matter fields
Lh = −hµν Eˆαβµν hαβ +
1
MPl
hµνT
µν , (91)
where the mass scale MPl enters in the coupling since the stress energy tensor has already
dimension four and MPl should carry the same dimension of hµν . We have seen in the
previous subsection that for the right number of propagating degrees of freedom in the
linear theory, it was crucial to have the diffeomorphism invariance hµν → hµν+∂µξν+∂νξµ.
The coupling to the matter field should still satisfy this requirement in order not to spoil
the right propagating degrees of freedom. This would mean that our naive Ansatz for
the matter coupling 1MPl∂µξνT
µν = − 1MPl ξν∂µTµν should satisfy ∂µTµν = 0. Therefore
the stress energy tensor would be the most natural candidate to achieve this. Since Tµν
is the Noether current of time translations, strictly speaking we should couple it to the
gauge field of time translations which is the vielbein. Performing the analysis then in the
vielbein formulation would yield the teleparallel formulation of gravity but we should not
enter into this here. We definitely know that the Ansatz hµνT
µν is the simplest and most
promising candidate we can try out. We already know the stress energy tensor of the free
action, therefore let us denote it by T
(0)
µν (and the free action by S(0)matter). The equations
of motion of the linear action with this matter coupling become
Eˆαβµν hαβ =
1
2MPl
Tµν(0) . (92)
The stress energy tensor can be computed by either performing the variational principle
with respect to an auxiliary field Kµν , that replaces ηµν in S(0)matter (with the advantage of
maintaining a possible gauge invariance of the matter fields) T
(0)
µν =
−2√−K
δS(0)matter
δKµν
∣∣∣
K=η
or
via the canonical energy momentum tensor. In either way an inconsistency appears at the
level of the equations of motion. A crucial reminder at this stage is in demand, namely the
identity relation that the Lichnerowicz operator satisfies ∂µEˆαβµν hαβ = 0. This is nothing
else but the linearized Bianchi identity. Lset us take the divergence of the equations of
motion in (92)
0 = ∂µEˆαβµν hαβ =
1
2MPl
∂µT (0)µν 6= 0 . (93)
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The left hand side vanishes identically, but not the right hand side since T
(0)
µν was computed
from S(0)matter without the new interaction term hµνTµν(0) . The stress energy tensor T
(0)
µν is
conserved on-shell, with respect to the equations of motion arising from S(0)matter and not
from S(0)matter +hµνTµν(0) . Thus, we need to compute the next order energy momentum tensor
including this new interaction
Lh = −hµν Eˆαβµν hαβ +
1
MPl
hµνT
µν
(0) +
1
2M2Pl
hµνhαβT
µναβ
(1) , (94)
with the next leading operator T
(1)
µναβ = − 2√−K
δ
√−KT (0)µν
δKαβ
∣∣∣
K=η
. Again, at the level of the
equations of motion this gives the same inconsistency as in the previous order and one is
forced to add the next leading operator etc. One immediately faces the fact that the series
never stops and one has to some over an infinite number of interactions
Smatter =
∞∑
n=0
1
n!
( −2
MPl
)n ∫
d4xhµ1ν1 · · ·hµnνn
δ(n)Smatter(0)
δKµ1ν1 · · · Kµnνn
∣∣∣
K=η
. (95)
On closer inspection one quickly realises that this is nothing else but the Taylor expansion
of the original matter field action, where ηµν is replaced by ηµν − 2MPlhµν
Smatter(0) [ηµν −
2
MPl
hµν ], where ηµν → ηµν − 2
MPl
hµν . (96)
At this stage, it is worthwhile to comment on the following: the stress energy tensor
obtained by means of the variational principle and the canonical energy momentum tensor
typically differ up to a divergence term ∂µD[µα]β. Adding such boundary terms in the
above resummation procedure will yield non-minimal couplings to matter fields. We will
discuss non-minimal couplings including scalars, vectors and tensors in later sections.
Another useful comment concerns the arising of the infinite series of the matter couplings
due to ∂µT
(0)
µν 6= 0. This could have been achieved as an identity if one was willing to
introduce non-local operators. One could for instance introduce a divergenceless projector
operator Pµν = ηµν − ∂µ∂ν and couple hµν with the matter coupling via this operator,
i.e. hαβ
(
PαµP βν + · · · )Tµν . In this way the linearised diffeomorphism could have been
realised by identity relations at the prize of non-local operators. Throughout this review
we will insist on local operators when constructing our consistent field theories.
Now, if one works in the weak field limit with the first dominant contribution being
1
MPl
hµνT
µν
(0) , then the field equations at leading order in perturbation, as we saw, satisfy
simply (ignoring for a moment the above mentioned inconsistency of the conservation of
the equations of motion)
Eˆ αβµν hαβ =
1
MPl
T (0)µν . (97)
These equations have the invariance under the linearized gauge symmetry transformations
hµν → hµν + ∂µξν + ∂νξµ, hence we can choose a gauge. For instance, very often it is
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convenient to choose the Lorenz gauge ∂µh¯µν = 0. In this case, the equations of motion
simply become
−1
2
h¯µν =
1
2MPl
T (0)µν , (98)
with h¯µν = hµν − 12ηµνh. This choice of the gauge together with the remaining residual
gauge symmetry ξα = 0 eliminates eight out of ten degrees of freedom, as we saw above.
Brimming over with enthusiasm for having found the linear ghost free theory for a spin-
2 field one could take a step forward and compare this linear theory with solar system
observations like for instance the bending of light. Then, unfortunately, one obtains for
the bending angle θtheory = 0.75θobs. This means that the linear theory does not account
correctly for the right observations and can not be the true theory behind gravity based on
observational grounds. This signals the observational inconsistency of the linear theory.
5.3. Non-linear interactions
In the previous subsections we have seen how one can successfully construct the linear
theory of a massless spin-2 field with linearised diffeomorphism. Imposing this symmetry
also on the matter field couplings resulted in an infinite series that had to be resummed.
Nevertheless, the resulting leading order linear theory was in disagreement with observa-
tions. The reason for that was that there was still an important piece missing. Namely,
the self coupling of the massless spin-2 field itself. In order words, we need to perform a
non-linear completion of the interactions by adding the self energy of the massless spin-
2 field to the stress energy tensor. We could again start with the linear theory as our
zeroth order interaction L(0)h = −hµν Eˆαβµν hαβ and compute the associated self energy in
terms of the stress energy tensor Tµν(0)(L
(0)
h ) and add this contribution as a self coupling
L(1)h = L(0)h + 1MPlhµνT
µν
(0)(L
(0)
h ) to the linear theory. This would again give rise to an in-
consistency of the equations of motion since Tµν(0) is conserved on-shell with respect to L
(0)
h
but not to L(1)h . Thus, one would need to compute the next order stress energy tensor, and
so on. This again gives rise to an infinite series in the same way as the matter coupling.
One would need to resum an infinite series of self interactions in order to maintain the
gauge symmetry at the non-linear level. There is a clever way of overcoming the resum-
mation of this infinite series by introducing auxiliary fields. This is Deser’s approach of
the bootstrapping procedure [130], that we shall quickly review. Starting with the lowest
order Lagrangian L(0)h of equation (89), we can rewrite it as
L(0)h = −h¯µν
(
∂µGρνρ − ∂ρGρµν
)
+ ηµν
(GσµρGρνσ − GσµνGρσρ) , (99)
where Gρµν is an auxiliary field and h¯µν = hµν − 12hηµν . The Lagrangian (89) rewritten in
this way is now invariant under the transformations
δh¯µν = 2∂(µξν) and δGρµν = ∂µ∂νξρ . (100)
The crucial simplification in writing the original Lagrangian in terms of the auxiliary field
makes itself manifest by computing the associated self energy in terms of the stress energy
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tensor Tµν(0)
T (0)µν = −
(GσµρGρνσ − GσµνGρσρ) , (101)
which one can add to the zeroth order Lagrangian as self coupling
L(1)h = L(0)h + h¯µνTµν(0)(L
(0)
h )
= −h¯µν (∂µGρνρ − ∂ρGρµν)+ (ηµν − h¯µν) (GσµρGρνσ − GσµνGρσρ) . (102)
One can also add an appropriate boundary term to this Lagrangian
LBT = ηµν
(
∂µGρνρ − ∂ρGρµν
)
, (103)
such that the Lagrangian now becomes
L(1)h = L(0)h + h¯µνTµν(0)(L
(0)
h ) + LBT
=
(
ηµν − h¯µν) (∂µGρνρ − ∂ρGρµν)+ (ηµν − h¯µν) (GσµρGρνσ − GσµνGρσρ) . (104)
From this expression one already sees where one is heading to. By defining the variable
gˆµν = ηµν − h¯µν together with the change of variables gµν =
√−gˆgˆµν and recognising
the field Gρµν as being an independent connection a` la Palatini, one obtains the Einstein
Hilbert action already after one iteration
L(1)h =
√−ggµνRµν(G) . (105)
The power using the auxiliary field and the Palatini formalism is in the fact that the infinite
series of self interactions are packaged together after only one iteration. The resulting self
energy in the stress energy tensor satisfies the full diffeomorphism gµν → gµν +∇(µξν) and
the consistency of the field equations is restored. This was the clever point that Deser
realised and as we saw, it can indeed render the bootstrapping procedure much easier. See
also [131, 132, 133, 134] for related discussions on this.
5.4. Lovelock invariants
The Lagrangian that we constructed above for the massless spin-2 field has the property
of being second order in derivatives at the level of the equations of motion and propagates
only two physical degrees of freedom. From the initially ten degrees of freedom we obtained
four constraints by making the g00 and g0i components non-dynamical. Together with
the diffeomorphism invariance we removed 2 × 4 degrees of freedom. In order to write
down the consistent covariant and non-linear Lagrangian for gµν interactions with two
propagating degrees of freedom, we made use of the bootstrapping procedure to resum the
self interactions and the resulting theory satisfies the requirement that the equations of
motion are second order in derivatives and that the massless spin-2 field couples to all type
of matter and energy in the same manner as a consequence of the equivalence principle.
It is well known that the Lovelock invariants are the only manifestly covariant terms that
satisfy the condition of second order equations of motion and full diffeomorphisms. In
four dimensions the only Lovelock invariants are the cosmological constant λ and the
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Ricci scalar R. There is also the Gauss Bonnet Lovelock invariant but in four dimensions
it corresponds to a total derivative. In terms of the antisymmetric Levi-Civita tensors, we
can write the Lovelock invariants systematically as
λ ∼ EµναβEµναβ
R ∼ EµναβEρσ αβ∂µ∂ρhνσ . (106)
In tight relation to the Lovelock invariants one can construct divergenceless tensors. For
instance, the metric gµν itself is the divergeless tensor associated to the cosmological
constant. And similarly, the Einstein tensor Gµν is the divergenceless tensor associated to
the Ricci scalar. They can also be written in terms of the Levi-Civita tensors systematically
as
gµν ∼ E αβγµ Eναβγ
Gµν ∼ E αβγµ E ρσν γ∂α∂ρhβσ . (107)
The divergenceless tensor corresponding to the Gauss Bonnet Lovelock invariant vanishes
identically since the Gauss Bonnet term is just a total derivative in four dimensions. The
divergenceless tensors are nothing else but the quantities obtained from the equations of
motion of the Lovelock invariants. Actually, besides them there is yet another divergeceless
tensor in four dimensions and it corresponds to the double dual Riemann tensor Lµανβ ,
which in terms of the Levi-Civita tensors can be written as
Lµανβ ∼ E δκµα E ρσνβ ∂δ∂ρhκσ . (108)
All these non-trivial Lovelock invariants and the corresponding divergenceless tensors are
linear in the curvature (linear in h). If we were in five dimensions, we could have con-
structed yet another additional divergenceless tensor with six indices L¯µανβρσ. The equiv-
alent Lovelock invariants and their divergenceless quantities in five dimensions would be
constructed this time in terms of the five dimensional antisymmetric Levi-Civita tensors
λ ∼ EabcdeEabcde
gµν ∼ E abcdµ Eνabcd
R ∼ EabcdeEa′b′ cde∂a∂a′hbb′
Gµν ∼ E abcdµ E a
′b′
ν cd∂a∂a′hbb′
Lµανβ ∼ E abcµν E a
′b′
αβ c∂a∂a′hbb′
L¯µανβρσ ∼ E abµνρ E a
′b′
αβσ ∂a∂a′hbb′ , (109)
which are all again linear in the curvature. As we mentioned above, the Gauss Bonnet
Lovelock invariant is a total derivative in four dimensions, but this is not the case anymore
in five dimensions. It is a quantity that is second order in the curvature and in terms of
the field hµν can be written as
LGB = EabcdeE a′b′c′d′ e∂a∂a′hbb′∂c∂c′hdd′ . (110)
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Since it is not a total derivative in five dimensions anymore, there is also the divergenceless
tensor associated to the Gauss Bonnet Lovelock invariant
LGBµν = E abcdeµ E a
′b′c′d′
ν ∂a∂a′hbb′∂c∂c′hdd′ . (111)
The antisymmetric structure of all these interactions in terms of the Levi-Civita tensors
guarantees that the equations of motion are at most second order in derivatives. Thus,
based on the argument of Lovelock invariants, if we want to have a consistent theory for
a spin-2 field with second order equations of motion, then this uniquely leads to General
Relativity as well
SEH =
∫
d4x (LGR + Lmatter) = M
2
Pl
2
∫
d4x
√−gR+
∫
d4xLm , (112)
with Lmatter being the matter field Lagrangian. As we saw above, General Relativity
is invariant under full general coordinate transformations gµν → gµν + ∇(µξν). In the
linearized limit it translates to the invariance under
hµν → hµν + ∂µξν + ∂νξµ. (113)
We can expand the metric and its inverse in terms of perturbations around flat space-time
gµν = ηµν +
2
MPl
hµν and g
µν = ηµν − 2
Mp
hµν +
4
M2p
hµαhνα + · · · . (114)
Then the Lagrangian in (112) to second order in h becomes
Lh = −hµν Eˆαβµν hαβ +
1
MPl
hµνT
µν +
1
2M2Pl
hµνhαβT
µναβ + · · · , (115)
with the Lichnerowicz operator Eˆ as defined in (90) and the stress-energy tensor Tµν and
its derivative with respect to the metric Tµναβ given as
Tµν =
−2√−g
δ
√−gLm
δgµν
and Tµναβ = − 2√−g
δ
√−gTµν
δgαβ
. (116)
Thus, we obtain the same linear theory as we constructed above but this time starting
from the covariant Lovelock invariants and the requirement of second order equations of
motion and full diffeomorphism.
The propagator of a massless spin-2 particle is given by
Dµναβ =
1

(
gα(µgβν) −
1
2
2
d− 2gµνgαβ
)
. (117)
Between two conserved sources the exchange amplitude of a massless spin-2 particle in
four dimensions results in
W = −1
2
∫
d4k
(2pi4)
T ∗µν
1
k2
(
2gα(µgβν) − gµνgαβ
)
Tαβ . (118)
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It means that for two mass densities it simply reads
W = −1
2
∫
d4k
(2pi4)
T ∗00
1
k2
T 00 . (119)
When we compare this expression with what we had for the exchange amplitude of a scalar
field in equation (52), we see that the amplitudes carry the same sign. Hence, a massless
spin-2 field as an exchange particle would also give rise to an attractive force between two
sources as well. Based on the attractive nature of the gravitational forces, gravity could
be attributed to both scalar and tensor field, but additional observations, for instance the
bending of light, exclude the pure scalar candidate.
5.5. Gibbons-Hawking-York boundary term
We have seen in different ways, that the consistent non-linear, covariant and local
theory of a massless spin-2 field is uniquely given by the Einstein-Hilbert action (112).
The Einstein equations obtained by varying the Einstein-Hilbert action with respect to the
metric gives Einstein’s famous field equations Gµν = Tµν/M
2
Pl. One important property
that is worth mentioning here is the fact, that the stress energy tensor as a source term has
dimension four, which therefore requires the presence of a coupling constant of dimension
-2 in form of M−2Pl . This scale dictates up to which scale we can use General Relativity as
an effective field theory. Even though the form of the field equations is quite well known,
some readers might not be fully aware of the necessity of a boundary term for the well-
posedness of the variational principle and the associated ambiguity of the boundary term.
Therefore, we shall quickly review the variation of the Einstein-Hilbert action here. For
the variation we will need the relations
δ
√−g = −1
2
√−ggαβδgαβ (120)
δRαβ = ∇µ(δΓµαβ)−∇β(δΓµαµ) . (121)
With this at hand, we can easily perform the variation of the Einstein-Hilbert action as
δSEH =
∫
M
d4xδ
(√−ggαβRαβ)
=
∫
M
d4x
(√−gRαβδgαβ + gαβRαβδ√−g +√−ggαβδRαβ)
=
∫
M
d4x
√−g
(
Rαβ − 1
2
gαβR
)
δgαβ +
∫
M
d4x
√−ggαβδRαβ
=
∫
M
d4x
√−gGαβδgαβ +
∫
M
d4x
√−ggαβδRαβ . (122)
In the last expression we recognise how the Einstein tensor arises Gαβ = Rαβ − 12gαβR in
the first part of the variation. However, as we can see there is a second term in the last
line of (122), that we can not neglect and will give a significant contribution. At a closer
inspection, it will contribute in the following form∫
M
d4x
√−ggαβδRαβ =
∫
M
d4x
√−ggαβ∇µ
(
gαβδΓµαβ − gαµδΓβαβ
)
. (123)
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This integral represents nothing else but an integration of an exterior derivative of a
differential form and hence we can apply directly Stockes theorem, which states that the
integral of the exterior derivative of a differential form equals the integral of the differential
form over the boundary
∫
M dA =
∫
∂MA. Applied to our above integral, it means that we
can rewrite (123) as∫
M
d4x
√−ggαβδRαβ =
∫
M
d4x
√−ggαβ∇µ
(
gαβδΓµαβ − gαµδΓβαβ
)
=
∫
∂M
dΣµ
(
gαβδΓµαβ − gαµδΓβαβ
)
(124)
where we are now performing the integral on the three dimensional boundary surface
dΣµ = nµdΣ = nµ
√
|γ|d3y , (125)
with nµ denoting the unit normal to the boundary ∂M, ya the coordinates on the bound-
ary, γµν the induced metric on the boundary γµν = gµν − nµnν and  = nµnµ = ±1 (+1
for timelike ∂M and −1 for spacelike ∂M). Thus, in order to finalise the variation of the
Einstein-Hilbert action, we have to perform the surface integral∫
M
d4x
√−ggαβδRαβ =
∫
∂M
d3ynµ
√
|γ|
(
gαβδΓµαβ − gαµδΓβαβ
)
. (126)
As next, we can express the variation of the Christoffel symbols in terms of the metric
and contract them with the unit normal. By doing this, the integral becomes∫
∂M
d3ynµ
√
|γ|
(
gαβδΓµαβ − gαµδΓβαβ
)
=
∫
∂M
d3y
√
|γ|nµγαβ (∂αδgµβ − ∂µδgαβ) .
(127)
The variation principle is such that the variation vanishes, δgµν = 0, everywhere on the
boundary. However, in the above expression we have the derivatives of the variation. Do
they also vanish? No, only the tangential derivatives will vanish, i.e. only the derivatives
that are projected on the boundary via the contraction with the induced metric will vanish.
Thus, the first term in the above expression will vanish γαβ∂αδgµβ = 0, but not the second
term. In the first term γαβ projects the derivative ∂α on the boundary, but in the second
term the derivative ∂µ is not projected. This results in∫
∂M
d3ynµ
√
|γ|
(
gαβδΓµαβ − gαµδΓβαβ
)
= −
∫
∂M
d3y
√
|γ|nµγαβ∂µδgαβ . (128)
Summarising, the variation of the Einstein-Hilbert term gives the two contributions
δSEH =
∫
M
d4x
√−gGαβδgαβ −
∫
∂M
d3y
√
|γ|nµγαβ∂µδgαβ . (129)
As we can see in this expression, the surviving of the second term jeopardises the well-
posedness of the variation principle of the Einstein-Hilbert action if the considered space-
time has a boundary. One has to supplement the initial action by a boundary term put by
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hand in order to make the variational principle well-defined. This is done by the addition
of the Gibbons-Hawking-York (GHY) boundary term
SGHY = 2
∫
∂M
d3y
√
|γ|K , (130)
where K represents the trace of the extrinsic curvature K = ∇µnµ. When we perform the
variation of the GHY boundary term, we only need to vary the extrinsic curvature since
the induced metric is fixed on the boundary. We can express the extrinsic curvature in
terms of the Christoffel symbols and the induced metric as
K = γµν
(
∂νnµ − Γρµνnρ
)
= −γµνΓρµνnρ . (131)
We can further express the Christoffel symbols in terms of the metric and perform the
variation of K
δK = −γµνδΓρµνnρ =
1
2
γµν∂ρδgµνn
ρ , (132)
where we again used the fact that only tangential derivatives vanish. Thus, the variation
of the GHY boundary term yields
δSGHY = 2
∫
∂M
d3y
√
|γ|1
2
γµν∂ρδgµνn
ρ . (133)
Comparing this expression with the second term in equation (129) shows that they will
exactly cancel each other. Thus, if the considered spacetime is not closed, then we have
to consider the augmented action
SEH + SGHY =
∫
M
d4x
√−gR+ 2
∫
∂M
d3y
√
|γ|K , (134)
and the variation of this total action
δSEH+δSGHY =
∫
M
d4x
√−gGαβδgαβ−
∫
∂M
d3y
√
|γ|nµγαβ∂µδgαβ+
∫
∂M
d3y
√
|γ|γµν∂ρδgµνnρ ,
(135)
will be well-defined and result in Gαβ since the last two terms in the above expression will
compensate each other. The inclusion of the boundary term by hand introduces an ambi-
guity in the variational principle, which might be received as something not fundamental
and unique.
In some applications, for instance in the computation of the black hole entropy based
on the Euclidean action, it is necessary to make a further inclusion of a counter term
in order to make the action finite. The thermodynamical properties of a black hole are
encoded in the path integral Z = ∫ D[g]D[ψ]e−SE(g,ψ), where the Euclidean action SE is
obtained from the action SE(g, ψ) = −iS(g, ψ) after Wick rotation t = −iτ . In vacuum
ψ = 0 with g = g¯ + δg, the dominant contribution to the partition function becomes
lnZ = −SE(g¯) + ln
(
D[g]e−S(1)(δg)
)
. (136)
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This can be directly used in order to compute the associated entropy of the black hole
S = βM + lnZ. Using the Euclidean Schwarzschild solution ds2 = (1− 2M/r)dτ2 + (1−
2M/r)( − 1)dr2 + r2dΩ2, we can compute the Euclidean action. Since the Ricci scalar
vanishes for the vacuum SEH =
∫ √−gR = 0, we need to include the GHY boundary term
and an additional counter term
SE = SEH + SGHY + SCT = 1
8pi
∫
∂M
d3y
√
|γ|(K −K0)
=
1
8pi
∫ β
0
dτ
∫ 2pi
0
∫ pi
0
dθ
√
|γ|(K −K0)
=
β
2
M =
β2
16pi
= 4piM2 . (137)
The computation of the entropy of a black hole requires the inclusion of the GHY boundary
term K and an additional counter term K0 in order to make the integral converging.
In section 2 we have seen three equivalent formulations of General Relativity in the
geometrical framework. Even if we do not consider the geometrical formulations in this
section anymore, we can view torsion and non-metricity as some classical fields without
the need of relating them to some geometrical interpretation. The formulation of General
Relativity in form of TEGR improves the computation of the entropy in the sense that no
boundary term is needed since S = ∫ √−gT˚ 6= 0 for the Schwarzschild action. However,
one still needs to introduce a counter term so that the integral becomes converging. In
the case of TEGR one obtains for the Euclidean action
STEGRE =
1
8pi
∫ β
0
dτ
∫ 2pi
0
∫ pi
0
dθ
√
|γ|nr(T r − T r0 )
=
β
2
M =
β2
16pi
= 4piM2 . (138)
However, the ambiguity and lack of uniqueness of the GHY and the counter term might
be avoided in the formulation of General Relativity based on non-metricity. Not only is
the action of CGR non-vanishing S = ∫ √−gQ˚ 6= 0 since Q˚ = −2/r2, but one also does
not need to introduce any arbitrary counter term. The resulting action is directly finite.
One can use the gauge freedom to choose freely an appropriate coordinates
ds2 =
(
1− M2R
)2(
1 + M2R
)2dτ2 + (1 + M2R
)4
d`2 , (139)
where R =
√
x2 + y2 + z2 and d`2 = dx2 + dy2 + dz2. The Euclidean action in CGR
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becomes
SCGRE =
1
16pi
∫
d4x
√
gQ˚ (140)
=
M2
8pi
∫ β
0
dτ
∫
dxdydz
1
R4
=
M2
8pi
∫ β
0
dτ
∫
dΩ
∫ R0
M/2
R2dR
1
R4
=
M2
2
β
(
2
M
− 1
R0
)
−→
R0→∞
βM = 8piM2.
Thus, the formulation of General Relativity in terms of non-metricity allows to avoid
the introduction of the GHY boundary term with well-posed variational principle and
finite Euclidean entropy without any counter terms (see for instance [4, 78] for detailed
discussion on this).
5.6. ADM decomposition and the system of constraints
We have seen that the Einstein-Hilbert action in equation (112) constructed out of
the Lovelock invariant term R is the unique consistent theory for a massless spin-2 field
at the non-linear level, that gives rise to second order equations of motion. One crucial
requirement for the correct number of physical degrees of freedom was the realisation
of the full diffeomorphism. In order to convince ourselves that it really propagates the
right number of degrees of freedom beyond the linear order we can study the Hamiltonian
formulation in the ADM variables together with the realisation of the associated class of
constraints. For this, consider the decomposition of the metric in the following form
gµν =
(−N2 +NiNjγij Nj
Ni γij
)
, (141)
with the spatial metric γij , the lapse function N and the shift Ni. This decomposition
corresponds to a foliation of the spacetime into a family of space-like surfaces. See figure
6 for a pictorial representation of the foliation of the spacetime in terms of the ADM
variables.
The Einstein-Hilbert action in equation (112) in terms of these variables reads
S = M2p
∫
d4Πij γ˙ij −NR0 −NiRi) , (142)
where Πij is the conjugate momenta of the spatial metric Πij = ∂L/∂γ˙ij and R0 and Ri
stand for
Ri = −2∂jΠij
R0 =
−√γ
γ
(
1
2
(Πii)
2 −ΠijΠij
)
−√γRγ . (143)
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Figure 6: A pictorial representation of the foliation of the spacetime into a fam-
ily of space-like surfaces. It is taken from https://www.researchgate.net/figure/
The-line-element-expressed-in-the-ADM-decomposition_fig4_238674029.
One immediate observation of (142) is that the Lagrangian does not contain any dynamics
for the lapse and shift and more importantly that it is linear in both. They act as Lagrange
multipliers since R0 and Ri do not depend on the lapse and shift. Due to the absence
of any dynamics for the lapse and shift, the associated conjugate momenta for N and Ni
vanish identically
Π0 = ∂L/∂N˙ = 0 and Πi = ∂L/∂N˙i = 0. (144)
Since the Lagrangian is linear in the lapse and shift, their equations of motion generate
four constraint equations
C0 = R0 = 0 and Ci = Ri = 0 (145)
on the spatial metric γij and its momenta. These are first class constraints associated to
the gauge symmetry of the theory since the Poisson brackets of the constraints {Cµ, Cν}
vanish on the constraint surface
{Cµ, Cν} = 0 (146)
In this way we remove 2× 8 dynamical variables leaving only two dynamical variables to-
gether with their conjugate momenta (gµν (10 components)-2× 4 (Diffs) leaving 2 degrees
of freedom).
At the linear order we had seen that the construction of the Fierz-Pauli action strongly
relied on the tuning of the coefficients which rendered h00 and h0i non-dynamical and
the resulting theory satisfied the linearised diffeomorphism. Instead of focusing on the
dynamics of the equations of motion in (84) and (85), we could have on an equal footing
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computed the Hamiltonian of the general linear theory and obtained the conditions for
the lapse and shift to appear linearly. This would have resulted in the same conclusion.
Here, we have seen that this property is maintained at the fully non-linear level, when the
Fierz-Pauli action is promoted to the Einstein-Hilbert action. The crucial requisite is that
the Hamiltonian is linear in the lapse and the shifts, which on the other hand guarantees
the presence of first class constraints that remove the non-physical degrees of freedom.
The linearity in the lapse and the shifts is a virtue of the full diffeomorphism.
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6. Massive Spin-2 field
General Relativity describes the theory of gravitation with a massless spin-2 particle
as an exchange particle and the interactions are built out of the tensor gµν and its deriva-
tives. We have seen that the diffeomorphism invariance was crucial in order to ensure the
presence of first class constraints that removed the unphysical degrees of freedom. From
a theoretical point of view, it would be crucial to investigate whether the graviton itself
could be a massive particle, and if so what kind of new interactions could be allowed.
6.1. Consistent construction of a massive spin-2 field
For an exhaustive review of the consistent construction of a massive spin-2 particle
we refer to [73]. Here, we shall only give a quick introduction and summarise some of
the fundamental properties of massive gravity and review some of the uncovered recent
studies. A first naive attempt for a mass term might consist in considering a simple Ansatz
as √−g
[
m2
2
(
c1gµνg
µν + c2g
µ
µg
ν
ν
)]
. (147)
However, in this way one would be writing nothing else but a cosmological constant,
which does not correspond to a mass term. One could also consider an Ansatz like m2R2.
However, these interactions contain derivatives of the metric and can not be a mass term
either. Very soon one realises that it is indispensable to introduce a second fiducial metric
in order to construct a mass term. In terms of metric fluctuations on top of flat Minkowski
metric (being the fiducial metric to contract the indices), one could try with the promising
Ansatz at linear order
m2
2
(
c1hµνh
µν + c2h
µ
µh
ν
ν
)
. (148)
The inclusion of this mass term breaks explicitly the diffeomorphism invariance and hence
the constraints related to the lapse and shift of the metric are not first class anymore and
would remove only 4 variables, leaving potentially six propagating degrees of freedom.
However, we know that the massive spin-2 representation of the Lorentz group carries
only five physical degrees of freedom (2s + 1), rendering the sixth mode unavoidably a
ghost degree of freedom. In fact, Fierz and Pauli found the first successful construction of
a linear mass term without giving rise to any ghostly degree of freedom by applying the
restriction c2 = −c1 to the linear Ansatz (148) [29]. Away from this detuning the theory of
massive gravity would contain six propagating degrees of freedom, one being a ghost and
that would render the Hamiltonian unbounded from below. The mass of this ghost degree
of freedom would scale as m2g = − c1(c1+4c2)m
2
4(c1+c2)
. As one can see immediately, the mass of
the ghost goes to infinity for the Fierz-Pauli tuning. The consistent theory for gravitation
with a massive spin-2 particle as an exchange particle has to be of the following form in
the linearised regime
L = −hµν Eˆαβµν hαβ −
m2
2
(
hµνh
µν − hµµhνν
)
+
1
MPl
hµνT
µν . (149)
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Variation with respect to h gives the equations of motion
−2Eˆ αβµν hαβ −m2 (hµν − ηµνh) = −
1
Mp
Tµν . (150)
The divergence of the equations of motion results in
m2(∂µhµν − ∂νh) = 1
Mp
∂µTµν , (151)
which is equivalent to the statement ∂µhµν = ∂νh for a conserved source. Similarly,
the trace of the equation of motion imposes −3m2h = TMp . These constraints remove five
unphysical degrees of freedom. Hence, a consistent theory for massive gravity consists only
of five propagating physical degrees of freedom, namely the two helicity-2, two helicity-1
and one helicity-0 degrees of freedom. The field equations together with these constraints
become
(−m2)hµν = − 1
Mp
(
Tµν − 1
3
ηµνT − 1
3m2
∂µ∂νT
)
. (152)
Thus, adding a mass term to the action of General Relativity breaks the invariance under
general coordinate transformations and hence five physical degrees of freedom propagate
instead of two, which will have important consequences on large cosmological scales, com-
parable to the Compton wavelength of the graviton. The broken diffeomorphism invariance
can be restored by applying the Stueckelberg trick. For this purpose, one can introduce
the following field redefinitions
hµν → hµν + ∂µAν + ∂νAµ and Aµ → Aµ + ∂µφ. (153)
The linearized Lagrangian (149) then becomes
L = −hµν Eˆαβµν hαβ −
m2
2
(
hµνh
µν − hµµhνν
)
+
1
MPl
hµνT
µν
−m
2
2
F 2µν − 2m2(hµν∂µAν − h∂A)−
2
MPl
Aµ∂νT
µν
−2m2(hµν∂µ∂νφ− h∂2φ) + 2
MPl
φ∂µ∂νT
µν . (154)
Since we introduced the Stuckelberg fields Aµ and φ the Lagrangian is now invariant under
the simultaneous transformations
hµν → hµν + ∂µξν + ∂νξµ and Aµ → Aµ − ξµ
Aµ → Aµ + ∂µθ and φ→ φ− θ . (155)
We can further canonically normalize the fields by Aµ → 1mAµ and φ→ 1m2φ. After taking
the m→ 0 limit, the linearized Lagrangian simplifies to
L = −hµν Eˆαβµν hαβ −
1
2
F 2µν +
1
MPl
hµνT
µν − 2(hµν∂µ∂νpi − h∂2pi). (156)
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As it can be seen clearly, in this limit only very specific interactions survive. The scalar
field is kinetically mixed with the tensor field and the vector field decouples completely.
Note, that a crucial property of massive gravity is that the helicity-0 mode does not have
an own kinetic term and arises only through derivative mixing.
In our Ansatz for the linear mass term in equation (148) we made use of the flat metric
ηµν in order to raise and lower the space-time indices since we very soon realised that we
can not use the field gµν for this purpose. This means that the presence of a second rank-2
tensor is unavoidable. Let us call this tensor fµν . The next natural question that arises
is how these two tensors interact at the non-linear level in order to construct consistent
non-linear theory for massive gravity. Can we consider any potential interaction between
these two U(gµαfαν)? It turns out that we have to impose strong restrictions on these
interactions in order to have the right non-linear theory with five physical degrees of
freedom. For an arbitrary potential at the non-linear order, one will again face the fact
that there will be 10 − 4 = 6 degrees of freedom. This means that one has to construct
the non-linear interactions such that one additional constraint arises removing one more
degree of freedom. To appreciate this statement, we can again apply the Hamiltonian
formulation as we did in equation (142) for the massless spin-2 field. We make a similar
ADM Ansatz for the second metric f
fµν =
(−M2 +MiMj γ˜ij Mj
Mi γ˜ij
)
, (157)
with its own lapse M , shift Mi and spatial metric γ˜ij . With this in mind the general
potential interactions will have the general dependence
m2M2p
√−gU(gµαfαν) = m2M2pN
√
γU(N,M,Ni,Mi, γij , γ˜ij). (158)
In order to guarantee the presence of an additional constraint equation, we have to impose
that the determinant of the Hessian matrix with respect to N and Ni vanishes identically
3. It means that combining the equations of motion for N and Ni should result in an
additional constraint equation. The linearity in the lapse N (with the right definition of
the shift) together with the absence of the lapse in the shift equations of motion, will be
the right requirements in order to satisfy the vanishing of the Hessian matrix. It turns
out that these requirements uniquely fix the allowed potential interactions to be given by
the fundamental tensor
Kµν =
(√
g−1f
)µ
ν
. (159)
Similarly, as we were using the Levi-Civita construction scheme for the Galileon in equation
(61) in terms of Πµν , we can construct all the allowed non-linear interactions for the
3The degeneracy condition of the Hessian matrix was investigated in [135]. Even though the helicity-0
mode might look like having higher order equations of motion, the vanishing of the determinant of the
Hessian matrix guarantees the presence of a primary constraint that removes the Boulware-Deser ghost.
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massive graviton as
U1[K] = µνρσα νρσKµα = 6[K]
U2[K] = µνρσαβ ρσKµαKνβ = 2
(
[K]2 − [K2]) ,
U3[K] = µνρσαβκσKµαKνβKρκ = [K]3 − 3[K][K2] + 2[K3],
U4[K] = µνρσαβκγKµαKνβKρκKσγ = [K]4 − 6[K]2[K2] + 3[K2]2 + 8[K][K3]− 6[K4] .
(160)
The action for a massive spin-2 field with only five propagating degrees of freedom then
becomes
S =
∫
d4x
[M2Pl
2
√−g
(
R[g]− m
2
2
∑
n
αnUn[K]
)
+ Lmatter
]
(161)
with arbitrary parameters αn. The ghost free interactions of massive gravity can be also
expressed in a more compact form in terms of a deformed determinant [136]
det(δµν +K
µ
ν ) =
4∑
i=0
−αi
i!(4− i)!Eµ1···µiαi+1···α4E
ν1···νiαi+1···α4Kµ1ν1 · · ·Kµiνi (162)
On the other hand, the determinant of a matrix
√
gµαfαν can be expressed in terms of the
elementary symmetric polynomials
det(δµν +K
µ
ν ) =
4∑
n=0
αnen(K) , (163)
where they satisfy the following combination of traces
e0(K) = 1
e1(K) = [K]
e2(K) =
1
2
([K]2 − [K2])
e3(K) =
1
6
([K]3 − 3[K][K2] + 2[K3])
e4(K) =
1
24
([K]4 − 6[K]2[K2] + 3[K2]2 + 8[K][K3]− 6[K4])] . (164)
With these potential interactions the Hamiltonian of massive gravity is of the form H =∫
d3x(−NC1 + H¯) with the lapse independent part H¯ and the constraint equation C1
generated by the lapse equation of motion. This corresponds to a primary constraint, that
will yield a secondary constraint C2 = C˙1 = {C1, H} = 0. This constitutes a second class
constraint {C1, C2} 6= 0 since there is not any gauge symmetry anymore and it removes
only one physical degree of freedom (see [32, 33, 136, 34, 137] for more details). One can
also promote the f metric to be dynamical by adding a kinetic term for it. This results
in bigravity [35]. It is the most natural extension of massive gravity.
Some of the fundamental physical properties of this theory manifest themselves already
in the leading order interactions of the decoupling limit. This incorporates particularly the
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leading order contributions of the helicity-2 and helicity-0 polarisations of the graviton.
The limit corresponds to taking m → 0,MPl → ∞ while keeping Λ3 ≡ (MPlm2)1/3 fixed.
The Lagrangian in the decoupling limit simplifies to
L = −1
2
hµνEαβµν hαβ + hµν
3∑
n=1
an
Λ
3(n−1)
3
X(n)µν (Π) , (165)
where the three matrices X’s are expressed in terms of the fundamental tensor Πµν =
∂µ∂νpi and the Levi-Civita symbol Eµναβ
X(1)µν (Π) = EµαρσEνβρσΠαβ,
X(2)µν (Π) = EµαργEνβσγΠαβΠρσ,
X(3)µν (Π) = EµαργEνβσδΠαβΠρσΠγδ . (166)
One immediately recognises that the decoupling limit interactions are very similar to the
Galileon interactions with the difference that the pi field in front of the interactions in
equations (61) is replaced by the hµν field. These interactions become highly strong at the
energy scale E ∼ Λ3. Following symmetries determine the properties of the underlying
interactions
• global field-space Galilean transformations pi → pi + bµxµ + b
• linearized diffeomorphisms hµν → hµν + ∂(µξν) up to total derivatives.
For the consistent construction of the ghost free massive gravity theory, the successful
development of the decoupling limit and understanding its properties was a very crucial
step forward[32].
6.2. Vainshtein mechanism
If one computes the graviton exchange amplitude between two sources in the linear
ghost free massive spin-2 field (156), one does not recover the General Relativity result
In the limit of vanishing graviton mass. This is due to the fact that the helicity-0 mode
does not decouple in that limit and there remains derivative mixing with the helicity-2
modes. The mixing can be got rid of by a proper field redefinition hµν = h˜µν + piηµν
at the prize of introducing couplings of the scalar field to the stress energy tensor piT .
Exactly this coupling is at the origin of the vDVZ discontinuity [138, 139]. However, the
vDVZ discontinuity is just an artifact of the linear approximation and one can recover
properly General Relativity in the vanishing mass limit by taking into account the non-
linear interactions of the helicity-0 mode, known as the Vainshtein mechanism.
The essence of the Vainshtein mechanism comes from the derivative self-interactions
of the helicity-0 mode (of the scalar Galileon). To illustrate that schematically, let us
assume a background field configuration with a localized source T = Mδ(3)(r) + δT . The
helicity-0 mode acquires the decomposition pi = p¯i(r) + δpi(xµ). Even if the non-linearities
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are large on the background Λ−33 (∂pi)
2  1, the perturbations are still weakly coupled.
On top of this background the kinetic matrix symbolically takes the following form
Lpi = −1
2
(
1 +
∂2p¯i
Λ3
+
(∂2p¯i)2
Λ6
+ · · ·
)
(∂δpi)2 +
1
MPl
δpiδT . (167)
The crucial step to remind now is that the effective coupling to the matter field will be
redressed and couple to the self-interactions of the helicity-0 mode once we canonically
normalise the field [39, 140]
Lpi = −1
2
(∂δpi)2 +
1
MPl
δpiδT√
(1 + ∂
2p¯i
Λ3
+ (∂
2p¯i)2
Λ6
+ · · · )
. (168)
As we can see from this expression, the effective coupling to the matter field becomes small
for a strongly self-interacting field (1 + ∂
2p¯i
Λ3
+ (∂
2p¯i)2
Λ6
+ · · · ) 1. This additional coupling
of the helicity-0 mode to the matter field has to be orders of magnitude weaker than the
standard coupling of gravity in order to be in agreement with the constraints imposed by
the absence of fifth forces. Thanks to the Vainshtein mechanism the helicity-0 mode is
screened on small scales, while still being able to have cosmological effects [40, 141, 41].
This is shown in figure 7 taken from the pioneering work [40] (see also the exhaustive
review [24] for a detail exposure to screening mechanisms).
Figure 7: This figure is taken from [40], where for a static spherically symmetric solution ds2 =
−eν(R)DT 2 + eλ(R)dR2 +R2dΩ2 the ratio between the functions ν(R) and λ(R) versus radius (normalised
by the Vainshtein radius) is plotted. The x-axis is R/RV and the y-axis is ν/λ. One sees clearly the tran-
sition at the Vainshtein radius R/RV = 1, where the GR regime is recovered ν ∼ −λ. The corresponding
decoupling limit result is also shown.
6.3. Quantum stability of massive spin-2 field
In the previous subsection we have seen that for a consistent non-linear theory of
massive gravity the square-root structure of the potential interactions is crucial. One
fundamental question in this context is whether this specific structure gets detuned by
quantum corrections and if so at what scale. Another essential question is also whether or
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not the mass of the graviton receives large quantum corrections. In other words we have to
investigate the radiative stability of the overall and relative coefficients of the theory. For
a technically natural theory it is required that quantum corrections remain small. One
encounters technically natural tunings also in the Standard Model of Particle Physics.
For instance, the electron mass is tuned to a small value relative to the electroweak scale.
However, this tuning is technically natural due to the enhanced symmetry in the mass
going to zero limit. The presence of a chiral symmetry in this limit protects the electron
mass from large quantum corrections. In the case of massive gravity, we recover a gauge
symmetry in the mass going to zero limit. Even if this is not a global symmetry, we expect
a similar protection from large quantum corrections.
This promising expectation indeed reveals itself when studying the quantum correc-
tions in the decoupling limit of massive gravity. As we have seen in the previous subsection,
the decoupling limit of massive gravity corresponds to the massless limit of the theory,
where the interactions of the helicity-2 and the helicity-0 mode of the graviton become
transparent and decouple from the rest. If we consider any Feynman diagram with the
decoupling limit interactions acting at the vertices, then any external particle attached
to this type of vertices receives at least two derivatives acting on it. Thus, we will have
a similar non-renormalization theorem as we saw in section 4.3 for the scalar Galileon
interactions. In order to illustrate this property, consider the decoupling limit interaction
hµν αργµ 
βσ
ν γΠαβΠρσ in equation (165). In the non-trivial case we let the two pi-particles
with derivatives run in the loop with momenta kµ and (p + k)µ whereas contract the
helicity-2 field without derivatives with an external helicity-2 particle. The contribution
of this vertex in an arbitrary Feynman diagram is again proportional to
A ∝
∫
d4k
(2pi)4
DkDp+k Eµν  αργµ  βσν γ kα kβ (p+ k)ρ (p+ k)σ · · · , (169)
with Eµν representing the spin-2 polarization tensor and Dk = k−2 the Feynman massless
propagator of the pi-particle. Due to the antisymmetric structure of the interactions,
the only non-vanishing contribution to the scattering amplitude comes in with at least
two powers of the external helicity-2 momentum pρpσ corresponding to two derivatives in
coordinate space. Hence, the quantum corrections do not take the same structure as the
classical interactions of the massive gravity theory in the decoupling limit. This means
that the overall and relative coefficients of the theory receives no quantum corrections in
the decoupling limit as we anticipated above based on the symmetry argument.
These results in the decoupling limit indicate that the quantum corrections beyond
this limit in the full theory should scale proportional to the mass of the graviton, since
it vanishes in the massless limit. To be precise, the contributions to the graviton mass
beyond the decoupling limit should scale as δm2 . m2(m/MPl)2/3. This means that we
expect a small graviton mass to be technically natural. For the purpose of studying the
quantum corrections beyond the decoupling limit, let us assume that a scalar field plays
the role of a matter field that couples minimally to massive gravity. In the next section
we will investigate in more detail the possible consistent matter couplings, but for now
we assume that the matter fields couple only to the g metric. With these assumptions we
will have two type of contributions at one loop: either matter fields or gravitons will run
66
in the loops but not both simultaneously. The propagator of the massive graviton is given
by
Dmµναβ = 〈hµν(x1)hαβ(x2)〉 = f˜µναβ
∫
d4k
(2pi)4
eikµ(x
µ
1−xµ2 )
k2 +m2 − iε , (170)
with f˜ standing for
f˜µναβ =
(
η˜µ(αη˜νβ) −
1
3
η˜µν η˜αβ
)
and η˜µν = ηµν +
kµkν
m2
, (171)
and similarly the Feynman propagator of the scalar matter field with mass M reads
Dχ = 〈χ(x1)χ(x2)〉 =
∫
d4k
(2pi)4
eikµ(x
µ
1−xµ2 )
k2 +M2 − iε . (172)
If we compare the propagator of the massive graviton (170) with the expression we had
for the massless graviton in equation (117), we see that there is a difference between the
factors 1/3 and 1/2, which is at the origin of the vDVZ discontinuity [138, 139]. Let
us consider first the one loop contributions where the matter fields run in the loop. At
the level of the one-point function there is one tadpole contribution and at the two-point
function level there are two contributions with three and four fields acting on the vertices
respectively etc., as depicted in Figure 8.
Figure 8: Contributions from matter loops. Dashes denote the matter field propagator, whereas solid lines
denote the graviton. Shown are all the Feynman diagrams up to the 4-point function.
The summation of all these one loop matter contributions or similarly the explicit compu-
tation of the one-loop effective action results in a contribution in form of a cosmological
constant [142]
L(matter−loops)1,eff ⊃
M4
64pi2
√−g log(µ2) , (173)
with µ standing for the regularization scale. This result is not surprising after taking into
account the fact, that the graviton propagator does not have any effect on the vertices
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since we consider the same covariant matter coupling as in General Relativity and has
only effect on the graviton propagator. These quantum corrections involve only matter
fields inside the loop and hence are unaware of the graviton mass.
As next, let us consider the one loop contributions with the graviton running in the
loop. Considering the quantum corrections with the vertices where the quartic potential
U4 in (160) acts, one observes that the special structure of the potential interactions are
preserved. However, the contributions with the cubic potential interactions U3 acting on
the vertices as depicted in Figure 9 reveals a detuning of the potential interactions.
Figure 9: Contribution from graviton loops with the cubic interactions U3 acting on the vertices.
The second Feynman diagram in figure 9 results in a detuning of the Fierz-Pauli interac-
tion. For the higher n-point functions similar detuning of the potential interactions arise
with a scaling
L(graviton−loops)1,eff ⊃
m4
MnPl
hn with n ≥ 2. (174)
with the detuned structure of the hn. As one can see, for small background values,
these detunings are irrelevant below the Planck scale. The worry might come for large
background values, since then the mass of the introduced ghost through the detuning
could be lowered down within the regime of validity of the theory. Large background
field configurations are typically encountered in the vicinity of compact objects like in
Solar System, and since for the recovery of General Relativity the Vainshtein mechanism
is crucial on these small scales, we need to make sure that no ghost is introduced at or
below the strong coupling scale. Even in this case, once the Vainshtein mechanism is
also properly taking into account at the level of the redressed interactions of the one loop
effective action, one finds that the large background configuration suppresses further the
quantum corrections. The one loop effective action in the vicinity of dense environments
leads symbolically to contributions of the form
L(graviton−loops)1,eff ∼
1
1 + h¯MPl
m4
M2Pl
(δh)2 (175)
with the large background encoded in h¯. Thus, the detuning of the potential interactions
and consequently the introduced ghost would be irrelevant below Planck scales. Summa-
rizing, at one loop we have:
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• All the one loop matter contributions only give rise to a cosmological constant and
leave the structure of the graviton potential unaffected.
• The graviton loop contributions detune the special structure of the potential inter-
actions but this detuning is irrelevant below the Planck scale.
• The graviton mass receives small quantum corrections δm2 . m2(m/Mp)2/3 and is
therefore technically natural.
Implications of the UV completion:
In section 4.3 we have quickly discussed the implications of the requirement to have Lorentz
invariant UV completion on the low energy effective field theory for spin-0 fields with
Galileon type of interactions. This requirement can be translated into some positivity
bounds on the tree level scattering amplitudes. Using the positivity of the derivatives with
respect to the momentum transfer t of the imaginary part of the scattering amplitude away
from the forward limit, the consequences of these bounds can be derived for the effective
field theory of a scalar field, specially for the massive Galileon [110]. The same theoretical
testing ground can be applied to non-zero spin fields, for instance to massive gravity, even
though more caution is needed due to crossing relations and the standard helicity formalism
has to be replaced by the transversity formalism. This was performed in [143, 144, 145]
and we refer the reader to them for a more detailed discussion. One of their remarkable
result is, that even if one starts with a generic massive gravity theory with the scale of
perturbative unitarity breaking at Λ5 = (MPlm
4)1/5, imposing the positivity bounds filters
out the specific structure of ghost-free interactions of massive gravity with the raised scale
Λ3 = (MPlm
2)1/3. Thus, the Λ3 massive gravity theory may have a local, Lorentz invariant
Wilsonian UV completion. The surviving island after imposing the positivity bounds is
shown in figure 10, taken from [145].
6.4. Consistent couplings to matter fields
In the previous section we have seen the behaviour of one-loop quantum corrections
and shown the stability of the theory below the Planck scale. Concerning the matter loops,
we had assumed a standard matter coupling as in General Relativity. In this section we
will investigate whether or not there exist alternative consistent couplings to the matter
fields. We will go through all the possible couplings of the matter fields to the g and f
metrics and study case by case their consistency. We will see that apart from the standard
minimal coupling to g, there is a unique consistent non-minimal coupling to g and f , which
is constructed out of an effective metric.
• The first possibility of coupling the matter fields consists of coupling one specific
matter field to either g or to f , but not to both simultaneously
Lmatter = Lg[g, χg] + Lf [f, χf ] , (176)
where χg and χf represent two separate matter fields. At the classical level, since the
matter fields are minimally coupled to either the g or the f metric, this way of coupling is
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Figure 10: The surviving island: The analyticity/positivity requirements tune the coefficients of a Λ5
theory to be exactly of the form of the Λ3 massive gravity theory, which is encoded in the parameter ∆d.
The case with ∆d 6= 0 is ruled out from the requirement of a UV completion. c3 and d5 denote the theory
parameters. The transversity amplitudes fαβ and their derivatives (for both the forward limit any beyond)
can be obtained in section 7 of [145].
stable and does not introduce any ghost degree of freedom. Studying the quantum correc-
tions shows also that this coupling does not destroy the special structure of the graviton
potential. In fact, matter loops only give rise to contributions in form of cosmological
constants for the g and f metric
L(matter−loops)1,eff ∼M4g
√−g log(Mg/µ) +M4f
√
−f log(Mf/µ) , (177)
where Mg and Mf refer here to the mass of the mater field that couples to g and f re-
spectively. Thus, this way of coupling the matter sector is consistent at the classical as
well as at the quantum level.
• The second possibility consists of coupling the same matter sector to both metrics
simultaneously
Lmatter = Lg[g, χ] + Lf [f, χ]. (178)
As it can be seen in the Lagrangian, the same matter field χ couples to both metrics. First
of all, one immediate result is that this way of coupling actually results in a Hamiltonian
which is not linear in the lapse even after an allowed redefinition of the shift [146, 147]. It
means that with this coupling the ghost degree of freedom as the sixth degree of freedom
of the graviton reappears in the spectrum already at the classical level. Therefore, this
coupling reintroduces the ghost issue. The attempt of trying to argue that one could use
it as an effective theory with a cutoff given by the ghost mass is doomed to fail since the
quantum corrections of this coupling introduces also ghostly operator with a scaling that
could be made arbitrarily small given by the mass M of the matter field. A closer look at
the one loop matter contributions reveals
L(matter−loops)1,eff ∼M4
√−geff log(M/µ) with gµνeff =
√−ggµν +√−ffµν√−g +√−f . (179)
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The one loop matter contributions results in a cosmological constant for an effective metric
that has the specific form as in equation (179). However, the square root of the deter-
minant of this effective metric does not correspond to the right structure of the healthy
potential interactions of massive gravity. This means that the quantum corrections gener-
ate ghostly operator with the mass m2ghost = Λ
6/M4. Hence, the mass of the ghost could
be made arbitrarily small by considering very massive matter fields. This detuning of
the potential structure at an arbitrarily low scale makes this coupling unacceptable as an
effective field theory.
• The third possibility of coupling matter field is a rather unusual setup. Imagine that
the same matter sector couples to both metrics, but the coupling is such that the kinetic
term of the matter field is connected to the g metric whereas the potential term to the f
metric
Lmatter = Lking [g, ∂χ] + Lpotf [f, χ]. (180)
Since the f metric is absent in the kinetic term of the matter field, this way of coupling does
not alter the linearity in the lapse of the Hamiltonian and hence there is no ghostly degree
of freedom introduced by this coupling and it is classically stable [146, 147]. Nevertheless,
it shares the same problem of quantum instability as the previous matter coupling. The
one loop matter contributions take the form
L(matter−loops)1,eff ∼M4
√−geff log(M/µ) with
√−geff = det(f)√−g . (181)
As it can be seen in the above equation, the resulting effective metric of this way of cou-
pling does not correspond to the right potential structure and the introduced ghost scales
again as m2ghost = Λ
6/M4, which can be made arbitrarily small by the corresponding choice
of the matter field. Even if this way of coupling is consistent at the classical level, it is
not stable under quantum corrections. Thus, this option can be disregarded as well.
• If one insists on coupling the same matter sector to both metrics without introducing
any ghost at the classical level below the strong coupling scale of the theory, it turns out
that there is a unique effective metric that can be constructed4 [147, 149]
geffµν = α
2gµν + 2αβgµρ
(√
g−1f
)ρ
ν
+ β2fµν . (182)
If we couple the matter sector to both metric at the same time via this effective metric
Lmatter = Lgeff [geff , χ] , (183)
then the theory is free of any ghostly degree of freedom up to the strong coupling scale.
This effective metric is unique in the sense that the quantum corrections generate contri-
butions only in form of the potential interactions
L(matter−loops)1,eff ∼M4
√−geff log(M/µ) with
√−geff =
√−g det
(
α+ β
√
g−1f
)
. (184)
4In the vielbein language this correspond to the linear combination eeff = αe+ βf [148].
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Therefore, this way of matter coupling is consistent at the quantum level as well. Any
effective metric built out of the two metrics that does not have this exact form as in equa-
tion (182), will unavoidably detune the classical potential structure.
different couplings to matter
minimal both kinetic effective
Lg[g, χg] + Lf [f, χf ] Lg[g, χ] + Lf [f, χ] Lking [g, ∂χ] + Lpotf [f, χ] Lgeff [geff , χ]
classically stable unstable stable stable
5 dof 6 dof 5 dof 5 dof +1 (above strong
coupling scale)
M4g
√−g +M4f
√−f M4√−geff M4√−geff M4√−geff
√−ggµν+√−ffµν√−g+√−f
det(f)√−g
√−g det
(
α+ β
√
g−1f
)
quantum stable unstable unstable stable
m2ghost = Λ
6/M4 m2ghost = Λ
6/M4
EFT X XXXEFT XXXEFT EFT X
only the first and the last option are stable and consistent EFT couplings
Summarising, the only consistent and viable way of coupling the matter fields within
the regime of validity of the theory is either to couple separate sectors of matter fields to
g or to f but not simultaneously to both, or if one insists on coupling to both metrics
then only via the effective metric in equation (182). This does not depend on whether the
f metric is promoted to be dynamical or not. The same result applies also to bigravity
[150]. This effective metric is unique in the sense that it is the only composite metric that
does not yield any Boulware-Deser ghost within the decoupling limit and does not detune
the potential structure through quantum corrections [151, 152, 153, 154].
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7. Scalar-Tensor theories
In the previous sections we saw how one can construct consistent theories for scalar and
tensor fields separately. In this section we would like to investigate how the constructed
theories for the scalar field in flat space-time can be generalised to curved space-time. In
other words, we would like to study the consistent couplings between scalar and tensor
fields without introducing ghostly unphysical degrees of freedom. The first attempt that
we could do would consist of promoting the flat Minkowski metric to a general non-flat
metric ηµν → gµν and similarly the partial derivative to a covariant derivative ∂µ → ∇µ.
For instance, the k-essence type of scalar field in curved space-time would become [92]
S =
∫
d4x
√−gP (X,pi) with X = 1
2
gµν∇µpi∇νpi . (185)
The stress energy density obtained by varying the action with respect to the metric Tµν =
PX∇µpi∇νpi − gµνP would not violate the Null Energy Condition if one imposes PX ≥ 0,
where PX stands for the partial derivative with respect to X. The equation of motion for
the scalar field takes the form
(PXg
µν + PXX∇µpi∇νpi)∇µ∇νpi + 2XPXpi − Ppi = 0 (186)
As we can see the equations of motions are second order in derivatives in curved space-
time as well. If we consider small perturbations on top of a background configuration, for
the stability of the theory we have to impose 1 + 2XPXX/PX > 0 and the sound speed is
given by c2s = (1 + 2XPXX/PX)
−1. For the absence of Laplacian instabilities, we have to
require c2s > 0. For detailed studies of the k-essence field, see [92, 91, 155, 18, 114, 156].
7.1. Horndeski interactions
The derivative interaction of the scalar field arising from the decoupling limit of the
DGP model, that corresponds to the cubic Galileon can be simply generalised to curved
spacetime in a similar way
S =
∫
d4x
√−g
(
−1
2
(∇pi)2 + α1
Λ3
(∇pi)2pi
)
. (187)
Since the interaction term is only linear in the connection, one does not need to add
non-minimal couplings to gravity in order to maintain the equations of motion at most
second order in derivatives. Thus, the equations of motion of the cubic Galileon on curved
spacetimes still remain second order. How about the remaining Galileon interactions? Can
we simply promote them to curved spacetime? These questions were first investigated in
[48]. The naive covariantisation of the quartic and quintic Galileon interactions results in
higher order equations of motion. If we take for instance the quartic Lagrangian L4 in
(57) and promote it to curved spacetime by ηµν → gµν and ∂µ → ∇µ (Πµν = ∇µ∂νpi),
then the resulting equation of motion is no longer given by E4 in equation (60), but rather
contains higher order terms
E4 ⊃ 2(∂pi)2(∇ν∇νΠρρ −∇ν∇ρΠνρ) + 10pi∂µpi(∇νΠµν −∇µΠνν) + · · · (188)
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These higher order contributions at the level of the equations of motion can be compen-
sated by introducing non-minimal couplings at that order
L4 ⊃ (∂pi)2Gµν∂µpi∂νpi . (189)
After integration by parts the covariant version of the quartic Galileon interactions takes
the form
L4 = (∂pi)2
(
2(pi)2 − 2ΠµνΠµν − 1
2
(∂pi)2R
)
. (190)
Hence, since the quartic Galileon interactions are non-linear in the connection, one has to
introduce non-minimal coupling to the Ricci scalar in order to maintain the equations of
motion second order. Exactly the same happens also for the quintic Galileon interactions
[48]. This gave rise to the rediscovery of the Horndeski interactions [49].
The question Horndeski was after was: what is the most general Lorentz and diffeomor-
phism invariant scalar-tensor theory with second order equations of motion. The answer
to this question led uniquely to the Horndeski interactions
S =
∫
d4x
√−g
(
5∑
i=2
Li + Lmatter
)
(191)
with the individual Lagrangians expressed as
L2 = P (pi,X)
L3 = −G3(pi,X)[Π]
L4 = G4(pi,X)R+G4,X
(
[Π]2 − [Π2])
L5 = G5(pi,X)GµνΠµν − 1
6
G5,X
(
[Π]3 − 3[Π][Π2] + 2[Π3]) , (192)
where the arbitrary functions P , G3, G4 and G5 depend on the scalar field pi and its
derivatives X = −12(∂pi)2 and furthermore Gi,X = ∂Gi/∂X and Gi,pi = ∂Gi/∂pi. As
it can be seen in the above expressions, the quartic and quintic interactions require the
presence of non-minimal couplings to gravity via the Ricci scalar and the Einstein tensor.
The relative tuning of the interactions in the quartic and quintic Lagrangians guarantee
the second order nature of the equations of motion. Unfortunately, Horndeski quitted
mathematics and became an artist. A quick look at the citations of his masterpiece at
the time might let you wonder in silence and is livened up in its own right by now. The
greater is the joy of seeing him becoming active again in physics [157], and so no one
shall go beyond Horndeski without him! Marveling at his gallery leaves no doubt about
his greatness in arts as well (see figure 11).
Clearly, promoting the Galileon interactions to the curved spacetime breaks explicitly
the Galileon symmetry, even though generalised Galileon symmetry can be constructed
on maximally symmetric backgrounds [53, 54]. Furthermore, the non-renormalisation
theorem applies only on flat spacetime. However, in the case where the Galileon invariance
is weakly broken, it has been shown that one can construct quasi de Sitter backgrounds,
which are insensitive to loop corrections [158].
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Figure 11: This picture is taken from Horndeski contemporary art gallery with the dedication ”my
favorite conformally invariant scalar-tensor field theory, completed 7/11/17”. It is taken from http:
//horndeskicontemporary.com/workszoom/2534281.
7.2. A proxy theory to massive gravity
As we saw in section 6, the decoupling limit of massive gravity contains Galileon
interactions. A subclass of these Horndeski interactions can be put in relation with massive
gravity. This is achieved by covariantising the decoupling limit interactions of massive
gravity. Consider the lowest order interaction between the helicity-0 and helicity-2 modes
in the decoupling limit of massive gravity in equation (165) and perform an integration
by part
hµνX(1)µν = h
µν(∂α∂
αpiηµν − ∂µ∂νpi) = (h− ∂µ∂νhµν)pi . (193)
The last expression reminds us of the Ricci scalar in the weak field limit R = ∂µ∂νh
µν−h.
The direct covariantisation of (193) would result in
(h− ∂µ∂νhµν)pi →︸︷︷︸ −Rpi . (194)
cov.
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In a similar way we can apply the same procedure of integration by parts and covarianti-
sation to the other two interactions of the decoupling limit Lagrangian of massive gravity,
which gives the following correspondence
hµνX(1)µν ←→ −piR (195)
hµνX(2)µν ←→ −∂µpi∂νpiGµν (196)
hµνX(3)µν ←→ −∂µpi∂νpiΠαβLµανβ . (197)
Hence, from the decoupling limit Lagrangian we construct a specific scalar-tensor theory
which relate the decoupling limit of massive gravity to a subclass of Horndeski interactions
[51]
L = √−g
(
M2PlR+MPl
(
−piR− a2
Λ3
∂µpi∂νpiG
µν − a3
Λ6
∂µpi∂νpiΠαβL
µανβ
)
+ Lmatter
)
,
(198)
with Πµν = ∇µ∂νpi. In terms of the Horndeski functions, this theory corresponds to the
specific choice of the functions
P (pi,X) = 0, G3(pi,X) = 0,
G4(pi,X) = M
2
Pl −MPlpi −
MPl
Λ3
a2X and G5(pi,X) = 3
MPl
Λ6
a3X (199)
in equation (192). Hence, in the same way that one can relate the decoupling limit of
massive gravity with the Galileon interactions, one can relate its covariant version with a
subclass of Horndeski interactions after covariantization (see [51, 52] for more detail).
7.3. Beyond Horndeski
So far these interactions had the restriction of yielding second order equations of motion
in order to avoid any Ostrogradski instability related to higher time derivatives. However,
as initiated in [58, 59] this restriction is not necessary. Even in the presence of higher
order equations of motion one can avoid the Ostrogradski instabilities if the presence of
a constraint equation is still maintained. This resulted in new type of interactions. The
interactions L2 and L3 remain the same but for the last two Lagrangians in L4 and L5
one obtains new contributions of the form [59]
LN4 = F4α1α2α3γ4β1β2β3γ4∇α1pi∇β1piΠα2β2Πα3β3
LN5 = F5α1α2α3α4β1β2β3β4∇α1pi∇β1piΠα2β2Πα3β3Πα4β4 . (200)
These new interactions written in terms of the Levi-Civita tensors correspond simply to
the covariant version of the quartic and quintic Galileons on flat space-time. Therefore, the
resulting equations of motions are third order in derivatives but still avoiding unwanted
ghostly degrees of freedom. That this is the case can be easily understood in the ADM
formulation of the interactions. The Hamiltonian in terms of the ADM variables is given
by
H =
∫
d3x
(P ij γ˙ij − L) = ∫ d3x (NH0 +N iHi) , (201)
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where the introduced quantities H0 and Hi are given by
H0 = −√γ
(
A2 − 3
8
A23
A4
+
A3[P]
2
√
γA4
+
2[P2]− [P]2
2γA4
+B4R
)
Hi = −2DjPij i , (202)
with Dj denoting the spatial covariant derivative, P ij the conjugate momenta and the
functions Ai and Bi representing
A2 = G2 − (−X)1/2
∫
G3,pi
2
√−XdX
A3 = −
∫
G3,X
√−XdX − 2√−XG4,pi
A4 = −G4 + 2XG4,X + X
2
G5,pi −X2F4
B4 = G4 +
√−X
∫
G5,pi
4
√−XdX
A5 = −(−X)
3/2
3
G5,X + (−X)5/2F5
B5 = −
∫
G5,X
√−XdX . (203)
In the unitary gauge with the constant scalar field hypersurfaces, the time diffeomorphism
is broken whereas the spatial ones are still being intact. The first class constraint related
to the spatial diffeomorphism Hi removes six degrees of freedom, whereas the broken time
diffeomorphism yields only a second class constraint H0 + N∂H0/∂N = 0 removing one
additional degree of freedom. Hence, there are only three propagating degrees of freedom,
where one of them is the scalar field. Note, that in the presence of only LN4 one can map
the new interaction into Horndeski by means of a disformal transformation. The same is
true if only LN5 is present, but not if both new terms are present.
As we have imposed in the case of massive gravity (158), the crucial point to remember
is that the associated Hessian matrix has a vanishing determinant, which guarantees the
presence of a primary constraint. In this case, these degenerate theories can avoid to
have an Ostrogradski instability but still have higher order equations of motion. The
construction of this type of beyond Horndeski interactions has created a lot of activities
in the literature (see for instance [159, 160, 161, 162]). The Hamiltonian analysis of the
constraints system is often performed in the unitary gauge, where the constant scalar field
hypersurfaces coincide with the constant time hypersurfaces. The results concluded in
this particular gauge might not be applicable beyond this gauge [163].
7.4. DHOST theories
Motivated by the Beyond Horndeski interactions, one can aim at constructing the
most general higher order scalar-tensor theories with an additional primary constraint,
that ensures the propagation of only three physical degrees of freedom. These are the
Degenerate Higher-Order Scalar-Tensor (DHOST) theories [160, 164] up to cubic order in
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second-order derivatives of the scalar field, satisfying the degeneracy condition, or in other
words the vanishing of the determinant of the Hessian matrix5.
We can start with the most general Lagrangian up to cubic order in Πµν [160, 164, 162]
S =
∫
d4x
√−g
[
f0(X,pi) + f1(X,pi)pi + f2(X,pi)R+ Cµνρσ(2) Πµν Πρσ+
+f3(X,pi)GµνΠ
µν + Cµνρσαβ(3) Πµν Πρσ Παβ
]
. (204)
The terms quadratic in Πµν are given by C
µνρσ
(2) Πµν Πρσ =
∑5
A=1 aA(X,pi)L(2)A , where the
individual Lagrangians L(2)A satisfy
L(2)1 = ΠµνΠµν , L(2)2 = (pi)2 , L(2)3 = (pi)∂µpiΠµν∂νpi ,
L(2)4 = ∂µpiΠµρΠρν∂νpi , L(2)5 = (∂µpiΠµν∂νpi)2 .
(205)
In a similar way, the cubic order interactions can be constructed as Cµνρσαβ(3) Πµν Πρσ Παβ =∑10
A=1 bA(X,pi)L
(3)
A , with the Lagrangians L(3)A this time given by
L
(3)
1 = (pi)3 , L
(3)
2 = (pi) ΠµνΠµν , L
(3)
3 = ΠµνΠ
νρΠµρ , L
(3)
4 = (pi)
2 ∂µpiΠ
µν∂νpi ,
L
(3)
5 = pi ∂µpiΠµνΠνρ∂ρpi , L
(3)
6 = ΠµνΠ
µν∂ρpiΠ
ρσ∂σpi , L
(3)
7 = ∂µpiΠ
µνΠνρΠ
ρσ∂σpi ,
L
(3)
8 = ∂µpiΠ
µνΠνρ∂
ρpiΠσΠ
σλ∂λpi , L
(3)
9 = pi (∂µpiΠµν∂νpi)
2 , L
(3)
10 = (∂µpiΠ
µν∂νpi)
3 .
(206)
These general Lagrangians with the arbitrary functions propagate four modes, among
which one unavoidably gives rise to an Ostrogradsky instability. One has to impose con-
straints on the free function in order to reduce the system to three propagating degrees of
freedom.
Concentrating only on quadratic DHOST theories with the six arbitrary functions f2
and aA (the functions f0(X,pi) and f1(X,pi) can be kept arbitrary since they are at most
linear in the connection), the degeneracy condition translates into restrictions on f2, f2,X
and aA, which classify the interactions into seven subclasses (three with the special case
f2 = 0 and four with f2 6= 0) [160]. For the particular choices of the functions f2 = G4,
a1 = −a2 = 2G4,X + XF4 and a3 = −a4 = 2F4 one obtains the Horndeski interactions
L4 in (192) and the beyond Horndeski interactions LN4 in (200). Including the cubic
DHOST theories enlarge the possible degenerate combinations significantly. There are
nine degenerate subclasses, out of which seven correspond to the case with f3 and two
with f3 6= 0. Allowing the quadratic and cubic theories to coexist results in 25 independent
degenerate combinations [164]. The classification is shown in figure 12 taken from [164].
5In fact the requirement of the degeneracy conditions is the very definition of first- and second-class
constrained Hamiltonian systems with and without gauge symmetries introduced by Dirac himself and was
used in 2011 to construct the degenerate conditions for massive gravity [135] and in 2014 to construct the
degenerate conditions for generalised Proca interactions [63].
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Figure 12: This table shows all the possible cubic degenerate classes. The subscript i stands for the free
bi functions, H for Horndeski and bH for beyond Horndeski, Ω for conformal transformations and Γ for
disformal transformations. One sees the 9 degenerate subclasses, where 7 correspond to the case with f3
and 2 with f3 6= 0. See [164] for a more detailed information on the classification.
It is worth to emphasise that the DHOST theories are invariant under the most gen-
eral disformal transformations g˜µν = C(pi,X)gµν + D(pi,X)∂µpi∂νpi. This is not the case
for Horndeski and beyond Horndeski theories. In fact, the Horndeski theories are only
invariant for the restricted functions C,X = 0 and D,X = 0 and the beyond Horndeski
for the functions C(pi) and D(pi,X). Needless to say, in the presence of matter fields,
the disformally related theories are physically not equivalent. In terms of the disformal
transformations, DHOST theories can be divided into two main classes, those that are
related to Horndeski and beyond Horndeski by means of disformal transformations and
those which can not be obtained from Horndeski and beyond Horndeski by this type of
transformations. The first type of theories (related by disformal transformations) are
denoted as DHOST I and the latter ones by DHOST II in the literature.
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8. Vector Fields
The Standard Model of Particle Physics contains as important force carriers abelian
and non-abelian vector fields. This might motivate the consideration of vector fields in
the cosmological evolution of the universe apart from scalar fields. For this purpose, we
shall consider a field that carries the spin-1 representation of the Lorentz group. In four
dimensions a vector field carries four numbers and in principal all of the four degrees of
freedom could propagate, one of them always being a ghost. How many real physical
degrees of freedom propagate will depend on the presence or breaking of gauge symmetry
in the same way as we had for the tensor fields. We have seen that the fundamental theory
for a massless spin-2 field carries a gauge symmetry with two physical degrees of freedom.
Introducing a mass term broke explicitly the gauge symmetry and a massive spin-2 field
propagates three degrees of freedom. We will see that in an analogous way the presence
of a gauge symmetry enforces the spin-1 field to carry only two physical modes, whereas
the massive spin-1 field contains three after the gauge symmetry breaking.
8.1. Massless spin-1 field: Maxwell
Naively, we could start with the most general Lagrangian quadratic in the field on flat
space-time
LAµ =
α1
2
∂µAν∂
µAν +
α2
2
∂µAν∂
νAµ, (207)
with the two arbitrary dimensionless parameters α1 and α2 (the possible contraction
(∂µA
µ)2 is equivalent to the second term after integration by parts). In order to re-
duce the number of four degrees of freedom down to two, we need to impose the presence
of constraint equations. This on the other hand is guaranteed only if we ensure that the
determinant for the Hessian vanishes
detHµνLAµ = det
∂2LAµ
∂A˙µ∂A˙ν
= 0. (208)
The vanishing of the determinant should be achieved by making the temporal and lon-
gitudinal modes non-dynamical. Their dynamics become transparent by looking at their
conjugate momenta
Π0 =
∂LAµ
∂A˙0
= (α1 + α2)A˙
0 and Πi =
∂LAµ
∂A˙i
= α1A˙
i + α2∂
iA0 . (209)
Hence, in order to make the temporal component non-dynamical we need to impose α2 =
−α1. Without imposing this condition, the Hamiltonian density would be in the general
case
HLAµ =
Π20
2(α1 + α2)
+
ΠiΠ
i
α1
− ∂iA0Πi
(
2α2
α1
+ 1
)
+ ∂iA0∂
iA0 (α1 + α2)
α2
α1
−1
2
(α1∂iAj∂
iAj + α2∂iAj∂
jAi). (210)
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We see that the After fixing the condition α2 = −α1, we immediately observe that the
Hamiltonian simplifies to
HLAµ =
∫
d3x
(
−
~Π2
α1
−∇~ΠA0 − 1
4
FijF
ij
)
. (211)
In order for the transverse modes not to be a ghost degree of freedom, we have to further
impose that α1 < 0. Otherwise, the Hamiltonian would become unbounded from below.
After canonically normalizing the vector field α1 = −1, this uniquely leads to Maxwell
theory
LAµ = −
1
4
F 2µν with Fµν = ∂µAν − ∂νAµ . (212)
The vanishing of the temporal momentum Π0 = 0 is an important ingredient in the
construction of a consistent kinetic term. It constitutes a primary constraint C1 = Π0 = 0.
Related to it, one can generate a secondary constraint by computing the Poisson bracket
between the primary constraint and the Hamiltonian density
C2 = Π˙0 =
{
C1,HLAµ
}
=
∂HLAµ
∂Aµ
∂C1
∂Πµ
− ∂HLAµ
∂Πµ
∂C1
∂Aµ
= ∂iΠ
i ∼ 0. (213)
This is basically the time evolution of the primary constraint. Computing the Poisson
bracket of the primary constraint with the secondary constraint reveals
{C1, C2} = 0. (214)
This reflects the fact that we have a first class constraint, generating a gauge symmetry
and hence removing one more degree of freedom, namely the longitudinal mode. One
particularity of the Hamiltonian in equation (211) is the linear dependence on the temporal
component of the vector field. This means that A0 becomes a Lagrange multiplier after
imposing the condition α2 = −α1. The constraint associated to A0 is first class and hence,
one does not only get rid of the A0 dependence but also the ∇~Π dependence. Thus, a
manifestly Lorentz invariant and local theory for a massless spin-1 field has to be invariant
under gauge transformations
Aµ → Aµ + ∂µθ. (215)
This on the other hand guarantees the propagation of only two vector degrees of freedom,
which is the case for the Maxwell term.
The vector field might also couple to other fields in form of a current. This uniquely
gives Maxwell theory
LAµ = −
1
4
F 2µν − JµAµ, (216)
with the external source Jµ. The variation with respect to the vector field yields the
equations of motion
∂νF
µν = Jµ. (217)
Taking the divergence of the equation of motion yields ∂µJ
µ = 0, i.e. the external source
is conserved. The equations of motion are gauge-invariant. We can fix the gauge by
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imposing the Lorenz condition ∂µA
µ = 0. By doing so the equations of motion reduce to
Aµ = Jµ. The gauge choice together with the residual gauge θ = 0 gets rid of the two
unphysical modes.
Even if one does not impose directly the U(1) symmetry on the matter coupling, the
consistency of the equations of motion inevitably introduces the gauge symmetry into the
matter coupling. For a quick illustration of this statement, imagine that we have a complex
scalar field as a matter field L(0) = −∂µφ∂µφ∗ with the global symmetries φ → eiαφ and
φ∗ → e−iαφ∗. This global symmetry of the matter Lagrangian has an associated conserved
Noether current that is obtained by varying the matter action
δS(0) =
∫
d4x (φδφ∗ +φ∗δφ− ∂µ(∂µφ∗δφ+ ∂µφδφ∗)) , (218)
where the first two terms are the corresponding equations of motion and the last term
in the parenthesis is the Noether current jµ(0) = ie(φ∂
µφ∗ − φ∗∂µφ) which is conserved
on-shell with respect to the initial matter Lagrangian L(0). The most natural coupling of
the complex scalar field to the massless vector field would be via Aµj
µ
(0)
L(1) = −∂µφ∂µφ∗ +Aµjµ(0) . (219)
However, this coupling will also contribute to the equations of motion of the vector field
δLAµ = ∂νFµν = jµ(0) and yields an inconsistency. Since the field strength tensor Fµν is
antisymmetric, the divergence of the equations of motion of the vector field
∂µδLAµ = 0 = ∂µ∂νFµν = ∂µjµ(0) 6= 0 (220)
gives a vanishing identity on the left hand side but a non-zero term on the right hand side,
since jµ(0) is only conserved on-shell, but with respect to L(0) and not with respect to the
scalar equations of motion from L(1), that contains new contributions from Aµjµ(0). The
crucial point to bear in mind is that the Noether current is only conserved on-shell. Thus,
we have to compute the associated Noether current with respect to L(1). This now gives
δS(1) =
∫
d4x
(
(φ− ieAµ∂µφ)δφ∗ + (φ∗ − ieAµ∂µφ∗)δφ
−∂µ(jµ(0) − ieAµφ∗δφ− ieAµφδφ∗)
)
, (221)
with the next leading contribution of the Noether current in the form
jµ(1) = j
µ
(0) − 2e2Aµφφ∗ . (222)
The promoted Lagrangian
L(2) = −∂µφ∂µφ∗ +Aµjµ(1) (223)
has now a local gauge symmetry Aµ → Aµ+∂µθ, φ→ φ+eiθφ and φ∗ → φ+e−iθφ∗. Thus,
even if we do not impose a local gauge symmetry on the matter coupling at the beginning,
the consistency of the equations of motion enforces this upon us. By defining the derivative
as Dµφ = (∂µ + iAµ)φ and Dµφ
∗ = (∂µ− iAµ)φ∗, we can write the interacting Lagrangian
simply as L = −14FµνFµν −DµφDµφ∗, that has manifestly the local gauge symmetry.
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8.2. Massive spin-1 field: Proca
As in the case of the spin-2 field, adding a mass term to the Maxwell action breaks
explicitly the gauge symmetry (215). We can construct a mass term simply by contracting
its space-time indices AµA
µ. The Lagrangian after the inclusion of the mass term becomes
LAµ = −
1
4
F 2µν −
1
2
m2AA
2
µ − JµAµ , (224)
which represents a massive spin-1 field with three propagating degrees of freedom. In
order to understand this statement, let us have a look at the Hamiltonian. The above
Hamiltonian of the massless vector field in equation (211) with α1 = −1 now becomes
through the inclusion of the mass term
HmLAµ =
∫
d3x
(
~Π2 −∇~ΠA0 − 1
4
FijF
ij +
m2
2
(A20 − ~A2)
)
. (225)
The secondary constraint obtains an additional term coming from the mass term C2 =
∂iΠ
i − m2A0 ∼ 0 and consequently the Poisson bracket of the primary constraint with
the secondary constraint does not vanish any longer {C1, C2} = m2. In the presence
of the mass term we have a second class constraint that removes only one degree of
freedom in difference to the massless case. Thus, the massive spin-1 field propagates
three degrees of freedom. If we compare the expression of the Hamiltonian for the Proca
field (225) with the Hamiltonian of the massless case (211), we immediately observe that
the temporal component is no longer a Lagrange multiplier in the Proca theory, since it
appears quadratic in the Hamiltonian. However, it is still not dynamical and plays the role
of an auxiliary field, and its associated equation of motion imposes a constraint equation.
The equation of motion of the vector field modifies into
∂νF
µν −m2AAµ = Jµ . (226)
The divergence of the equation of motion results in the constraint
−m2A∂µAµ = ∂µJµ (227)
The equation of motion simply becomes a Klein-Gordon equation ( − m2A)Aµ = Jµ,
together with the condition ∂µA
µ = 0 for conserved currents. Similarly as for the spin-2
field the gauge invariance can be restored using the Stueckelberg trick. For this purpose
we can perform the field redefinition
Aµ → Aµ + ∂µpi. (228)
The Lagrangian for the massive spin-1 field (224) takes the following form after this change
of variables
LAµ = −
1
4
F 2µν −
1
2
m2A(Aµ + ∂µpi)
2 − Jµ(Aµ + ∂µpi) , (229)
which is now invariant under the simultaneous transformations Aµ → Aµ + ∂µθ and pi →
pi − θ. After canonically normalizing the additional field pi → 1mApi the interactions read
LAµ = −
1
4
F 2µν −
1
2
m2AA
2
µ −
1
2
(∂pi)2 −mAAµ∂µpi − Jµ
(
Aµ +
∂µpi
mA
)
. (230)
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We can also take the mA → 0 limit in a continuous way. The resulting theory in this limit
describes a decoupled massless scalar field and a massless vector field
LAµ = −
1
4
F 2µν −
1
2
∂pi2 − JµAµ (231)
This reflects the fact, that the mA → 0 limit of the massive spin-1 field does not give rise
to any vDVZ discontinuity as it is the case for a massive spin-2 field.
In the massless case we have a first class constraint system, where the primary and
secondary constraints form a closed algebra with {C1, C2} = 0. The temporal component
A0 plays the role of a Lagrangemultiplier. Only two propagating degrees of freedom remain
after imposing the condition associated to A0.
first class constraints
primary constraint C1 = 0
secondary constraint C2 = C˙1 = 0
gauge {C1, C2} = 0
In the massive case we have a second class constraint system, where the primary and
secondary constraints do not form a closed algebra anymore {C1, C2} 6= 0. The temporal
component A0 plays the role of an auxiliary field. Therefore, three propagating degrees of
freedom survive after imposing the condition associated to A0.
second class constraints
primary constraint C1 = 0
secondary constraint C2 = C˙1 = 0
XXXgauge {C1, C2} = m2
Let us finish this subsection by commenting on the repulsive nature of a vector field.
If we have two conserved currents, we can compute the exchange amplitude of a spin-1
particle between them. The propagator of the vector field obeys
Dµν =
ηµν
−m2Aµ
. (232)
Hence, the exchange amplitude reads
Q(j) = −1
2
∫
d4k
(2pi)4
j∗µ
ηµν
k2 −m2Aµ
jν . (233)
For the charges, the 00- component of the above expression gives
Q(j) = +
1
2
∫
d4k
(2pi)4
j∗0
1
k2 −m2Aµ
j0 . (234)
If we compare this with what we had for the spin-0 and spin-2 fields in equations (52) and
(119) respectively, we see that the exchange of a spin-1 particle gives rise to a repulsive
force. The exchange amplitudes comes with a sign difference compared to what we had
for the spin-0 and spin-2 fields.
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8.3. Massless Vector Galileons
We have seen how the requirement to construct a healthy ghost-free theory for a
massless vector field uniquely leads to the Maxwell theory. One immediate question that
comes in mind is whether one can construct derivative self-interactions for a massless vector
field in the same spirit as the Galileon scalar interactions without altering the number of
propagating degrees of freedom. There has been already some attempts in the literature
to construct vector Galileon interactions beyond the Maxwell kinetic term with second
order interactions at the level of the Lagrangian but still with second order equations of
motion on flat space-times [165]. The idea was to construct the derivative self-interactions
such that the gauge symmetry would remain preserved and only two physical degrees of
freedom would propagate. The conclusion was that the Maxwell kinetic term is the unique
term fulfilling these conditions for an abelian massless vector field. This No-go result can
be understood easily. The interactions that one is after are of the following schematic
form
L = µ1µ2···ν1ν2···Fµ1µ2 · · ·Fν1ν2 · · ·
(
∂µkFνlνl+1 · · ·
) (
∂µjFνmνm+1 · · ·
)
(235)
In four dimensions since the two Levi-Civita tensors do not have sufficient space-time
indices to be contracted, one can not construct such terms. On the other hand, even if in
five dimensions such a contraction becomes possible µνρσκαβγδξFµνFµν∂ρFγδ∂ξFσκ, the
resulting interactions correspond to just total derivatives. The construction in terms of
the Levi-Civita tensors makes this No-go result apparent immediately. One can obtain the
same conclusion by adapting to the same approach as Horndeski applied to construct the
consistent scalar-tensor theories with second order equations of motion, which was also
pursued in [165]. Starting from the equations of motion we can write down all the possible
terms as polynomial functions of ∂F and F with arbitrary coefficients and demand the
second order nature of the equations. Once this is accomplished one can then construct
the Lagrangian from the equations of motions. The equations of motion of the vector field
should be of the form
Eα = Eα(Aµ, ∂νAµ, ∂ν∂ρAµ, ηµν , Eµνρσ) . (236)
The question is whether these equations of motion can be constructed from a variational
principle of an action δS = ∫ d4xEµδAµ avoiding any contributions with ∂3A or higher
order. The integrability conditions of the equations of motion are [165]
∂Eµ
∂Aν
− ∂E
ν
∂Aµ
+ ∂ρ
(
∂Eν
∂Aµ,ρ
− ∂σ ∂E
ν
∂Aµ,ρσ
)
= 0
∂Eν
∂Aµ,ρ
+
∂Eµ
∂Aν,ρ
− 2∂σ ∂E
ν
∂Aµ,ρσ
= 0
∂Eµ
∂Aν,ρσ
− ∂E
ν
∂Aµ,ρσ
= 0 (237)
Furthermore, imposing the invariance under gauge symmetries brings the form of (236)
into (removes the explicit dependence on Aµ)
Eα = Eα(∂νAµ, ∂ν∂ρAµ, ηµν , Eµνρσ) (238)
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and enforces given conditions on the dependence of Eµ on Aµ and its derivatives
∂Eµ
∂Aν,ρσ
+
∂Eµ
∂Aρ,νσ
+
∂Eµ
∂Aσ,νρ
= 0 (239)
∂Eµ
∂Aν,ρ
+
∂Eµ
∂Aρ,ν
= 0 (240)
∂Eµ
∂Aν
= 0 (241)
Combining the properties of these conditions results in the final condition [165]
∂2Eµ
∂Aν1,ρ1σ1∂Aν2,ρ2σ2
= 0 . (242)
This means that the equations of motion of the vector field are at most linear in Aν,ρσ and
have to have the following form
Eµ = Kµαβγ1 Aα,βγ +K
µ
2 , (243)
where K1 and K2 depend only on (∂νAµ, ηµν , Eµνρσ). Hence, one can not have vector
Galileon interactions since the equations of motion are at most linear in the second deriva-
tives of the vector field and is a clear No-go result. A similar analysis can be also performed
for an arbitrary p-form Galileon [166, 167, 168].
8.4. Generalized Proca theories
In the previous subsection we have seen that one can not construct consistent and
non-trivial vector Galileon interactions with second order equations of motion for a gauge
invariant vector field. A natural question that immediately arises is whether we can
generalize the interactions of a massive vector field, the Proca field, without changing the
propagating number of degrees of freedom yielding second order equations of motion. The
idea is to avoid the previous No-go result by abandoning the gauge invariance of the vector
field in the hope to construct new derivative self-interactions for a vector field [63]. We
would like to construct more general interactions and maintain three propagating degrees
of freedom, namely two transverse and one longitudinal mode of the vector field. For this
purpose, we will impose the two following conditions:
• The equations of motion are second order.
• The temporal component of the vector field A0 should not carry any dynamics.
Imposing only the first condition is not enough since second order equation of motion for
the temporal component would mean that A0 is a dynamical ghost degree of freedom. We
know that the massive spin-1 representation of the Lorentz group should only carry three
dynamical fields and hence the inclusion of derivative self-interactions should not alter this
property.
First of all, we can promote the mass term to a general potential term V (A2). Since
there is not any derivative of the vector field involved, this trivially satisfies our require-
ment of not modifying the spectrum of propagating degrees of freedom. Similarly, any
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gauge invariant interactions constructed out of Fµν and its dual F˜µν will not cause the
propagation of a forth mode. Moreover, interactions which do not contain any dynamics
for the zeroth component of the vector field A0 will not change this property, like for
instance AµAνFµ
αFνα. We can collect all these type of interactions into the function
L2 = f2(Aµ, Fµν , F˜µν). (244)
This function contains all the contractions between Aµ, Fµν and F˜µν . For instance, it
contains the gauge invariant interactions like f2 ⊃ (F 2)n, or even parity violating terms
f2 ⊃ (FF˜ )n, and terms that have dependence on A0 but without time derivatives applied
on it like in f2 ⊃ AµAνF ρµF νρ ... etc. Thus, the independent contractions will be in form
of6 X = −AµAµ/2, F = −FµνFµν/4 and Y = AµAνFµαFνα [63, 169] and we can also
rewrite the function in terms of these three scalar quantities (ignoring the partiy violating
scalar quantity F˜ = Fµν F˜
µν )
L2 = f2(X,F, Y ) . (245)
At this order, these are the only unique interactions that do not carry any dynamics for
the temporal component of the vector field and give rise to second order equations of
motion.
As next, in first order in derivatives of Aµ, we can only have the following interaction
L3 = f3(X) ∂µAµ , (246)
where f3 is an arbitrary function of the vector field norm X = −AµAµ/2. The presence
of this function makes that the interaction does not correspond to a total divergence.
The temporal component of the vector field does not obtain any dynamics from this
interaction, even in the presence of the Maxwell kinetic term. The corresponding Hessian
matrix vanishes identically
HµνL3 = 0. (247)
The form of the interaction and why it is the unique interaction at this order becomes
transparent when it is written in terms of the Levi-Civita tensor
L3 = −f3(X)
6
EµνρσEανρσ∂µAα = f3(X)∂µAµ . (248)
At this order, there is only one way of contracting the indices of the Levi-Civita tensors
with ∂µAα and this term gives rise to the cubic Galileon interaction for the longitudinal
mode in the decoupling limit EµαρσEνβρσΠµν∂αpi∂βpi given in (61). Instead of contracting
the indices of the Levi-Civita tensors with the hidden metrics, we could also contract them
with the vector field in the schematic form EEA2∂A. To be more precise, we can construct
6Note, that X in (185) would correspond to the longitudinal scalar mode and hence we kept the same
notation for vector. In this section we will refer X to the vector norm. However, whenever there might be
a confusion, we will use distinguished notations.
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interactions as f˜3(X)EµνρσEαβρσ∂µAαAνAβ, which would result in a contraction of the
form
L˜3 = f˜3(X)AµAν(∂µAν), (249)
which is related to the above one in equation (248) by means of a disformal transforma-
tion of the metric ηµν → ηµν + f˜3(X)AµAν . We will not distinguish between these type of
interactions, since they are equivalent after integration by parts and can be related to each
other by disformal transformations. If we try to construct terms with two more additional
vector fields in the form EEA4∂A, where all of the vector fields would be contracted with
the space-time indices of the Levi-Civita tensors, we see immediately that these interac-
tions vanish identically, since two of the A′s are symmetric whereas the Levi-Civita tensors
are antisymmetric (of course if some of the vector fields are contracted among themselves
then they could again be absorbed into the disformal transformation in f˜3(X)AµAν).
In the next order in derivatives of the vector field we have the following three possible
ways of contracting the indices
L4 = f4(X)
[
c1(∂ ·A)2 + c2∂ρAσ∂ρAσ + c3∂ρAσ∂σAρ
]
(250)
where f4 is again an arbitrary function of the vector norm and c1, c2 and c3 are free
parameters (even though c1 and c3 give rise to the same contributions after integration
by parts). We have to fix them in a way, that guarantees that only three physical degrees
of freedom are dynamical. For this, we have to enforce the presence of a second class
constraint. This on the other hand is ensured, if the determinant of the Hessian matrix is
zero [63]. It is given by
HµνL4 =
∂2L4
∂A˙µ∂A˙ν
= f4

2(c1 + c2 + c3) 0 0 0
0 −2c2 0 0
0 0 −2c2 0
0 0 0 −2c2
 . (251)
As can be clearly seen from the eigenvalues of the Hessian matrix, the determinant vanishes
for two choices. We either choose c2 = 0 or c1 + c2 + c3 = 0. In the first case, three of
the eigenvalues automatically vanish with only the zero component of the vector field
propagating. In the latter case, only one eigenvalue vanishes and three of the vector
components propagate. The for us interesting case is the second one. Choosing c1 = 1,
this condition is equal to c3 = −(1 + c2), hence the Lagrangian with three propagating
degrees of freedom at this order becomes
L4 = f4
[
(∂ ·A)2 + c2∂ρAσ∂ρAσ − (1 + c2)∂ρAσ∂σAρ
]
(252)
The form of these interactions at the quadratic order in derivatives of the vector field
becomes transparent again when we write them in terms of the Levi-Civita tensors. In the
symmetric scalar Galileon Πµν in the interactions (61) we had only one way of contacting
the indices of the antisymmetric Levi-Civita tensors with Πµν . On the contrary, for the
Proca vector field we have the symmetric and antisymmetric parts of ∂µAν and hence
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we have two different independent ways of contracting the indices with the Levi-Civita
tensors
L4 = −1
2
EµνρσEαβρσ(f4(X)∂µAα∂νAβ + c2f˜4(X)∂µAν∂αAβ)
= f4
[
(∂ ·A)2 − ∂ρAσ∂σAρ
]
+ c2f˜4(∂ρAσ∂
ρAσ − ∂ρAσ∂σAρ) . (253)
The terms proportional to c2 are just the field strength tensor F . Therefore, we can rewrite
the Lagrangian as
L4 = f4
[
(∂ ·A)2 − ∂ρAσ∂σAρ
]
+ c2f˜4F
2
ρσ . (254)
We can simply reabsorb the contribution in form of the field strength tensor in L2 in
the function f2 instead of introducing redundancies at the present order. Hence, we shall
neglect the contribution c2f˜4F
2
ρσ in L4.
Instead of the metric, we could have contracted the indices of the Levi-Civita tensors
with the vector field Aµ in form of EµνρδEαβσδ∂µAα∂νAβAρAσ. In this way, we would
have constructed terms of the form
L4 = fˆ4(X)AµAν(∂νAµ(∂ ·A)− ∂νAρ∂ρAµ). (255)
These interactions are again at the same footing as the interactions in equation (254),
since they correspond to just a disformal transformation of the previous ones and their
equivalence becomes apparent after integrations by part. Similarly, the other possible
contraction EµνρδEαβσδ∂µAν∂αAβAρAσ will give rise to contributions of the form [FFAA]
that are already included in L2. The attempt to contract two more additional vector
fields with the Levi-Civita tensors in the schematic form EEA4∂A∂A fails again due to
the antisymmetric structure of the interactions.
As we mentioned before, the vanishing of the Hessian matrix indicates the existence
of a constraint that can get rid of the unwanted temporal component of the vector field.
Its presence reveals itself after computing the corresponding conjugate momentum ΠµL4 =
∂L4
∂A˙µ
. The zero component of it Π0L4 = −2f4 ~∇ ~A does not have any time derivatives and
hence yields the constraint equation
C1 = Π0L4 + 2f4 ~∇ ~A. (256)
Associated to this constraint equation, there is a secondary constraint imposed by
{H, C1} = ∂H
∂Aµ
∂C1
∂Πµ
− ∂H
∂Πµ
∂C1
∂Aµ
. (257)
These constraint equations ensure, that L4 possesses only three dynamical degrees of free-
dom and the temporal component enters only as an auxiliary field.
Continuing the same strategy as in the previous orders, we can construct the corre-
sponding interactions at cubic order in derivatives of the vector field. We start again with
all the possible contractions at that order
L5 = f5(X)
[
d1(∂ ·A)3 − 3d2(∂ ·A)∂ρAσ∂ρAσ − 3d3(∂ ·A)∂ρAσ∂σAρ
+2d4∂ρAσ∂
γAρ∂σAγ + 2d5∂ρAσ∂
γAρ∂γA
σ] , (258)
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where f5 is a general function of the norm of the vector field and d1, d2, d3, d4 and d5 are
free parameters, which have to be restricted in a way that guarantees that the Hessian
matrix has one vanishing eigenvalue. This is achieved by demanding the conditions
d3 = 1− d2, d4 = 1− 3d2
2
, d5 =
3d2
2
(259)
with d1 = 1. The quintic Lagrangian then becomes
L5 = f5(X)
[
(∂ ·A)3 − 3d2(∂ ·A)∂ρAσ∂ρAσ − 3(1− d2)(∂ ·A)∂ρAσ∂σAρ
+2
(
1− 3d2
2
)
∂ρAσ∂
γAρ∂σAγ + 2
(
3d2
2
)
∂ρAσ∂
γAρ∂γA
σ
]
(260)
The terms proportional to d2 actually can carry an independent function and does not
need to be restricted to f5, in the same was as it was the case for the c2 term in L4. In
terms of the field strength tensor we can rewrite these interactions also as [63, 65]
L5 = f5(X)
[
(∂ ·A)3 − 3(∂ ·A)∂ρAσ∂σAρ + 2∂ρAσ∂γAρ∂σAγ
]
+d2f˜5(X)
[(
1
2
(∂ ·A)F 2ρσ − ∂σAγF σρ F ργ
)]
. (261)
This exact form imposed by the vanishing of the determinant of the Hessian matrix
naturally arises when we construct the interactions using the Levi-Civita tensors. In terms
of the Levi-Civita tensors, we can again contract the indices in two independent ways
L5 = −EµνρσEαβδσ(f5(X)∂µAα∂νAβ∂ρAδ + d2f˜5(X)∂µAν∂ρAα∂βAδ)
= f5(X)
[
(∂ ·A)3 − 3(∂ ·A)∂ρAσ∂σAρ + 2∂ρAσ∂γAρ∂σAγ
]
+ d2f˜5(X)
[
(∂βAα(∂αAγ∂
γAβ − ∂γAβ∂γAα) + (∂ ·A)(∂γAβ − ∂βAγ)∂γAβ
]
.(262)
In fact the term proportional to d2 can be expressed in terms of the dual of the strength
tensor F˜µν . In this way the quantic Lagrangian can be rewritten in a more compact form
L5 = f5(A2)
[
(∂ ·A)3 − 3(∂ ·A)∂ρAσ∂σAρ + 2∂ρAσ∂γAρ∂σAγ
]
+f˜5(A
2)F˜αµF˜ βµ∂αAβ . (263)
The longitudinal part of the vector field belongs to the Galileon interactions. If we would
impose the condition that the longitudinal mode should not have any trivial total derivative
interactions, then the series for the longitudinal mode would stop here [63]. Relaxing this
condition, we can construct the interactions forth order in derivates of the vector field
[65, 66]. We could again write down all the possible contractions with arbitrary coefficients
and then fix them by imposing the vanishing of the determinant of the Hessian matrix.
Since we familiarised ourselves with this procedure already in the previous orders, we can
simply obtain the desired consistent structure of the interactions by the contractions with
the Levi-Civita tensors. At this order in L6, we again have the two independent possible
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contractions [65, 66]
L6 =− EµνρσEαβδκ(f6(X)∂µAα∂νAβ∂ρAδ∂σAκ + e2f˜6(X)∂µAν∂αAβ∂ρAδ∂σAκ)
= f6(X)
[
3∂βAα(∂αAβ∂µAν∂
νAµ − 2∂αAν∂µAβ∂νAµ) + 8(∂ ·A)∂βAν∂µAβ∂νAµ
−6(∂ ·A)2∂µAν∂νAµ + (∂ ·A)4
]
+ e2f˜6(X)
[
(∂ ·A)(2∂γAβ(∂βAδ∂δAγ − ∂δAγ∂δAβ) + (∂ ·A)(∂δAγ − ∂γAδ)∂δAγ))
+ ∂βAα(−2∂αAδ∂γAβ∂δAβ + ∂γAδ(2∂γAα∂δAβ + (∂αAβ − ∂βAα)∂δAγ))
]
(264)
The terms independent of e2 correspond to just total derivatives and vanish identically at
the level of the equations of motion, which reflects the fact that the interactions for the
longitudinal mode stop at the previous order. Neglecting the terms that depend purely
on Fµν and F˜µν (since they are already incorporated in f2), the non-trivial sixth order
interaction becomes [66]
L6 = e2f6(X)F˜αβF˜µν∂αAµ∂βAν . (265)
Thus, demanding that the vector field possesses only three propagating degrees of freedom
with second order equations of motion and that its longitudinal part is purely Galileon
type of interactions results in the total Lagrangian for the vector field
Lgen.Proca = −1
4
F 2µν +
5∑
n=2
αnLn , (266)
where the self-interactions of the vector field are [63, 66]
L2 = f2(X,F, Y )
L3 = f3(X) ∂µAµ
L4 = f4(X)
[
(∂ ·A)2 − ∂ρAσ∂σAρ
]
L5 = f5(X)
[
(∂ ·A)3 − 3(∂ ·A)∂ρAσ∂σAρ
+2∂ρAσ∂
γAρ∂σAγ ] + f˜5(X)F˜
αµF˜ βµ∂αAβ
L6 = f6(X)F˜αβF˜µν∂αAµ∂βAν . (267)
These are the most general derivative self-interactions for a massive vector field with
second order equations of motion and three propagating degrees of freedom on flat space-
time (up to disformal transformations). Note, that the series stops at this order and
there are not any higher order interactions. Following the systematic construction of
the generalized Proca interactions in terms of the two antisymmteric Levi-Civita tensors,
the series has to stop after the sixth order of interactions, since there are no indices
left in the two Levi-Civita tensors to be contracted in order to construct a possible L7
term in four dimensions. Any naive attempt to construct such terms for instance as
LPerm,27 = Mµν(∂µAν + ∂νAµ)Sµν [65] with
M = F 4 − 1
2
[F 2]F 2 +
1
8
(
[F 2]2 − 2[F 4]
)
1 (268)
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would vanish in four dimensions by the virtue of the Cayley-Hamilton theorem applied
on Fµν and, hence, such interactions trivialise in four dimensions [66]. In five dimensions
with the Levi-Civita tensors carrying five indices, we could indeed construct such seventh
order Lagrangians, for instance
LGal7 = EµνρστEαβδκω∂µAα∂νAβ∂ρAδ∂σAκ∂τAω . (269)
and the above Lagrangian that was denoted by LPerm,27
LPerm,27 = −
1
2
EµνρστEαβδκω∂µAν∂αAβ∂ρAσ∂δAκ∂τAω . (270)
This is in the same spirit as the Lovelock invariants of the massless spin-2 field in equations
(109) or the higher dimensional Galileon interactions. For more detailed explanations on
the consistent constructions of the generalised Proca theories see [63, 65, 66].
8.5. Construction of the generalised Proca from the decoupling limit
We could have obtained the systematic form of these interactions from the previous
subsection by starting from the consistent construction of the interactions in the decoupling
limit. As we mentioned previously, in the case of the vector field, the derivative of the
vector field ∂αAβ has its symmetric and antisymmetric part. It will be convenient to
introduce its symmetric part by Sµν = ∂µAν + ∂νAµ and its antisymmetric part as usual
by Fµν . In terms of A, F and S, we can write the interactions systematically as an
expansion
L ∼
∑
m,n,p
cm,n,p
(
A
ΛM
)m( F
Λ2F
)n( S
Λ2S
)p
, (271)
with their corresponding scales ΛM , ΛF and ΛS of the interactions and cm,n,p being some
coefficients. Using the Stueckelberg trick we can restore the broken gauge invariance of
the vector field by performing the change of variables Aµ → Aµ + ∂µpi/M with pi the
Stueckelberg field and M denoting the mass of the vector field. Written in this way, the
additional scalar field is nothing else but the longitudinal mode of the original massive
vector field. When we take the decoupling limit by sending the mass of the vector field
to zero, then the leading part of the vector field becomes Aµ → ∂µpi/M and similarly
Sµν → ∂µ∂νpi/M . The above expansion of the interactions on the other hand simply
becomes
Ldec ∼
∑
m,n,p
cm,n,p
(
∂pi
MΛM
)m( F
Λ2F
)n( ∂∂pi
MΛ2S
)p
. (272)
Starting with the lowest order p = 0, we immediately observe, that in this case the
interactions contain only one derivative per scalar field
Lp=0dec ∼
∑
m,n
cm,n,0
(
∂pi
MΛM
)m( F
Λ2F
)n
. (273)
After performing the resummations in m and n, we would be obtaining exactly the same
type of interactions that we were grouping into L2. We will have three types of interac-
tions at this order. The interactions with m = 0 would be just functions of F 2. Similarly,
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the interactions with n = 0 would be just functions of the vector norm A2. Last but
not least, interactions with m 6= 0 and n 6= 0 would just correspond to functions of
Y = Fµ
αFναA
µAν . Thus, the schematic interactions in (273) are nothing else but the cor-
responding interactions in the decoupling limit originating from f2(Aµ, Fµν , F˜µν). As we
have seen, due to their tensor structure, the interactions in f2 can be written as functions of
X = A2, F = F 2 and Y = Fµ
αFναA
µAν , so the appropiate resummations of m and n will
have one to one correspondings with the functions f2(X,F, Y ) beyond the decoupling limit.
Next, let us analyse the type of interactions we can have linear in ∂∂pi with p = 1
Lp=1dec ∼
∑
m,n
cm,n,1
(
∂pi
MΛM
)m( F
Λ2F
)n( ∂∂pi
MΛ2S
)
. (274)
First of all, the interactions with n = 0 are the standard Galileon interactions at cubic order
f3(∂pi
2)pi and here they correspond to the leading order contributions in the decoupling
limit coming from the interactions of f3(A
2)∂µA
µ in L3. The interactions with n 6= 0
constitute the first non-trivial mixing between the gauge field and the scalar field, which
has second derivatives acting on it. Therefore, these interactions require more caution.
After resummation, the resulting symmetric rank-2 tensor Kµν will be contracted with
∂µ∂νpi, hence in order to guarantee second order derivatives field equations arising from
Kµν∂µ∂νpi, the (00) component of this tensor can not accommodate time derivatives other
than p˙i. Thus, the symmetric rank-2 tensor Kµν can only be built out of f3(∂pi
2)F˜µαF˜ να,
since its magnetic part F˜ 0αF˜ 0α ∝ B2 is purely potential without any time derivatives
acting on A. Summarising, the decoupling limit interactions at order p = 1 will be
summed into
Lp=1dec ∼
(
c2,0,1(∂pi)
2ηµν + c0,2,1F˜
µαF˜ να
) ∂µ∂νpi
MΛ2S
, (275)
where the coefficients can be arbitrary functions of (∂pi2). As mentioned above, the first
type of interactions are the corresponding interactions of f3(A
2)∂µA
µ in L3 in the de-
coupling limit, whereas the second type are the interactions that would be promoted to
f˜5(A
2)F˜αµF˜ βµ∂αAβ in L5 beyond the decoupling limit. These interactions are the only
interactions at that order in the decoupling limit, that guarantee second order equations
of motion for pi and since F˜µν is divergence-free, also higher order equations of motion for
the gauge field are directly avoided.
Now, let us study the next order interactions in ∂∂pi with p = 2
Lp=2dec ∼
∑
m,n
cm,n,2
(
∂pi
MΛM
)m( F
Λ2F
)n( ∂∂pi
MΛ2S
)2
. (276)
The purely scalar interactions with n = 0 must have again the same structure as the
Galileon interactions, which would ensure second order equations of motion for the purely
longitudinal mode sector. For the mixing between the scalar field and the gauge field with
n 6= 0 we again have to construct them in a way, that only the magnetic part of the gauge
field is directly coupled to the second time derivatives of pi. Hence, we have to construct a
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tensor of rank-4 Kµναβ∂µ∂νpi∂α∂βpi that is purely built out of the magnetic part. This is
again only satisfied by the dual field strength. These two requirements together with the
tensor structure uniquely lead to
Lp=2dec ∼c2,0,2(∂pi)2
(pi)2 − (∂µ∂νpi)2
M2Λ4S
+ c0,2,2F˜
µνF˜αβ
∂µ∂αpi∂ν∂βpi
M2Λ4S
, (277)
where again the coefficients can be an arbitrary functions of (∂pi2). The first part is nothing
else but the quartic Galileon interactions, which would be related to f4(A
2)
[
(∂ ·A)2 − ∂ρAσ∂σAρ
]
in L4 beyond the decoupling limit and the second part constitutes the unique mixing
between the gauge field and the scalar field at that order, that would be promoted to
f6(A
2)F˜αβF˜µν∂αAµ∂βAν in L6 beyond the decoupling limit.
Last but not least, we shall pay a special attention to the interaction cubic order in
∂∂pi with p = 3
Lp=3dec ∼
∑
m,n
cm,n,3
(
∂pi
MΛM
)m( F
Λ2F
)n( ∂∂pi
MΛ2S
)3
. (278)
Similarly, as before the purely scalar interactions with n = 0 correspond to the Galileon
interactions, the quintic Galileon interactions. For the mixed interactions with the gauge
field, imposing the same conditions as above reveals that one can not construct any healthy
mixed interaction between the gauge field and the Stueckelberg field at that order. Thus,
we can not have any new interaction with n 6= 0. The series stop here and the decoupling
limit has a finite order of allowed interactions. Constructing the interactions beyond the
decoupling limit is straightforward by means of promoting ∂µpi → Aµ and ∂µ∂νpi → Sµν
Lgen.Proca = −1
4
F 2µν +
5∑
n=2
αnLSn , (279)
where the self-interactions of the vector field are [63, 66]
LS2 = f2(Aµ, Fµν , F˜µν)
LS3 = f3(A2)[S]
LS4 = f4(A2)
(
[S]2 − [S2])
LS5 = f5(A2)
(
[S]3 − 3[S][S2] + 2[S3])+ f˜5(A2)F˜αµF˜ βµSµν
LS6 = f6(A2)F˜αβF˜µνSαµSβν . (280)
This gives an additional proof from the decoupling limit that the constructed interac-
tions of the generalised Proca (267) are the most general interactions with second order
equations of motion with three propagating degrees of freedom. It is worth emphasising
again that the generalized Proca interactions can be divided into two types of interac-
tions, namely those that can be directly obtained from the scalar Galileon interactions
by promoting ∂µpi → Aµ and those that are genuinely new interactions with intrinsic
vector modes, that do not have any scalar counter example. These are the interactions
F˜αµF˜ βµSµν and F˜
αβF˜µνSαµSβν .
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8.6. Deformed determinant for the generalised Proca
In the same way as we could express the scalar Galileon interactions and the massive
gravity interactions in terms of a deformed determinant in equations (64) and (163) re-
spectively, we shall use the structure of the Proca interactions based on the antisymmetry
of the Levi-Civita tensor in order to express them in terms of a determinantal formulation
as well. The generating determinant takes this time the form [66]
f(A2) det(δµν + Cµν) , (281)
where the fundamental matrix reads
Cµν = aFµν + bSµν + cAµAν (282)
with a, b and c denoting some parameters of dimension −2. In massive gravity the
fundamental matrix was Kµν and in Galileon interactions Π
µ
ν . In the case of generalised
Proca interactions, this gets simply replaced by Cµν . In the same spirit as the interactions
in massive gravity and scalar Galileon interactions, one can express the determinant in
terms of the elementary symmetric polynomials
det(δµν + Cµν) =
4∑
n=0
en(Cµν) (283)
Since the zeroth order symmetric elementary polynomial is trivial e0 = 1 let us start with
the first order
e1 = −1
6
µναβ
ρναβCµρ = [C] = b[S] + cA2 . (284)
We recognise the L3 interaction in the first term, whereas a simple potential interaction
as a part of L2 in the second term. The second order symmetric elementary polynomial
gives the following combination of traces
e2 = −1
4
µναβ
ρσαβCµρCνσ = 1
2
(
[C]2 − [C2]
)
=
1
2
(
a2[F 2] + b2([S]2 − [S2]) + 2bc(A2ηµν −AµAν)Sµν
)
. (285)
The first two contributions correspond to the interactions in L4, whereas the last term
proportional to Sµν is nothing else but the interaction in L3, where the indices of the
Levi-Civita tensors are contracted with two additional vector fields instead of the metrics,
which would result as a disformal transformation of the original interactions in L3. The
cubic symmetric elementary polynomial reads
e3 = −1
6
µναβ
ρσδβCµρCνσCαδ
=
a2c
2
Fα
µFβµ(A
2ηαβ − 2AαAβ) + 1
2
a2b([F 2][S]− 2FαβFαµSβµ)
+
1
2
cb2Sα
µSβµ(2A
αAβ −A2ηαβ) + 1
2
cb2[S]Sαβ(A
2ηαβ − 2AαAβ)
+
b3
6
([S]3 − 3[S][S2] + 2[S3]) . (286)
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We can identify the interactions in L5 together with their altered version in terms of the
disformal metric determined by the vector field and we also recognise the presence of the
purely intrinsic vector mode interactions −12a2bF˜µαF˜ ναSµν in the second line. Finally,
the quartic elementary polynomial
e4 = − 1
24
µναβ
ρσδγCµρCνσCαδCβγ (287)
gives the remaining interactions in L6. Since we are in four dimensions, the series stops
at that order en = 0 for n ≥ 5.
8.7. Quantum stability of the vector interactions
As we have seen in the previous subsections, the generalized Proca interactions can
be divided into two groups, namely those that can be directly obtained from the ex-
tension of the scalar Galileon interactions by promoting ∂µpi → Aµ and those that are
genuinely new interactions with intrinsic vector modes. For the quantum stability these
two groups will behave differently. For the first type of interactions, we expect a simi-
lar non-renormalization theorem as we saw in the scalar counter part in section 4.3 and
hence they should be protected from quantum corrections. The second type interactions
might receive quantum corrections, even though small. The different contractions of the
antisymmetric Levi-Civita tensors with ∂A will be essential for the presence of the non-
renormalization theorem. In the following we would like to investigate this in more detail.
For this purpose, we shall consider Feynman diagrams with purely vector modes. The
propagator for a massive vector field in Fourier modes reads
Dµν =
1
k2 −m2
(
−ηµν + kµkν
m2
)
. (288)
Let us first have a closer look to the first type of interactions, which are the direct exten-
sion of the scalar Galileons. As an example consider the quartic interaction contracted as
AµAνEµαργE βσν γ∂αAβ∂ρAσ. The most worrisome contributions will come from the Feyn-
man diagrams with the least power of external momentum. Therefore, we shall only pay
attention to the Feynman diagrams with the vertex where the two vector fields without
the derivatives run on the external legs with momentum p and q whereas the two with
derivatives run in the loop with momentum k and p+q−k. From this vertex, the transition
amplitude receives a contribution in form of
A =
∫
d4k
(2pi)4
Dκµ(p)Dδν(q)EµαργE βσν γkα(p+ q − k)ρDλβ(k)Dξσ(p+ q − k) (289)
where Dµν(k) is the propagator of the massive vector field with momentum k in (288).
We see immediately that from this contribution the only non-vanishing terms have at
least two external momenta due to the antisymmetric structure of the vertex. This on the
other hand means that the operators that will be generated by these quantum corrections
will have two more derivatives than the original classical operators. Thus, the classical
interaction AµAνEµαργE βσν γ∂αAβ∂ρAσ is not renormalized. This is in the same spirit as
in the scalar Galileon interactions. The same non-renormalization theorem is also present
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for this first type of vector interactions as we anticipated and hence the Galileon vector
interactions are radiatively stable.
Let us now pay special attention to the second type of interactions, which do not
have any scalar counter part and therefore correspond to genuinely new interactions with
intrinsic vector modes. As an example consider again a quartic interaction but this time
with the contraction AµAνµ
αργ βσν γ∂αAρ∂βAσ. We again let the two vector fields without
the derivatives run on the external legs and the other two with derivatives run in the
internal legs. The contribution to the transition amplitudes becomes this time
A =
∫
d4k
(2pi)4
Dκµ(p)Dδν(q)µ
αργ βσν γkα(p+ q − k)βDλρ(k)Dξσ(p+ q − k) . (290)
In difference to the previous contribution we can have now non-vanishing terms propor-
tional to kαkβ without increasing the number of external momenta. It means that we will
have quantum corrections of the same structure as the classical interactions. Hence, this
second type of vector interactions are unfortunately not stable under radiative corrections.
It would be interesting to study their exact scaling and whether they always remain small.
Implications of the UV completion:
In section 4.3 we had a quick look at the implications of a Lorentz invariant UV completion
for a spin-0 field on the low energy effective field theory. This was put into effect by the
positivity bounds on the tree level scattering amplitudes. The positivity bounds on the
derivatives with respect to the momentum transfer t of the imaginary part of the scattering
amplitude away from the forward limit can yield significant restriction on the parameters
of the considered theory [110]. This theoretical testing ground can be also directly applied
to the spin-1 field [108, 145].
Assuming the existence of a standard UV completion of the Proca field, the param-
eter space of the generalised Proca theories can be restrained from the Froissart-Martin
bound on top of the phenomenological bounds. For the implications of the 2-2 scattering
amplitudes it is sufficient to consider interactions up to quartic order in the field. For illus-
tration purposes, let us consider for the interactions up to quartic Lagrangian in equation
(267) the functions L2 = F + m2X, f3 = −2g3m3Λ3 X in L3 and f4 = −2g4m
4
Λ6
X in L4. The
requirement of a Wilsonian UV completion translates into the bound 3g23 < −g4 < g23,
which would enforce a free theory with g3 = g4 = 0. Thus, for this particular selection of
the functions there is no UV completion for non-vanishing parameters g3 and g4.
One remarkable result is that the UV completion can be accommodated if an additional
operator is included at this order and this is exactly the other interaction Y in L2. In the
above example of quartic interactions we had included all of the quartic interactions up to
L4 without the Y contribution in L2. Now, including the purely intrinsic vector interaction
Y in L2 as L2 = F +m2X+ C1m2Λ6 Y , the positivity bounds change to 3g23−C1 < −g4 < g23
or alternatively C1 > 2g
2
3 > −2g4, which can be realised with the coefficients of the same
order [145].
It is very interesting that the vector Galileon interactions proportional to g3 and g4
alone can not satisfy the positivity bounds and the genuine vector interactions in Y (which
does not have the corresponding scalar Galileon counterpart) are forced upon us for a
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Wilsonian UV completion. It would be very interesting to consider the bounds arising
from higher order scattering amplitudes and the role of the genuine purely intrinsic vector
interactions proportional to f˜5(X) and f6(X) in (267). The example of the 2-2 scattering
amplitudes suggest that these intrinsic vector interactions will be crucial ingredients for
the high energy field theory. Note that these are exactly the interactions which do not
satisfy the non-renormalisation theorem in the decoupling limit that we discussed above.
Figure 13: This figure is taken from [145], which illustrates the allowed region by analyticity. The param-
eters are defined as 3a¯0 = 3a0− a5−C1− 4C2, 2a¯t = a3 + a4− 2a5 and µ3 = a4− a5− a3/2−C1/2− 2C2.
These coefficients originate from their equation (3.5) and can be easily compared to our notation with
restricted functions fn(X) in our equation (267).
8.8. Vector dualities
In subsection 4.5 we saw that we can construct dualities between Galileon theories.
For a specific choice of the parameters we could map a quintic Galileon theory to a free
theory. Similar dualities can be also constructed for the vector fields. The corresponding
Legendre transformation satisfies this time |ηµν + s∂µAν | = |ηµν − s∂˜µA˜ν |. The U(1)
invariant Maxwell action Sm=0Aµ = −12
∫
d4x(∂µAν∂
µAν − ∂µAν∂νAµ) can be rewritten in
the matrix notation as Sm=0Aµ = −12
∫
d4x(Tr[BTB]−Tr[B2]) with Bµν(x) = ∂µAν(x) and
its dual B˜µ
ν(x˜) = ∂˜µA˜
ν(x˜). Hence, performing the change of coordinates |∂xa/∂x˜b| =
98
det(1− sB˜(x˜)) gives the following dual theory to Maxwell [122]
SdualMaxwell = −
1
2
∫
d4x det(1− sB˜)
Tr
( B˜
1− sB˜
)T
B˜
1− sB˜
− Tr[ B˜2
(1− sB˜)2
] .
(291)
Similarly, the duality can be applied on the free Lagrangian of the Proca field. So, let us
consider now Sm6=0Aµ = −12
∫
d4x(Tr[BTB] − Tr[B2] + m2A2). The change of coordinates
results in the following dual theory
SdualProca = SdualMaxwell −
1
2
m2
∫
d4x det(1− sB˜)A˜2µ . (292)
If we compare this with the determinantal structure we introduced in (281), we see that the
fundamental matrix of the generalised Proca Cµν = aFµν + bSµν + cAµAν is much general
than the Legendre transformation, but we still expect to recover some of the subclasses of
the interactions of the generalised Proca.
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9. Vector-Tensor theories
So far the vector interactions that we discussed were on flat space-time. How can one
generalize them to the curved space-time case? If we insist on the invariance of gauge
symmetry, we have seen that one can not construct the analogues of Galileon interactions
for the massless vector field. The only allowed terms are the Maxwell kinetic term or
higher order operators of Fµν but no vector Galileons with the systematic form (∂F )
n.
For the massive Proca field, we could successfully establish derivative self-interactions
with second order equation of motion. In difference to the Galileon interactions we were
able to construct sixth order interactions and we also saw that there are purely intrinsic
vector mode interactions without scalar corresponding. In the following we would like to
investigate the curved version of these interactions for both gauge invariant and broken
cases.
9.1. Unique non-minimal coupling for a U(1) gauge field
In the scalar case, we have seen that promoting the flat space-time interactions to
curved space-time requires the presence of non-minimal couplings with gravity. For the
vector field, we are after a similar question: preserving the gauge symmetry what is the
form of the most general action for a massless vector field with a non-minimal coupling
to gravity leading to second order equations of motion for both, the vector field and
the gravitational sector. In order to maintain the gauge symmetry, we can not consider
potential terms or direct couplings of the vector field to curvature and the derivative
couplings should be only via the field strength Fµν .
For instance, one could construct terms with a coupling of Fµν to the Riemann ten-
sor. However, these couplings would yield gravitational equations, that are not second
order. For second order equations of motion, one hast to couple Fµν to a divergence-free
tensor constructed out of the Riemann tensor. In section 5.4 we have seen that the only
divergence-free tensors in four dimensions are the metric gµν , the Einstein tensor Gµν and
the double dual Riemann tensor Lαβγδ = −12EαβµνEγδρσRµνρσ. These divergenceless ten-
sors are the equivalents of the non-trivial Lovelock invariants at the level of the equations
of motion.
The contractions of Fµν with the first divergence free tensor, namely the inverse metric
gµν , gives rise to the Maxwell kinetic term or higher order operators of Fµν , which are
not the interesting non-minimal couplings that we are after. On the other hand, since
the Einstein tensor Gµν is symmetric in the indices µν, we can not contract it with the
antisymmetric tensor, hence GµνF
µν = 0. The attempt to contract the indices of F with
a combination of the Einstein tensor and the metric fails as well. The reason for that
is that the product of two divergenceless tensors is not divergence-free. Thus, Gµνgαβ
is not divergenceless even though Gµν and gµν are. This means that terms of the form
GµνgαβFµαFνβ will not satisfy our requirement of second order equations of motion. This
is true for any combination of divergenceless tensors, therefore the product of two Einstein
tensors GµνGαβFµαFνβ fails for the same reason. Thus, the only non-minimal coupling
with second order equations of motion will be the coupling to the double dual Riemann
tensor Lαβγδ.
100
The most general action for a massless vector field on curved space-time with second
order equations of motion is therefore given by [170, 171, 172]
S =
∫
d4x
√−g
[
1
2
M2pR−
1
4
FµνF
µν +
1
4M2
LαβγδFαβFγδ
]
=
∫
d4x
√−g
[
1
2
M2pR−
1
4
FµνF
µν +
1
2M2
(
RFµνF
µν − 4RµνFµσF νσ +RµναβFµνFαβ
)]
,
(293)
with M representing the scale where this non-minimal coupling will be relevant. Note at
this stage, that if we contract the indices of the two field strength tensors in the other way,
namely LαγβδFαβFγδ, then we obtain the same type of interaction as above and it does
not correspond to a new term. We also did not want to consider parity violating terms of
the form LαβγδFαβF˜γδ. Another attempt might be to contract the double dual Riemann
tensor with two duals of F in the form LαβγδF˜αβF˜γδ. Since the dual of F contains an
additional Levi-Civita tensor, these contractions correspond to contracting F with the
Riemann tensor and therefore does not give rise to second order equations of motion. The
crucial fact to note here is that F is a closed form satisfying the Bianchi identities whereas
its dual does not, which therefore allows for LFF terms but not for LF˜ F˜ terms.
Summarizing, as Horndeski proved [170], and [172] rediscovered, the action (293) is
the most general action for the electromagnetic field with non-minimal coupling leading to
second order equations of motion and recovering Maxwell theory in flat spacetime. This
limit corresponds to taking spacetime curvature much smaller than M2 and suppressing
strongly the non-minimal coupling.
It is worth to mention that this non-minimal coupling can be also obtained from a
Kaluza-Klein reduction of the Gauss-Bonnet terms in five dimensions. In this way one does
not only generate LFF type of terms but also a quartic interaction term 1
M2
[(FαβF
αβ)2−
2Fαβ F
β
γ F
γ
δ F
δ
α]. It is interesting to note that this non-minimal coupling involves the same
type of terms that are obtained when introducing vacuum polarization corrections from
a curved background in standard electromagnetism [173]. In that case, the non-minimal
couplings are suppressed by the mass of the charged fermion running inside the loops
(typically the electron mass in standard QED).
Such radiative corrections will also arise if the vector field is coupled to some other
charged field of mass m. This means that the lightest possible particle charged under the
U(1) field should satisfy mM for those quantum corrections not to spoil the Horndeski
interaction. On the other hand, one might also wonder whether loop corrections involving
gravitons could spoil the Horndeski structure as well, since they will produce radiative
corrections of this type (i.e., terms linear in the curvature and quadratic in Fµν), but
without the appropriate coefficients. However, these corrections will be suppressed by the
Planck mass so that, for the action (293) to make sense as an effective field theory, we would
need to require M  Mp. This is a safe bound since we know that General Relativity
breaks down at the Planck scale anyways. These type of terms were also considered in
[174] as a possible mechanism for the generation of magnetic fields during inflation. This
becomes a possibility because the non-minimal interactions break the conformal invariance
of the Maxwell term in four dimensions.
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The Bianchi identities for the Riemann tensor and the field strength tensor guarantee
that the equations of motion are second order. The possible dangerous terms could come
from variation with respect to Aµ with derivatives applying on the Riemann tensor, namely
1
2EαβµνEγδρσ∇γRµνρσFαβδAδ. However, these terms cancel by the virtue of the Bianchi
identity for the Riemann tensor Rµν[ρσ;γ] = 0. Hence, the equation of motion for the vector
field is given by [
gµρgνσ − 1
M2
Lµνρσ
]
∇νFρσ = 0 , (294)
which can be also rewritten as
∇ν
[
Fµν − 1
M2
LµνρσFρσ
]
= 0, (295)
since the double dual Riemann tensor is divergence-free. The variation with respect to
the metric on the other hand results in the energy momentum tensor of the form
Tµν =
1
2M2
[
−RαβγδF˜αβF˜ γδgµν + 2RµβγδF˜ βν F˜ γδ + 4∇γ∇β
(
F˜µβF˜γν
)]
− FµαF αν +
1
4
gµνFαβF
αβ . (296)
In the above expression, the last term in the first line looks like a dangerous term with
higher order derivatives. However, on closer inspection one realizes its equivalent form
∇γ∇β
(
F˜µβF˜ γν
)
= RµλβγF˜
λβF˜ γν +RλγF˜
µλF˜ γν +∇γF˜µβ∇βF˜ γν . (297)
As it becomes clear from this expression, only second order derivatives are involved. As
mentioned above, in four dimensions this Horndeski interaction is the unique interaction
between a massless vector field and tensor field with second order equations of motion
without introducing any ghostly degree of freedom.
9.2. Generelised Proca theories in curved spacetime
A natural fellow-up question is how we can couple in a similar way a massive vector field
to gravity from the lessons that we learned for the massless case. Unless the latter case,
for massive vector fields we have seen that we can construct Galileon type of derivative
interactions on flat spacetime. We have to pay a special attention in the presence of
gravity in order to maintain the equations of motion second order. Promoting naively
the partial derivatives of the interactions in section 8.4 to covariant derivatives would
yield higher order equations of motion. However, we can compensate for this by adding
non-minimal couplings to gravity as counter-terms. For this, we shall use the allowed
couplings to the divergenceless tensors multiplied with an overall function. Since the pure
Stueckelberg field sector belongs to the scalar Horndeski interactions, we can borrow the
same reasoning for the vector field.
On the other hand, for the interactions with explicit couplings of the Stueckelberg
to the transverse modes we have to find the corresponding non-minimal couplings. The
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generalisation of the derivative self-interactions in equation (267) to a curved spacetime
results in
Lcurvedgen.Proca = −
1
4
√−gF 2µν +
√−g
6∑
n=2
Ln (298)
where this time the interactions Ln become [63, 66]
L2 = G2(Aµ, Fµν)
L3 = G3(X)∇µAµ
L4 = G4(X)R+G4,X
[
(∇µAµ)2 −∇ρAσ∇σAρ
]
L5 = G5(X)Gµν∇µAν − 1
6
G5,X
[
(∇ ·A)3
+ 2∇ρAσ∇γAρ∇σAγ − 3(∇ ·A)∇ρAσ∇σAρ
]
− g5(X)F˜αµF˜ βµ∇αAβ
L6 = G6(X)Lµναβ∇µAν∇αAβ + G6,X
2
F˜αβF˜µν∇αAµ∇βAν (299)
with ∇ denoting the covariant derivative, X = −12A2 and Lµναβ the double dual Riemann
tensor with the notation Lµναβ = −12Lµναβ = 14EµνρσEαβγδRρσγδ. We can rewrite the
second Lagrangian G2(Aµ, Fµν) as a function of three independent variables X, Y =
AµAνFµ
αFνα and F = −14FµνFµν and we shall ignore parity violating terms of the form
FµνF˜
µν . Hence, the function G2 becomes G2(X,Y, F ) [63, 169]. In addition, one could
also consider non-minimal couplings of the form GµνAµAν in G2. This term is fine on its
own due to the absence of any time derivative of the temporal component of the vector
field. Nevertheless, this type of interactions can be included in L4 after integration by
parts.
Note, that these interactions are the most general interactions giving rise to second
order equations of motion up to disformal transformations. The non-minimal couplings
G4(X)R, G5(X)Gµν∇µAν and G6(X)Lµναβ∇µAν∇αAβ are needed in order to cancel
the higher order contributions from the counterparts of the covariantization of the self-
interactions. However, for the interaction G˜5(Y )F˜
αµF˜ βµ∇αAβ in L5 there is no need
to introduce a non-minimal coupling as counter-term, since this term is linear in the
connection. In fact, the same is true also for the interaction L3. We can write both
contributions as (G3g
µν − G˜5F˜µαF˜ να)∇µAν .
The above interactions rewritten in terms of Fµν and Sµν reveals the different nature
of the interactions, especially those that have the pure intrinsic vector contribution that
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does not have the scalar correspondence [66]
L2 = Gˆ2(X,F, Y ) (300)
L3 = 1
2
G3(X)[S]
L4 = G4(X)R+G4,X [S]
2 − [S2]
4
L5 = G5(X)
2
GµνSµν − G5,X
6
[S]3 − 3[S][S2] + 2[S3]
8
+ g5(X)F˜
µαF˜ ναSµν
L6 = G6(X)LµναβFµνFαβ + G6,X
2
F˜αβF˜µνSαµSβν .
In these Lagrangians, the scalar Horndeski counter part corresponds to taking Sµν →
2∇µ∇νpi. The purely vector nature survives in the couplings pi with F˜µν in the interactions
g5 in L5 and G6 in L6. For the equations of motion to be of second order nature, the way
how the derivatives apply on S at the level of equations of motion plays a crucial role. As
long as they satisfy the following relation
2∇[αSβ]γ =[∇α,∇β]Aγ + [∇α,∇γ ]Aβ − [∇β,∇γ ]Aα +∇γFαβ (301)
the equations of motion will be second order.
9.3. Beyond Generalized Proca theories
The previous construction relied on the restriction of second order equations of motion.
In order to maintain this property on curved space-time, we have included non-minimal
couplings to gravity. In fact, we can construct more general interactions by removing
this restriction. Following the spirit of beyond Horndeski construction for scalar fields in
section7.3, we can construct similar beyond generalized Proca interactions. Even if higher
order equations of motion arise, the interactions are such that the presence of a constraint
equation guarantees the right number of propagating degrees of freedom. The crucial point
is that the temporal component of the vector field does not receive dynamics. Including
this type of beyond generalized Proca interactions, the action becomes [67]
S =
∫
d4x
√−g
(
LF +
6∑
i=2
Ln + LN
)
, (302)
with the generalized Proca interactions Ln from equation (299) and the new beyond gen-
eralized Proca interactions
LN = LN4 + LN5 + L˜N5 + LN6 , (303)
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where the introduced Lagrangians stand for
LN4 = f4(X)δˆβ1β2β3γ4α1α2α3γ4Aα1Aβ1∇α2Aβ2∇α3Aβ3 , (304)
LN5 = f5(X)δˆβ1β2β3β4α1α2α3α4Aα1Aβ1∇α2Aβ2∇α3Aβ3∇α4Aβ4 , (305)
L˜N5 = f˜5(X)δˆβ1β2β3β4α1α2α3α4Aα1Aβ1∇α2Aα3∇β2Aβ3∇α4Aβ4 , (306)
LN6 = f6(X)δˆβ1β2β3β4α1α2α3α4∇β1Aβ2∇α1Aα2∇β3Aα3∇β4Aα4 , (307)
with δˆβ1β2γ3γ4α1α2γ3γ4 = Eα1α2γ3γ4Eβ1β2γ3γ4 , and the functions f4,5,6, f˜5 depend onX = −1/2AµAµ.
The detuning between the relative coefficients of the non-minimal couplings to gravity and
the derivative self interactions through the presence of LN results in higher order equations
of motion. However, the number of propagating degrees of freedom still remain five in total.
Besides the systematical construction in terms of the Levi-Civita tensors, one can on a
similar footing consider all the possible contractions between the fields and their derivatives
with arbitrary coefficients but constrain those afterwards such that the determinant of the
Hessian matrix vanishes and similarly the Hamiltonian possesses a constraint equation. In
fact exactly this reasoning was applied in section 8.4 to construct the generalized Proca
interactions L4,5,6 as an alternative to the construction with the Levi-Civita tensors. In
[68] this approach was applied to construct the corresponding interactions up to L4 on
curved space-time with new contributions
S =
∫
d4x
√−g (fR+G2 +G3∇µAµ + C4) , (308)
where C4 = 4Cµνρσ∇µAν∇ρAσ and the tensor Cµνρσ is the most general tensor constructed
out of the metric gµν , the vector field Aµ and the Levi-Civita tensor and the contraction
with ∇A and can be written in terms of Sµν and Fµν as
C4 = a1SµνSµν + a2[S]2 + a3AµAνSµν [S] + a4AµAνSµρSνρ+ a5(AµAνSµν)2
+ a6FµνF
µν + a7A
µAνFµρFνρ+ a8A
µAνFµρSνρ+ a9FµνF˜
µν . (309)
The last term is parity violating and we can ignore it in the following. The parameters ai
and f are functions of X and are arbitrary. We have to impose the necessary conditions on
these parameters in order to guarantee the presence of a constraint equation, that would
remove the temporal component of the vector field. For this purpose, let us assume the
ADM form for the metric gµν = γµν − nµnν with the induced metric γµν and the normal
vector nµ. Similarly, we can decompose the vector field as Aµ = −nµnνAν + γµνAν . The
associated extrinsic curvature is given by Kµν = γµ
ργν
σ∇ρnσ. In terms of these variables
we can work out the conditions for the vanishing of the Hessian matrix or similarly the
degeneracy condition of the kinetic matrix K. It turns out that the determinant of the
kinetic matrix can be brought into the following form [68]
detK = D0(X) +D1(X)(nµAµ)2 +D2(X)(nµAµ)4 , (310)
with the D0 function given by
D0(X) =
(a1 + a2)
16
D(f, a1, a2, a4, a8, b1) with b1 = −2a6 − a7X. (311)
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where the function D depends on all the variables in the parenthesis. Similarly, the
function D1 can be decomposed into three parts
D1(X) = E1(f, a1, a2, X)a28+E2(f, fX , a1, a2, a3, a4, a5, X)a8+E3(f, fX , a1, a2, a3, a4, X, β) .
(312)
The expression of D2 on the other hand is such that it satisfies the following relation
D1 −XD2 = −(f − a1X)
16X
(2a1 +X(a4 + a8)− β)
[
4(a1 + a2 + (a3 + a4)X + a5X
2)
×(2f + (a1 + 3a2)X)− 3X(2a2 + 4fX + a3X)2
]
+
D0
X
. (313)
In order to have vanishing determinant of the kinetic matrix, we have to impose the
degeneracy condition
D0 = D1 = D2 = 0 . (314)
From the vanishing of D0, we immediately observe that there are two options. The first
option is setting a2 = −a1, which we were obtaining from the systematical construction
in terms of the Levi-Civita tensors and corresponds to [S2] − [S]2. The second option is
to set the function D = 0, which represents new type of interactions. A subclass of the
generalized Proca interactions in (299) is equivalent to choosing f = G4, a1 = −a2 = 2G4,X
and a3 = a4 = a5 = a8 = 0 and satisfies the degeneracy condition. In fact, the kinetic
matrix in this case takes the simple form
Kµν =

0 0 0 0
0 K22 0 K24
0 0 0 K34
0 K24 K34 K44
 . (315)
The exact expression for the non-zero components is irrelevant here (see [68] for more
detail). The crucial point is that the determinant of the kinetic matrix vanishes repre-
senting the presence of a constraint that removes the fourth degree of freedom of the
vector field. The same property is also observed if we include the fourth order beyond
generalized Proca interaction LN4 . In this case, the parameters correspond to f = G4,
a1 = −a2 = 2G4,X + f4X, a3 = −a4 = 2f4 and a5 = a8 = 0 and the kinetic matrix
modifies into
Kµν =

0 0 0 K14
0 K22 0 K24
0 0 0 K34
K14 K24 K34 K44
 . (316)
The determinant of this matrix vanishes as well and this proves that the beyond generalized
Proca interactions up to quartic order are degenerate. These two examples show nicely,
how the condition of vanishing Hessian matrix or equivalently the vanishing of the kinetic
matrix permits to construct the allowed vector interactions also on curved space-time.
The set of allowed interactions up to quartic order fulfilling the degeneracy condition has
been classified in [68] and summarized into a nice figure shown in figure 14 . Similar ADM
and Hamiltonian analysis can be done for the quintic and sixth order generalised Proca
and beyond generalised Proca interactions.
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Figure 14: This figure is taken from [68] and shows the classification of different interactions fulfilling the
degeneracy condition.
9.4. Vainshtein mechanism in generalised Proca
Theories with derivative self-interactions as the Galileon or helicity-0 mode of massive
gravity strongly rely on the successful implementation of the Vainshtein mechanism, as
we saw in section 6.2. The longitudinal mode of the massive vector field also carries
derivative self-interactions, therefore it becomes crucial to study how the longitudinal
mode gravitates on spherically symmetric backgrounds. This was exactly performed in
[175] and it was shown that the cubic-order self-interactions lead to the suppression of the
longitudinal mode through the Vainshtein mechanism even in the presence of the auxiliary
temporal component.
Let us consider the line element of the spherically symmetric and static background
ds2 = −e2Ψ(r)dt2 + e2Φ(r)dr2 + r2 (dθ2 + sin2 θ dϕ2) and matter field configuration with
density ρm(r) and pressure Pm(r), and similarly the vector field configuration A
µ =(
φ(r), e−2Φχ′(r), 0, 0
)
. As a proof of concept it will be sufficient to consider only the
interactions up to cubic order L2 and L3 in equation (299) with G4 = M2Pl/2. The vector
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field equations are given by
1
r2
d
dr
(r2φ′)− e2ΦG2,Xφ−G3,Xφ 1
r2
d
dr
(r2χ′) + 2φ
(
Ψ′′ + Ψ′2 −Ψ′Φ′)
−
(
φχ′G3,X − 3φ′ − 4φ
r
)
Ψ′ +
(
φχ′G3,X − φ′
)
Φ′ = 0 , (317)
χ′G2,X +
(
e2Ψφφ′ +
2
r
e−2Φχ′2
)
G3,X +
(
e2Ψφ2 + e−2Φχ′2
)
G3,XΨ
′ = 0 . (318)
In order to facilitate the computation, we can focus on the functions G2 = m
2X and
G3(X) = β3X with an arbitrary parameter β3. The matter field equation is simply the
continuity equation P ′m+ Ψ′(ρm+Pm) = 0. In order to be in agreement with local gravity
experiments, we have to impose that the gravitational potentials Φ and Ψ are close to
those in General Relativity.
Let us approximate the matter density as ρm(r) ∼ ρ0 for r < r∗ and ρm(r) ∼ 0 for
r > r∗, thus, with an abrupt change at r∗. In the regime of weak gravity, the interior
solutions r < r∗ for Φ and Ψ are ΦGR ' ρ0r26M2Pl and ΨGR '
ρ0
12M2Pl
(
r2 − 3r2∗
)
, respectively,
and the exterior solutions are ΦGR ' ρ0r
3∗
6M2Plr
and ΨGR ' − ρ0r
3∗
6M2Plr
for r > r∗. Plugging these
interior and exterior solutions in the vector field equations (317)-(318), and restricting the
solutions to the form φ(r) = φ0 + f(r), we can find analytical approximative solutions for
φ and χ
φ(r) = φ0
[
1− B ρ0
6M2Pl
r2
]
and χ′(r) =
√
ρ0φ20
6M2Pl
[
B − 1
2
]
r . (319)
in the interior regime r < r∗, where we introduced the short-cut notations B ≡ (1 +
b3)
(
1−
√
b3
1+b3
)
and b3 =
3(β3φ0MPl)
2
4ρ0
. From these solutions, it becomes clear that the
screening effect is efficient to suppress the propagation of the longitudinal mode for large
coupling |β3|.
Similarly, using the weak gravity exterior solutions for ΦGR and ΨGR, we can also
estimate the solutions for φ and χ in the exterior regime for r > r∗
φ′(r) = − ρ0φ0r
3∗
3M2Plr
2
Bb˜3 and χ′(r) =
√
ρ0r3∗φ20
6M2Plr
[
Bb˜3 −
1
2
]
. (320)
where Bb˜3 is B with respect to the rescaled b˜3 ≡ b3 r
3
r3∗
. Now, we have to distinguish between
the strength of the coupling constant. For b3  1 (or equivalently b˜3  1), the two vector
modes acquire φ′(r) ' − ρ0φ0r3∗
6M2Plr
2 and χ
′(r) ' ρ0r3∗
6β3M2Plr
2 for r > r∗. For b3 . 1 there is a
transition radius rV = r∗/b
1/3
3 , the Vainshtein radius, where the longitudinal mode changes
its r dependence. For distances r∗ < r  rV , the profiles of the two vector fields change
to φ′(r) ' − ρ0φ0r3∗
3M2Plr
2 and χ
′(r) '
√
ρ0r3∗φ20
12M2plr
, respectively. For distances r  rV we have
b˜3  1 and the longitudinal mode decreases faster than in the regime r∗ < r  rV with
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a suppressed amplitude. Above the Vainshtein radius χ′(r) decays quickly. Summarising,
for large coupling constants b3  1 the longitudinal mode is strongly suppressed both in
the interior and exterior regimes due to a efficient Vainshtein mechanism. On the other
hand, for sβ3 . 1, the Vainshtein screening of the longitudinal mode becomes efficient for
large distances r > rV . This is an intriguing property of the vector Galileon. It is very
interesting that the suppression of the longitudinal mode happens outside the radius rV
for small |β3| and gives a unique opportunity to test this feature of the vector Galileons.
For more detail we refer the reader to [175]. These analytical estimations have been also
numerically confirmed there, which is shown in figure 15.
Figure 15: This figure is taken from [175] and shows the numerical solutions to y = φ/φ0, −dy/dx, and
z = χ′/φ0 as a function of x = r/r∗ for the matter profile ρm = ρ0e−4r
2/r2∗ with Φ∗ = 10−4. The left panel
corresponds to b3 = 10
−4 and the right panel to b3 = 1, and the two vertical lines denote the scales r = r∗
and rV = 20r∗, respectively. The numerical solutions confirm the analytical estimations made in the main
text.
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10. Scalar-Vector-Tensor theories
In the previous sections we have discussed the consistent constructions of scalar-tensor
and vector-tensor theories constituting the scalar Horndeski and the generalised Proca
theories (and beyond). These theories initiated a lot of activities in the literature. A crucial
step towards unifying these two important classes of gravity theories, the Horndeski and
generalised Proca theories, was attempted in [71]. The resulting Lagrangian corresponds
to the most general scalar-vector-tensor theories with second order equations of motion,
for both the gauge invariant and the gauge broken cases. This opens a new area of
research and has also important implications for a broad spectrum of different research
areas, including the application to inflation and generation of primordial magnetic fields,
new black hole and neutron star solutions, dark matter and dark energy. The presence of
both the scalar and vector field allows for richer phenomenology. We shall start with the
construction of the scalar-vector-tensor theories with gauge invariance.
10.1. Gauge invariant scalar-vector-tensor theories
We can start the analysis with the restricted case, where the vector field is gauge in-
variant. We ask ourselves the question: what is the most general Lagrangian for a scalar
field, a diffeomorphism invariant tensor field and a U(1) gauge field with derivative inter-
actions, that gives rise to second order equations of motion with five physical degrees of
freedom. The restriction of gauge invariance shrinks the number of allowed interactions
considerably. Our knowledge about the consistent construction of generalized Proca the-
ories will be very useful for figuring out the allowed interactions for the gauge invariant
scalar-vector-tensor theories.
The construction of the generalized Proca interactions is based on the breaking of
gauge invariance of the vector field, which nonetheless can be reintroduced by a scalar
Stueckelberg field. In this way, the same interactions can be alternatively written as scalar-
vector theories. By construction, the scalar Stueckelberg field appears only via derivatives
and therefore has the shift symmetry. Promoting these interactions to the more general
case with broken shift symmetry will allow us to construct the desired scalar-vector-tensor
theories with the genuine new couplings between the scalar field and the vector field. The
relative tuning of the interactions with derivative dependence of the Stueckelberg field
does not require any additional adjustment for those, which break the shift symmetry.
The arising action of the scalar-vector-tensor theories is given by [71]
S = SST + SSVT, (321)
with the well known scalar-tensor interactions in SST being the Horndeski interactions
that we saw in section 7. For the sake of easier presentation we recall them here again.
Note that we will treat the quadratic Horndeski L2ST separately from the rest and hence
the pure Horndeski part starts from i = 3, SST =
∫
d4x
√−g∑5i=3 LiST with
L3ST = G3[Π] (322)
L4ST = G4R+G4,X
(
[Π]2 − [Π2])
L5ST = G5GµνΠµν −
G5,X
6
(
[Π]3 − 3[Π][Π2] + 2[Π3]) .
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As usual, the functions G3,4,5(pi,X) depend on the scalar field pi and its derivatives X =
−12(∂pi)2, with Gi,X = ∂Gi/∂X and Gi,pi = ∂Gi/∂pi. Since the vector field Aµ is gauge
invariant, it will only appear via the gauge invariant field strength Fµν = ∇µAν −∇νAµ
and its dual F˜µν = 12
µναβFαβ.
We can construct the corresponding scalar-vector-tensor Lagrangians order by order
as SSVT =
∫
d4x
√−g∑4i=2 LiSVT. We can start with the simplest quadratic Lagrangian,
which does not carry any second derivative for the scalar Stueckelberg field. The second
order Lagrangian of the scalar-vector-tensor theories is given by an arbitrary function of
the form L2 = f2(pi, ∂µpi, Fµν , F˜µν) [63, 169]. We can use these four arguments in order
to build independent scalar quantities. These are given by X, F = FµνF
µν , F˜ = FµνF˜
µν
and Y = ∂µpi∂νpiF
µαF να. Therefore, we can write the second order Lagrangian of the
scalar-vector-tensor theories as
L2SVT = f2(pi,X, F, F˜ , Y ) . (323)
The dependence on pi and X allows us to include the second order Lagrangian of the
Horndeski L2ST = G2(pi,X) directly here. For this reason we had omitted it in (322).
The scalar quantities ∂µpi∂νpiF˜
µαF˜ να and ∂µpi∂νpiF
µαF˜ να do not represent independent
contractions and are already included in the scalar quantities in f2.
So far, the interactions carry only one derivative per field. More interesting interactions
arise when we allow two derivatives per field, but they require more caution. New genuine
couplings between the scalar Stueckelberg field and the gauge field can be constructed
imposing consistent conditions on their symmetries and coupling tensors. First of all, let
us start with the linear interaction in ∇∂pi. This object can be coupled to a symmetric
rank-2 tensor viaMµν3 ∇µ∂νpi, which can only depend on ∂µpi, F˜µν and gµν . For the absence
of Ostrogradski instabilities it is crucial to avoid higher time derivatives, therefore M003
should not have any other time derivatives than p˙i and contain the gauge field only via
F˜ 0αF˜ 0α ∼ B2. These requirements uniquely determines the third order Lagrangian of the
scalar-vector-tensor interactions to be of the form
L3SVT =Mµν3 ∇µ∂νpi (324)
with the symmetric rank-2 tensor Mµν3 given by
Mµν3 =
(
f3(pi,X)gρσ + f˜3(pi,X)∂ρpi∂σpi
)
F˜µρF˜ νσ . (325)
with the arbitrary free functions f3 and f˜3, that depend on X and pi.
The next order interactions quadratic in ∂2pi can be constructed in a similar way. The
forth order Lagrangian of the scalar-vector-tensor interactions results in
L4SVT =
(
Mµναβ4 ∇µ∂αpi∇ν∂βpi + f4(pi,X)LµναβFµνFαβ
)
(326)
with the double dual Riemann tensor Lµναβ and the four-rank tensorMµναβ4 of the form
Mµναβ4 =
(
1
2
f4,X + f˜4(pi)
)
F˜µνF˜αβ . (327)
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The part of the X dependence requires the introduction of the non-minimal coupling to
have second order equations of motions, but not the pi dependence, therefore the additional
f˜4 dependence can be included.
Summarising, the general scalar-vector-tensor theories with gauge invariance and sec-
ond order equations of motion can be constructed as S = ∫ d4x√−g (∑5i=3 LiST +∑4i=2 LiSVT)
with the pure scalar sector LiST and the genuine scalar-vector-tensor interactions LiSVT
L2SVT = f2(pi,X, F, F˜ , Y ) (328)
L3SVT = Mµν3 ∇µ∂νpi
L4SVT = Mµναβ4 ∇µ∂αpi∇ν∂βpi + f4(pi,X)LµναβFµνFαβ .
These interactions give rise to second order equations of motion, for both the scalar and
gauge field and there are five propagating degrees of freedom. It is worthwhile to mention
that the pure gauge invariant vector-tensor theories are recovered in the limit of a constant
scalar field. The standard Horndeski vector interactions
√−gLµναβFµνFαβ arises in the
case f4 = constant. In [176] it has been shown, that these gauge invariant scalar-vector-
tensor theories admit interesting black hole solutions with scalar and vector hair and stable
perturbations [177].
10.2. Scalar-vector-tensor theories with broken gauge invariance
So far the constructed interactions were scalar-vector-tensor theories with U(1) gauge
invariance. Removing this restriction allows for the construction of more general inter-
actions. In the broken gauge case, the vector field enters also via the tensor Sµν =
∇µAν +∇νAµ apart from the field strength tensor Fµν and its dual F˜µν . We also intro-
duce an effective tensor given by
Gµνfnj = fn1(pi,Xi)gµν + fn2(pi,Xi)∂µpi∂νpi + fn3(pi,Xi)AµAν + fn4(pi,Xi)Aµ∂νpi (329)
where i = 1, 2, 3 and j = 1, 2, 3, 4 and the subscript fnj denotes the four different arbitrary
functions of pi and Xi, where the latter represent the scalar quantities X1 = −12(∂pi)2,
X2 = −12∂µpiAµ, X3 = −12AµAµ, respectively. The quadratic Lagrangian can be an
arbitrary function of the following form
L2,ngSVT = f2(pi,X1, X2, X3, , F, F˜ , Y1, Y2, Y3) , (330)
where Yi represent the scalar quantities Y1 = ∂µpi∂νpiF
µαF να, Y2 = ∂µpiAνF
µαF να, Y3 =
AµAνF
µαF να. This is a natural extension of the gauge invariant quadratic scalar-vector-
tensor theories in (323) to the gauge broken case. The crucial difference comes in the
i-dependence of the functions X and Y . With the help of the effective tensor introduced
in (329), we can construct the cubic Lagrangian using some of its functional dependence.
The interactions correspond to scalar quantities constructed out of Sµν and the disformal
part of the effective metric. For the cubic interactions, the general form of the effective
metric gets restricted to the disformal transformation gµν +AµAν and the X3 dependence
only
L3,ngSVT =
(
f31(pi,X3)g
µν + f32(pi,X3)A
µAν
)
Sµν (331)
112
with the two different functions f31 and f32 depending on pi and X3. As usual the cubic
interactions do not require any non-minimal coupling since the connection appears linear.
More caution will be needed for the quartic Lagrangian, since it again requires the presence
of non-minimal coupling to the Ricci scalar
L4,ngSVT = f4(pi,X3)R+ f4,X3S2 (332)
where S2 = ([S]
2− [S2])/4 is the standard quadratic elementary polynomial of Sµν . Note,
that the X3 dependence again surfaces as the unique scalar quantity out of the Xi and
requires the relative tuning to the non-minimal coupling to the gravity sector as we saw
for the generalised Proca interactions. In a similar way we can construct the next order
interactions. Again, the X3 dependent part of the interactions needs the introduction of
a counterpart in form of a non-minimal coupling to the Einstein tensor
L5,ngSVT =
f5(pi,X3)
2
GµνSµν − f5,X3
6
S3
+ Mµν5 ∇µ∂νpi +N µν5 Sµν (333)
where S3 = ([S]
3 − 3[S][S2] + 2[S3])/8 and the rank-2 tensors are given by
Mµν5 = Gh5jρσ F˜µρF˜ νσ and N µν5 = Gh˜5jρσ F˜µρF˜ νσ . (334)
Thus, the ∇µ∂νpi and Sµν dependent parts of the Lagrangian come in with different
independent functions h5j and h˜5j , respectively. As it was pointed out in [71], the naive
explicit dependence on all the hnj functions would introduce dynamics for the temporal
component of the vector field on a general background and therefore needs an additional
caution. In order for this not to happen, the dependence of Mµν5 would need to be
restricted to X1 only and similarly the dependence of N µν5 to X3. Thus, the forms of the
rank-2 tensors in equation (334) have to be further restricted down to
Mµν5 =
(
h51(pi,X1)gρσ + h52(pi,X1)∂ρpi∂σpi
)
F˜µρF˜ νσ (335)
N µν5 =
(
h˜51(pi,X3)gρσ + h˜52(pi,X3)AρAσ
)
F˜µρF˜ νσ . (336)
Last but not least, we can construct the sixth order Lagrangian with genuine scalar-
vector-tensor interactions and non-minimal coupling to gravity as
L6,ngSVT = f6(pi,X1)LµναβFµνFαβ +Mµναβ6 ∇µ∂αpi∇ν∂βpi
+ f˜6(pi,X3)L
µναβFµνFαβ +N µναβ6 SµαSνβ (337)
with the tensors M6 and N6 given by
Mµναβ6 = 2f6,X1F˜µνF˜αβ and N µναβ6 =
1
2
f˜6,X3F˜
µνF˜αβ . (338)
with the two different functions f6 and f˜6 respectively.
113
Summarising, the general scalar-vector-tensor theories with broken gauge invariance
is given by S = ∫ d4x√−g (∑5i=3 LiST +∑4i=2 LiSVT) with the pure scalar sector LiST as
before and the new scalar-vector-tensor interactions LiSVT
L2,ngSVT = f2(pi,X1, X2, X3, F, F˜ , Y1, Y2, Y3) (339)
L3,ngSVT =
(
f31(pi,X3)g
µν + f32(pi,X3)A
µAν
)
Sµν
L4,ngSVT = f4(pi,X3)R+ f4,X3S2
L5,ngSVT =
f5(pi,X3)
2
GµνSµν − f5,X3
6
S3
+ Mµν5 ∇µ∂νpi +N µν5 Sµν
L6,ngSVT = f6(pi,X1)LµναβFµνFαβ +Mµναβ6 ∇µ∂αpi∇ν∂βpi
+ f˜6(pi,X3)L
µναβFµνFαβ +N µναβ6 SµαSνβ .
Since the vector sector of the interactions does not carry any gauge invariance, there are
six propagating degrees of freedom in this case (two tensors, two vectors and two scalars).
Note, that we can obtain the same scalar-vector-tensor interactions from the decoupling
limit of the multi-Proca theories, that we will discuss in the next section. We believe that
these scalar-vector-tensor theories will have very rich applications to cosmology, specially
to the early universe cosmology and dark matter phenomenology. The first application to
cosmology (inflation and dark energy) has been studied in [178].
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11. Set of vector fields
In the previous constructions of the vector field interactions, we were considering a
single vector field. For the gauge invariant vector field, we saw that one can not construct
vector Galileon derivative self-interactions for a single gauge field and the unique consis-
tent non-minimal coupling on curved space-time is via the double dual Riemann tensor.
Breaking explicitly the gauge invariance allowed us to construct the generalized Proca
interactions in the same spirit as the Galileon/Horndeski interactions. In this section we
would like to consider a set of vector fields and their interactions, for both non-abelian
gauge invariant and broken cases.
11.1. Non-abelian vector fields
One immediate interesting question worth investigating is how massless vector fields
can interact in a consistent way. In fact, some of the fundamental particles of the Standard
Model of Particle Physics are non-abelian gauge fields. These are the very well known
Yang-Mills theories. Consider a set of massless vector fields Aaµ, where a denotes the
index of the field space. The consistent Lagrangian arises after the successful extension of
the abelian vector field to the case of non-abelian vector field
L = −1
4
GabFaµνFbµνgµαgνβ , (340)
where Gab is the metric of the field space and Faµν = F aµν + gcfabcAbµAcν with F aµν =
∂µA
a
ν − ∂νAaµ and gc is the coupling constant of the non-abelian field and fabc are the
structure constants of the Lie algebra of the isometry group of Gab.
The generators Ta of the Lie algebra satisfy [Ta, Tb] = ifab
cTc. The non-abelian vector
fields correspond to nothing else but given values in the Lie algebra of the group and
under an isometry transformation with parameters θa they transform in the adjoint rep-
resentation Aaµ → Aaµ + fbcaθbAcµ− ∂µθa/gc, i.e., representing a connection. With this one
can then define the covariant derivative as Dµ ≡ ∂µI − igcAaµTa, with the commutation
relation [Dµ, Dν ] = −igcFaµνTa.
Apart from the standard Lagrangian of the Yang-Mills theories (340), a natural ques-
tion is whether these theories could be extended further in order to have derivative self-
interactions of the non-abelian gauge fields. As it was shown in [166], unfortunately the
first non-trivial interactions arise in five dimensions and hence in four dimensions one can
not construct derivative self-interactions while still retaining the non-abelian gauge sym-
metry. Hence, there is a similar No-go result in four dimensions as for the abelian gauge
fields (as we saw in section 8.3). This is easily understood in terms of the Levi-Civita
tensors. If we want to construct Galileon type of interactions for the non-abelian gauge
field, because of the space-time index of the derivative in ∂µF
a
αβ, we need to contract the
terms with the Levi-Civita tensors with five indices
S =
∫
d5x µναβρκδηχσF aµνFaκδ∂αF
b
ηχ∂σFbβρ . (341)
Such non-abelian Galileon interactions could be useful for constructing higher dimensional
gravity theories.
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11.2. Multi-Proca fields
How about if we break the non-abelian gauge symmetry? Can we then construct
derivative self-interactions for a set of massive vector fields in four dimensions in the same
spirit as generalised Proca theories? When we add a mass term to the above Lagrangian
in equation (340), we break the non-abelian gauge symmetry explicitly
L = −1
4
GabFaµνFbµν −
1
2
GabAaµAbµ. (342)
For the set of these massive vector fields one can indeed construct Galileon type of inter-
actions. The mass term breaks the non-abelian gauge symmetry but it keeps the original
global symmetry. In the following we shall consider only terms that have a global ro-
tational symmetry, the SO(3) invariance, as a remnicient of the original SU(2) gauge
symmetry with Gab = δab and fabc = abc. As in the abelian Proca case, we will make use
of F aµν and S
a
µν ≡ ∂µAaν + ∂νAaµ to distinguish between different interactions.
For the construction of the consistent derivate self-interactions for a set of massive
vector fields, we can again make use of the antisymmetric Levi-Civita tensors and consider
all the possible contractions order by order in ∂µA
a
ν and in vector fields without derivatives
in the schematic form EµναβEρσγδ∂µAaρ · · ·AbνAcσ · · · [69]. Since we want to maintain the
internal global SO(3) symmetry, we will also consider all the possible contractions of the
internal indices with δab and abc. For now, we shall not consider parity violating terms.
As it was the case for the single Proca field, we can collect all the non-abelian gauge
invariant terms or terms that do not have any dynamics for the temporal component of
the vector fields into the function
L2 = f2(Aaµ, F aµν) . (343)
To first order in ∂µA
a
ν without any additional vector fields, we can not construct
a Lorentz scalar with global SO(3) symmetry since the internal index remains without
contruction. It means that at this order we have to add an even number of vector fields
without derivatives in the schematic form [EE∂AA2n] with n 6= 0 in order to construct
such Galileon interactions. This is different from the single Proca field case where we
could construct ∂µA
µ (or equivalently [S]) at this order due to the absence of the internal
index. For n = 1 on the other hand we can construct the terms
L(2A)3 = f3,1EµναβEρσαβ∂µAaρAbνAcσabc + f3,2EµναβEρσαβ∂µAaνAbρAcσabc (344)
with f3,i being scalar functions of the vector fields. Since we have three group indices,
we can only contract the possible interactions with the antisymmetric abc tensor. As
a consequence, these terms simply correspond to F aµνA
µ
bA
ν
c a
bc and hence are already
included in equation (343). This on the other hand means that we can not generate terms
of the form [SAA], which is very different with respect to the single Proca field case, where
this was possible. In order to be able to construct the first non-trivial interactions at this
order, we need to consider four vector fields without derivatives with n = 2. However, if
these four vector fields indices are contracted with the Levi-Civita tensors, then we will
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only generate [FA4] terms. To be more precise, if we consider the following interactions
L(4A)3 ⊃ g3,1EµναβEρσδβ∂µAaρAbνAcσAdαAeδabcδde + g3,2EµναβEρσδβ∂µAaνAbαAcρAdσAeδabcδde ,
(345)
where the four vector fields without derivatives are contracted with the two Levi-Civita
tensors as well, then all the generated terms contain only F contracted with the vector
fields, hence we again would only have terms of the form [FA4], which already belong to
(343). We have now five group indices and we can contract them only with abc and δde.
For the construction of interactions of the type [SA4], we need to contract the Lorentz
indices of two vector fields among themselves, like so
L(4A)3 ⊃ g3,3EµναβEρσαβ∂µAaρAbνAcσAdδAeδabeδcd. (346)
Besides the contributions [FA4], the above contraction generates a new interaction term
with the structure
L(4A)3 = g3SaµνAbµAdνAcαAeαδdeabc, (347)
with g3 again standing for a scalar function of the vector fields. We can continue with the
next interactions with six vector fields without derivatives corresponding to n = 3, where
the interactions have the schematic form [EE∂AA6]. In the same way as previously if we
contract all of the Lorentz indices of the vector fields with the two Levi-Civita tensors,
like so EµναβEρσδγ∂µAaρAbνAcσAdαAeδAfβAgγ , then we will be only constructing terms of the
form [FA6], which we had grouped into L2. For generating terms of the form [SA6] we
again have to consider contractions of the Lorentz indices of the vectors with no derivatives
among themselves
L(6A)3 = EµναβEρσαβ∂µAaρAbνAcσAdλAeλAfδAgδ
(
h3,1abdδcfδeg + h3,2bdfδaeδcg + h3,3abeδcdδfg
)
,
(348)
with h3i being a scalar function of the vector fields. Up to terms [FA
6], the new interactions
arising from these contractions are
L(6A)3 = SaµνAbµAcνAdαAeαAfβAgβ
(
h3,1abdδcfδeg + h3,2bdfδaeδcg + h3,3abeδcdδfg
)
. (349)
At this point it is worth to emphasize that we can always add additional pairs of vector
fields with the Lorentz indices contracted among themselves but not the internal indices,
since this would correspond to simply promoting δab → δab+AaαAαb or ηµν → ηµν+AaµAaν .
In this way one can construct terms of the form [SA8] and [SA10]... etc.
These techniques used to construct the interactions in first order of (∂A) in a systematic
way, can be easily extended to the higher order terms in (∂A). As next, let us construct
the corresponding interactions to second order in the derivative [EE∂A∂AA2n]. Since we
have now two internal indices, that can be simply contracted with δab, we can construct
terms with n = 0
L(0A)4 = f4,1EµναβEρσαβ∂µAaρ∂νAbσδab + f4,2EµναβEρσαβ∂µAaν∂ρAbσδab. (350)
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The last interaction is just F 2, which is again included in L2. On the contrary, from the
first interaction we obtain the direct extension of the single Proca case to the multi-Proca
case preserving the global symmetry
L(0A)4 = f4
(
SaµνS
bµν − Saµµ Sbνν
)
δab. (351)
Similarly, one can construct the interactions with n = 1 using the corresponding indepen-
dent contractions with the Levi-Civita tensors. By doing so, one obtains
L(2A)4 = + g4,1
(
Saλλ S
aµν − SaµλSaλν
)
AbµA
b
ν + g4,2
(
Saλλ S
bµν − 1
2
Sa(µλS
bν)λ
)
AaµA
b
ν
+ g4,3EαβγδF˜ aαλSbλβAaγAbδ + g4,4
(
SaµνS
bµν − Saµµ Sbνν
)
AaλAbλ. (352)
The third interaction is genuine of the multi-Proca theory and does not exist for the
single vector field case. Continuing with the interactions with n = 2, we can consider the
following contractions
L(4A)4 ⊃ h4,1EµνγαEρσδβ∂µAaρ∂νAcσAbγAdδAeαAfβabecdf
+ h4,2EµνγαEρσδβ∂µAaν∂γAcρAbαAdσAeδAfβabecdf . (353)
The interactions proportional to h4,1 are of the form [SSA
4] and [FFA4], whereas the
interactions proportional to h4,2 yield contributions of the mixed form [FSA
4]. There will
be again also terms originating from interactions where the Lorentz indices of the vector
fields are contracted among themselves
L(4A)4 ⊃ h4,3EµνγαEρσδα∂µAaρ∂νAcσAbγAdδAeβAfβabecdf
+ h4,4EµνγαEρσδα∂µAaν∂γAcρAbσAdδAeβAfβabecdf . (354)
These contractions also give rise to terms of the form [SSA4], [FFA4] and [FSA4]. In
the same way as in the previous order, we can always add additional pairs of vector fields
with the contracted Lorentz indices and construct terms [SSA6] and [FSA6] ... etc. We
can summarize the interactions at this order as contributions in the form
L4 = Kµ1µ2ν1ν2ab Saµ1ν1Sbµ2ν2 +Mµ1µ2ν1ν2ab F aµ1ν1Sbµ2ν2 ,
with the objects Kµ1...ν1...a... , Mµ1...ν1...a... built out of Aaµ, space-time metric, group metric
and the Levi-Civita tensors and being completely antisymmetric in the indices µi and νi
separately.
As next, we can use the same construction scheme to generate the next order interac-
tions in derivatives with the general form [∂A∂A∂AA2n]. The same difficulty encoun-
tered in the first order derivative interactions for n = 0 also appears here and makes it
impossible to construct terms cubic order in S. Consider the following contractions
L(0A)5 = f5,1EµναβEρσδβ∂µAaρ∂νAbσ∂αAcδabc + f5,2EµναβEρσδβ∂µAaν∂ρAbσ∂αAcδabc. (355)
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On closer look, one realises that the first term just vanishes and hence one can not construct
the known cubic interactions from the single vector field case and from the second term
one only obtains F 3 terms, where again it is not possible to construct a F˜ F˜S term, that
we are familiar with from the single Proca case.
New interactions can be constructed for n = 1. For this, we write down the possible
contractions as
L5 = g5,1EµναβEρσδγ∂µAaρ∂νAbσ∂αAcδAdβAeγdeaδbc
+ EµναβEρσδγ∂µAaν∂ρAbσ∂αAcδAdβAeγ(g5,2deaδbc + g5,3acdδbe + g5,4abdδce).(356)
Interactions of the form [FSSAA] are generated from the first line, whereas terms with
the structure [FFSAA] are obtained from the second line. Unfortunately, at this order we
can not construct terms of the form [SSSAA]. We can pack all of these new contributions
into the following form
L5 =Mµ1µ2µ3ν1ν2ν3abc F aµ1ν1Sbµ2ν2Scµ3ν3 +N µ1µ2µ3ν1ν2ν3abc F aµ1ν1F bµ2ν2Scµ3ν3
+ Nˆ µ1µ2µ3ν1ν2ν3abc F aµ1µ2F bν1ν2Scµ3ν3 ,
(357)
whereMµ1...ν1...a... , N µ1...ν1...a... and Nˆ µ1...ν1...a... represent again quantities built out of the space-
time and group metrics, their Levi-Civita tensors and Aaµ and are antisymmetric in the
indices µi and νi.
Last but not least, we can construct the terms with four derivatives in a similar way.
Consider now the following contractions
L(0A)6 = EµναβEρσδγ∂µAaρ∂νAbσ∂αAcδ∂βAdγ(f6,1δabδcd + f6,2δacδbd)
+ EµναβEρσδγ∂µAaν∂ρAbσ∂αAcδ∂βAdγ(f6,3δabδcd + f6,4δacδbd) . (358)
Up to total derivatives in the form [S4] and the interactions [F 4] belonging to L2, we gen-
erate new terms of the form [F 2S2] from the first and second line. They correspond to the
interactions that we are familiar with from the single Proca case. However, due to the in-
ternal index we construct two types of interactions at this order, namely F˜ aµνF˜αβa SbµαSbνβ
and F˜ aµνF˜ bαβSaµαSbνβ . The interactions at this order can be summarised into
L6 =N µ1µ2µ3µ4ν1ν2ν3ν4abcd F aµ1µ2F bν1ν2Scµ3ν3Sdµ4ν4
+ Nˆ µ1µ2µ3µ4ν1ν2ν3ν4abcd F aµ1ν1F bµ2ν2Scµ3ν3Sdµ4ν5 . (359)
So far these interactions were constructed on flat space-time. In order to build the
analog on curved space-time, we can follow the same strategy of adding non-minimal
couplings as in the single Proca case. In fact, the first non-trivial interactions on curved
space-time can be obtained by a direct extension of the single Proca interactions to the
multi-Proca interactions with global SO(3) symmetry [69]
L2 = G2(Aaµ, F aµν) (360)
L4 = G4R+G′4δab
SaµνS
bµν − Saµµ Sbνν
4
L6 = G6LµναβF aµνFaαβ +
G′6
2
F˜ aαβF˜µνa S
b
αµSbβν .
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The restriction of the global SO(3) symmetry shrinks the allowed interactions and there-
fore it is not possible to construct the analog of L3 and L5 interactions of the single Proca,
as we have also seen in the flat space-time case in the above construction procedure. There
are also genuine new interactions, that can not be constructed by the direct extension of
single Proca interactions. For instance, the following terms exist only due to the additional
internal index of the vector field [69]
L3 = SaµνAbµAdνAcαAeαδdeabc
L4 = EαβγδF˜ aαλSbλβAaγAbδ
L5 = abcAaµAµdF˜ανd F˜ bβν Scαβ (361)
These terms do not require the presence of non-minimal couplings since they are only
linear in S or in other words linear in the connection. See [69, 70] for more detail on the
construction of this type of multi-Proca interactions, and [179, 180] for their applications.
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12. Cosmology
Cosmology is the elaborate study of the entire universe. One of the tenacious efforts
is the throughout deep understanding of the largest scale structures and the dynamics of
the universe. These studies enable us to find the answers for the persistent fundamental
questions about the formation and evolution of the universe. The whole picture of the
universe underwent drastic changes during history. The origin of cosmology as an empirical
scientific discipline was starting with the Copernican principle and Newtonian mechanics.
Modern scientific cosmology began with the advancement of Albert Einstein’s theory of
General Relativity in the twentieth century.
Studies in the different areas of scientific disciplines like Big Bang Nucleosynthesis,
the very early universe, Cosmic Microwave Background (CMB), formation and evolution
of large-scale structure, dark matter and dark energy conducted the standard model of
cosmology according to which the universe began approximately 13 billion years ago with
a Big Bang of hot, dense state and arrived now at a state of energy density consisting of 70
percent of dark energy, 25 percent of cold dark matter (CDM) and 5 percent of baryonic
matter. This Standard Model of Big Bang cosmology is the prevailing cosmological model
that satisfactorily describes the physics on cosmological scales. Neither dark matter, which
does not appear in the Standard Model of Particle Physics, nor the even more ”exotic”
dark energy are fully understood.
The main goals of modern cosmology are to answer the current open questions about
the composition and the history of the universe. According to the standard cosmologi-
cal model the history of the universe is divided into different periods depending on the
dominant forces and processes in each period. The Big Bang theory proclaims that the
universe began about 13 billion years ago in a violent explosion. For an incomprehensibly
small fraction of a second, the universe was an infinitely dense and hot fireball. A peculiar
unknown form of energy, suddenly pushed out the fabric of spacetime in a process called
”inflation”. In this period the universe’s original lumpiness was smoothed out and the
universe was left with homogeneity and isotropy as we see today. Quantum mechanical
fluctuations during this process were imprinted on the universe as density fluctuations,
which later seeded the formation of structure. Afterwards the universe continued to ex-
pand but in a slower manner than before. The process of phase transition formed out the
most basic forces in the nature: first gravity, then the strong nuclear forces followed by
the weak nuclear and electromagnetic forces.
Among the four forces gravity governs the large scale dynamics of the universe. Grav-
ity is described by General Relativity which describes space-time as a four dimensional
manifold whose metric tensor gµν is a dynamical field which is described by Einstein’s field
equations. These equations couple the metric to the matter-energy content of space time.
As the structure of spacetime dictates the motion of matter and energy, which determine
the structure of spacetime, General Relativity is inevitably non-linear. Application of the
theory of General Relativity to the large scale structure of the universe leads to various
cosmological theories. The starting point for these theories is what is termed cosmological
principle.
The cosmological principle is a fundamental assumption about the large scale structure
of the cosmos. Application of the theory of General Relativity to the large scale struc-
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ture of the universe leads to various cosmological theories and the cosmological principle
strictly restrains these possible cosmological theories. Making a handful of assumptions
one can elaborate very powerful predictions that can be compared with the observations.
As a matter of fact cosmology relies on two fundamental assumptions: Averaging over
sufficiently large scales, the observable properties of the universe are isotropic, i.e. inde-
pendent of direction and there are no preferred places in the universe, i.e. homogeneous.
Nevertheless, it is a matter to be clarified what sufficiently large scales are. The distribu-
tion of galaxies on the sky is not uniform or random, rather they form clusters and groups
of galaxies. Also clusters of galaxies are not distributed uniformly, but their positions are
correlated, grouped together in superclusters.
However, no evidence of structures with linear dimension > 100h−1 Mpc have been
found. Hence, the universe seems to be basically homogeneous if averaged over scales of
200 Mpc. Additionally, the CMB is almost perfectly isotropic (the observed anisotropies
are of the order of 10−5). The second assumption of isotropy is a reflection of the Coperni-
can revolution, stating that the earth does not occupy a privileged location in the universe.
If the universe is isotropic around all of its points, it is also homogeneous. By the second
assumption, the first must hold for every observer in the universe. Thus, these two as-
sumptions can be summarised on large spatial scales as the universe is homogeneous and
isotropic.
Compatible with the symmetries of homogeneity and isotropy the metric tensor takes
the Friedman-Lemaitre-Robertson-Walker (FLRW) form, i.e. the line element is given by
ds2 = −N(t)2dt2 + a2(t)d~x2 , (362)
with N denoting the lapse, a the scale factor and t the cosmic time. In this section,
we will discuss in detail the cosmological implications of scalar-tensor, vector-tensor and
tensor-tensor theories and point out their distinctive features. Before doing so, we shall
first introduce the standard cosmological framework within General Relativity.
12.1. Cosmology in standard General Relativity
As we mentioned above, the background metric is given by the FLRW metric. Similarly,
the homogeneity and isotropy enforce the stress energy tensor of the matter fields to take
the form of the ideal fluid Tµν = (ρ+ p)uµuν + pgµν , with the four-velocity uµ, the mean
energy density ρ and the pressure p. Einstein’s covariant field equations Gµν + Λgµν =
8piGTµν translate into the Friedmann and acceleration equations
3
(
a˙
a
)2
= 8piGρ+ Λ
3
(
a¨
a
)
= −4piG(ρ+ 3p) + Λ . (363)
There is also the continuity equation of the matter fields ρ˙ = −3 ( a˙a) (ρ + p). A brief
remark is in order: the continuity equation is equivalent to the first law of thermodynamics,
dQ = dU−pdV = d(ρa3)−pd(a3), where the left hand side can be interpreted as the change
in internal energy and the right hand side as the pressure work. Hereby the absence of
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heat flow was assumed, since this would define a preferred direction and therefore violate
the assumption of isotropy. However, these three equations are not independent. In
fact, differentiating the Friedmann equation and then replacing the expression for a¨ using
the acceleration equation gives exactly the continuity equation. In order to close the
system of equations for a, ρ and p, an equation of state of the form p = p(ρ) is assumed.
One customary assumption is p = wρ with the equation of state parameter w, where
the continuity equation immediately yields ρ ∼ a−3(1+w). In general the non-relativistic
matter (or dust), ultra-relativistic matter (or radiation) and the cosmological constant
correspond to w = 0, 1/3, and −1, respectively.
For making the equations more managable, it is common to introduce dimension-
less density parameters Ωi, which express the energy densities in units of the critical
density ρcrit, where the latter is defined as ρcrit =
3H2
8piG with H = a˙/a. This reflects
the fact that in a sphere filled with matter of critical density, the gravitational poten-
tial is exactly balanced by the specific kinetic energy, which is obvious when rewriting
the above equation as 4piG3
(
ρcrita
3
a
)
= a˙
2
2 . Today, the critical density has a value of
ρcrit,0 = 1.88× 10−29h2 g cm−3, corresponding to a proton mass in approximately 105cm3
of the cosmic volume, or about one galaxy mass per Mpc3.
In modern cosmology, it is now a tradition to parameterize the source terms in the
Friedmann equation by means of four Ω-parameters, where the various parameters follow
from the definition of the critical density. The Ω-parameters for matter and radiation at
the present epoch, are in general given by Ωi0 ≡ ρi0ρcrit = 8piG3H20 ρi0. In the same way one
can also introduce a density parameter ΩΛ for the cosmological constant, as well as an
ΩK for the curvature term. The matter energy density Ωm0 corresponds to the sum of
the contributions of the baryonic matter, the cold dark matter and the massive neutrinos.
The main contribution of the radiation density Ωr0 comes from CMB, and can therefore
be neglected nowadays. In contrast, when in the earlier period the universe was much
smaller and hotter, it was dominated by the radiation density. The sum over the different
density parameters adds up to unity Ωr0 + Ωm0 + ΩΛ + ΩK = 1.
The Friedmann equation can be also alternatively written as
H2 = H20
(
Ωr0a
−4 + Ωm0a−3 + ΩΛ + ΩKa−2
)
H2 = H20
(
Ωr0(1 + z)
−4 + Ωm0(1 + z)−3 + ΩΛ + ΩK(1 + z)−2
)
, (364)
with the redshift satisfying a = 1/(1 + z). Owing to the different scaling behavior of
the density contributions in the above equation, one can differentiate several cosmological
epochs, dominated by a certain cosmic fluid. Today, the radiation density is negligible
compared to the matter density and the contribution from the cosmological constant.
Nevertheless, going back in time, matter starts dominating after the time of matter-Λ
equality and the universe can be described by the Einstein-de Sitter limit, when going
further back in time. Finally radiation takes over, since it grows faster than the matter
density. Thus, there exists a time of matter-radiation equality aeq = Ωr0/Ωm0, which is
very important for structure formation, since the two regimes differ significantly, as far
as the evolution of density perturbations is concerned. Driven by several different types
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of measurements, we are able to pin down the cosmological parameters with unpreceded
precision. Using CMB and supernova redshift measurements, galaxy surveys, Big Bang
Nucleosynthesis, weak lensing we can put joint constraints on the Hubble constant and
the density parameters. All these different probes are independent from each other as far
as the systematics and the underlying physical model is concerned. Therefore, one is able
to constrain the cosmological parameters by combining the different results.
The most accepted model of structure formation acts on the assumption that right after
the Big Bang initial quantum fluctuations were magnified to macroscopic scales, where they
provide the seeds for the formation of structure in the later universe. Characteristicaly,
these fluctuations grow gravitationally with time and may finally collapse to a luminous
object like a galaxy. As the measurements of the CMB anisotropy of 10−5 at a redshift
of z ∼ 1100 show, the fluctuations in the early universe are indeed very small, but must
have forced to the rich structure we see nowadays in the universe. Due to the fact that
the universe is homogeneous and isotropic, and therefore obeying the Friedmann equation
when averaged over sufficiently large scales (> 100h−1 Mpc), it is well founded to consider
the universe as made of a uniform smooth background with inhomogeneities like galaxies
etc. superimposed on it. This simplification makes the study of structure formation reduce
to the study of the growth of inhomogeneities in an otherwise smooth universe, which can
in turn be divided into two parts:
• Linear regime: While the inhomogeneities are small, it is justified to describe
their growth by linear perturbations to the otherwise smooth background. Due to
its mathematical simplicity this approach is very convenient in the early stages of
clustering.
• Non-Linear regime: As soon as the deviations from the background become large,
linear perturbation theory fails, and the system enters the stage of non-linear evo-
lution. Unfortunately, this regime can not be treated analytically7, except for some
idealized special cases, so that numerical simulations are the standard way to study
non-linear evolution.
Averaging the matter density and solving the Einstein equations with the smooth
density distribution lead to results comparable to those obtained by averaging the exact
solutions based on a inhomogeneous matter distribution. Lamentably, the exact solutions
are not known with any degree of confidence for a realistic universe, so that there is no
way to justify the assumption theoretically. If wrong, there could be a correction term on
the right hand side of Einstein’s equation arising from the averaging of the energy density
distribution. At the moment there is no observational evidence for such a correction and
it is not assumed to exist.
Standard perturbations in General Relativity:
The first task is to develop the mathematical machinery capable of describing the growth
7Even though in section 12.6 we will discuss a new analytical microscopic non-equilibrium field theory,
kinetic field theory, for non-linear cosmic structure formation, that might change completely our perception
of cosmological structure formation.
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of structures. The basic procedure is to understand the growth of perturbations in the
framework of General Relativity. For that reason one bears in mind perturbations of the
metric gµν and the stress-energy tensor Tµν , which may be defined as gµν = g¯µν +δgµν and
Tµν = T¯µν + δTµν , where the bar denotes the background quantities. When assuming that
the perturbations (δgµν , δTµν) are small compared to the smooth background (g¯µν , T¯µν)
in a suitable manner, then one can linearise Einstein’s equations to obtain a second order
differential equation of the form
Lˆ(g¯µν)δgµν = δTµν , (365)
where Lˆ represents a linear differential operator depending on the background space-time.
In general the metric perturbations δgµν and matter perturbations δTµν can be further
decomposed into scalar, vector and tensor modes, according to standard Lifshitz classi-
fication of cosmological perturbations arising from the irreducible SO(3) representation
[181].
• scalar modes: This kind is very important for structure formation, since ordinary
density fluctuations belong to this type of perturbations. We will denote them by
φ, B, ψ, E, δρ (or equivalently δ = δρ/ρ¯) and v (or equivalently θ = −vk2), where
the last two are the density perturbations and fluid velocity of the matter fields.
• vector modes: This kind describes vortical modes that are quickly damped away by
cosmic expansion, and are therefore negligible for structure formation applications.
They will be represented by Bi, Ei and vi, with the latter representing the matter
perturbations.
• tensor modes: This kind represents the gravitational waves, including primordial
ones, that may be detected by CMB polarization probes in the form of the famous B-
modes. We have witnessed the detection of gravitational waves produced by merging
of black holes and neutron stars [182, 6]. They will be indicated by hij .
In terms of these irreducible representations, the metric perturbations take the form
δg00 = −2a2 φ ,
δg0i = a
2 (∂iB +Bi) ,
δgij = a
2
[
2 δijψ +
(
∂i∂j − δij
3
∂k∂k
)
E + ∂(iEj) + hij
]
, (366)
where the corresponding modes are functions of time and space and accord to the trans-
formations under spatial rotations. Furthermore, following divergenceless and traceless
conditions are applied δijhij = ∂
ihij = ∂
iEi = ∂
iBi = 0. Due to the fact that equation
(365) is linear, it is accommodating to expand the solutions in terms of some appropriate
mode functions. For the flat FLRW cosmology, this mode functions are given by plane
waves. For the simplification it is adequate to work in Fourier space, gaining a set of
equations Lˆ~kδg~k = δT~k for each mode, labeled by a wave vector ~k. Here Lˆ~k is a second
order linear differential operator with time. The results of this set of ordinary differen-
tial equations, with respect to some initial conditions, reflects the evolution of each mode
separately, solving the problem of linear gravitational clustering completely.
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It is worth mentioning that the biggest problem of this treatment is the gauge ambi-
guity of General Relativity, which is a consequence of invariance under general coordinate
transformations xµ → x′µ of the theory, that change the form and numerical value of the
metric gµν completely. Trivial changes of coordinates can make perturbations grow at a
different rate or even decay, so it is justified to arise the question which one of the infi-
nite choice is the more appropriate one. An adequate example for this problem is given
by the cosmological dipole, i.e. the dipole term in the angular expansion of the CMB
temperature, which is caused by a Doppler shift due to the peculiar velocity v of our
local group with respect to the CMB frame. The perturbations to the CMB temperature,
and therefore our peculiar velocity, are measured to be rather small in units of the light
velocity (δT/T )CMBdipole ∼ 10−3, so that linear cosmological perturbation theory can be
applied. Indeed, in a coordinate frame moving with −v with respect to our local group, no
dipole would be seen. This example shows that cosmological perturbations, as represented
here by the CMB temperature, do depend on the chosen gauge and may be zero in some
gauges, and non-zero in others.
To be able to talk meaningfully about the growth of inhomogeneities, it is inevitable to
fix the gauge problem in the framework of General Relativity. Principally, there are two
methods to solve this problem. The first one solves the problem by force, by choosing a
particular coordinate system and computing everything within this frame. The remaining
problem then is to physically interpret the computed quantities (two prominent gauges
are the synchronous and the conformal Newtonian gauge). Another way is to introduce
gauge invariant quantities (Bardeen potentials), which are linear combinations of various
perturbed physical variables. This approach guarantees gauge invariance, but it is more
complicated than the first one, and the gauge invariant objects possess in general no simple
physical interpretation.
In most of the perturbation analysis, the tenacious part is the scalar perturbations
analysis. So we shall concentrate on the scalar perturbations here. For simplicity, let us
assume that the stress energy tensor consists only of a dark matter component with the
four velocity uµ =
(
Φ/a, ∂iv/a
)
and pressure p = 0. Therefore, the stress energy density of
the dark matter component simply corresponds to Tµν = ρuµuν , with the energy density
ρ = ρ¯(1 + δ) where δ = δρ/ρ¯ and in terms of the Fourier modes we have v = −θ/k2 where
θ represents the divergence of the fluid velocity.
Conformal Newtonian gauge:
In the conformal Newtonian gauge choice, the scalar perturbations B and E are set to
zero from the beginning. Hence, out of the six variables φ, ψ, B, E, δ and θ, we are left
with four. In terms of the remaining perturbations, the Einstein’s field equations in the
conformal Newtonian gauge become [183]
k2ψ + 3H(ψ˙ +Hφ) = −4piGa2ρδ
k2(ψ˙ +Hφ) = 4piGa2ρ¯θ
ψ¨ +H(2ψ˙ + φ˙) + k
2
3
(ψ − φ) + φ(H2 + 2H˙) = 0
k2(ψ − φ) = 0 , (367)
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where we used the fact that T 00 = −ρδ and T ii = T ji = 0 with p¯ = 0 and H is the conformal
Hubble function. On the other hand, we have the Bianchi identity, which results from the
divergenceless nature of the Einstein tensor. They result for cold dark matter in the
following equations:
δ˙ = −θ + 3ψ˙
θ˙ = −Hθ + k2φ . (368)
Thus, we have in total six equations for four variables φ, ψ, δ and θ. However, the equations
are redundant, i.e. not all of them are independent. We can use the forth equation in (367)
in order to express φ in terms of ψ and in this way we get rid of the explicit dependence
on φ. Furthermore, we can combine the first two equations in (367) to integrate out also
the ψ field in terms of δ and θ. This gives the algebraic relation
ψ = −3H
2(k2δ + 3Hθ)
2k4
, (369)
where we made use of the background equation ρ¯ = 3H2/(8piGa2). The resulting final
equations for the remaining fields δ and θ are then two coupled first order differential
equations
δ˙ = −θ + 9H
2(k2Hδ + (k2 + 3H2)θ)
2k4
θ˙ = −H
2
(
3Hδ + 2θ + 9H
2θ
k2
)
. (370)
Of course we can equivalently write these two first order differential equations as one
second order differential equation. This result is consistent with the expectation that the
scalar modes of the metric perturbations are not dynamical and the only dynamical degree
of freedom comes from the matter perturbations.
Synchronous gauge:
Another widely used gauge choice is the synchronous gauge, where one puts the pertur-
bations in the temporal components of the metric to zero. In the synchronous gauge one
has φ = 0 and B = 0. Thus, out of the six perturbations one has this time ψ, E, δ and
θ. Since with this gauge choice the diffeomorphism invariance is not completely fixed, one
still has the freedom of the remaining gauge in order to fix the velocity perturbation of
the dark matter component θ = 0 [183]. After integrating out the non-dynamical degrees
of freedom, one remains with the equivalent first order differential equations in this gauge
choice
E˙ = −H(E + 3Hδ)
δ˙ = −1
2
E . (371)
We again remain with the same amount of propagating degrees of freedom. We have one
second order differential equation for the matter perturbation. We can indeed directly
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map the equations in the synchronous gauge (371) to the equations in the conformal New-
tonian gauge (370) by means of gauge transformations.
Flat gauge:
Another gauge choice, which is rather orthogonal to the synchronous gauge, corresponds
to fixing the perturbations in the spatial components of the metric to zero. In this gauge
choice with ψ = 0 and E = 0, the Einstein’s field equations become
2k2B − 3H(δ + 2φ) = 0
3
2
H2(k2B − θ) + k2Hφ = 0
−k
2
3
(2BH+ φ+ B˙) +Hφ˙ = 0
2BH+ φ+ B˙ = 0 . (372)
Similarly, the Bianchi identity yields the following equations in this gauge choice:
δ˙ = −θ
θ˙ = k2BH−Hθ + k2(φ+ B˙) . (373)
We again have six equations of motion for four variables and some of them are redundant.
We can directly use the first equation in (372) in order to integrate out the φ field in terms
of the other fields φ = k
2B
3H − δ2 . From the fourth equation one obtains B˙ = −2BH − φ,
which plugged back into the third equation yields φ˙ = 0. Thus, also in this gauge choice
one ends up with two first order differential equations of the matter field perturbations
δ˙ = −θ
θ˙ = −H(k2B + θ) , (374)
where B satisfies the algebraic equation B = 3H(k
2δ+3Hθ)
2k4+9k2H2 . From this we see that the
physical properties of the theory does not depend on the gauge choice as it should be. We
always obtain one dynamical scalar mode in the perturbation spectrum after integrating
out the non-dynamical fields. One just has to be careful with the physical interpreta-
tion of the computed quantities. This became very transparent for the synchronous gauge
for instance, where the velocity of the dark matter fluid was set to zero from the beginning.
Without fixing any gauge:
One can also obtain the right physical properties without fixing any gauge. One can leave
the purely gauge fields in the equations of motion, but once the non-dynamical modes
are replaced by means of algebraic equations, one obtains the right combination of gauge
invariant quantities in the final differential equations. To illustrate this, let us consider
the metric perturbations as they stand in (366) without fixing any gauge. In this case,
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the Einstein’s field equations take the more general form
3H(ψ˙ +Hφ) + k2(ψ −H(B − E˙)) = −4piGa2ρδ
k2(ψ˙ +Hφ) = 4piGa2ρ¯(−Bk2θ)
ψ¨ +H(2ψ˙ + φ˙)− k
2
3
(φ− ψ + 2H(B − E˙) + B˙ − E¨) + φ(H2 + 2H˙) = 0
ψ − φ+ 2H(B − E˙) + B˙ − E¨ = 0 . (375)
Correspondingly, the matter field equations arising from the Bianchi identity without
gauge fixing read
δ˙ = −θ + 3ψ˙ + k2E˙
θ˙ = −Hθ + k2(φ+ B˙) + k2HB . (376)
Without fixing any gauge we have six equations for six variables but again not all of the
equations of motions are independent. Two of the fields are purely gauge artifacts and we
can not evolve them in time. However, we can use the equations in order to integrate out
some of the non-dynamical fields. From the second equation of (375) we can obtain the
algebraic equation for B, which corresponds to
B =
θ
k2
− 2(Hφ+ ψ˙)
3H2
. (377)
Similarly, we can integrate out the φ field using the first equation
φ =
−9H2δ + 6H(θ − k2E˙)− 6k2ψ
4k2 + 18H2
− ψ˙
H
. (378)
The third equation in (375) and the first equation in (376) give the same contribution
after plugging back the expressions for B and φ. The equation reads θ−k2E˙+ δ˙−3ψ˙ = 0.
Similarly, the remaining two equations depend on these quantities. The nature of the
equations is such that only the combinations (θ−k2E˙) and (δ−3ψ) appear together. This
is not surprising since these quantities are gauge invariant. Combining these quantities
into the variables Θ = θ − k2E˙ and ∆ = δ − 3ψ, we end up with the two first order
differential equations
∆˙ + Θ = 0
4k2Θ + 6H2(k2∆ + 3Θ˙)− 2k2H(Θ + 3Θ˙) + 9H3(Θ− 3Θ˙) = 0 . (379)
These are the resulting equations of motion if one performs the computation without fixing
any gauge. The gauge invariant combinations of the fields arise naturally. One could also
alternatively start with Einstein’s field equations as they stand in (375) and perform the
following gauge transformations in terms of gauge invariant quantities
φ→ Φ− B˙ + E¨ −H(B − E˙)
ψ → Ψ +H(B − E˙)
δ → ∆ + 3H(B − E˙)
θ → Θ + k2E˙ (380)
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After plugging this change of variables back into Einstein’s field equations (375), one
observes two things:
• The explicit dependence on the fieldsB and E disappears in the equations of motions.
• The resulting equations have exactly the same form as the equations in the conformal
Newtonian gauge.
We have seen that independently of the gauge choice one always encounters two first order
differential equations (or equivalently one second order differential equation) representing
one propagating scalar degree of freedom originating from the matter perturbations. De-
pending on the purposes of the undertaking, one gauge choice might be more appropriate
than others.
Inhomogeneities:
As we mentioned above, even if the previous assumptions made in this section allows to
derive many features of the universe, for an accurate understanding of the universe on
all scales, it is not satisfactory to assume isotropy and homogeneity, since observations
proof that this is not the case on small scales. In order to describe the universe on small
scales, like galaxies and galaxy clusters, it is necessary to abandon the homogeneity and
isotropy and instead of that develop a new machinery to take deviations from the assumed
homogeneity into account. As mentioned before, the measurements of the CMB anisotropy
of 10−5 at a redshift of z ∼ 1100 already indicate, that the early universe yet inhibits small
deviations from total isotropy growing with time, due to gravitational clustering.
It therefore became an indispensable task in modern cosmology to develop the nec-
essary mathematical tools to deal with perturbations theory. If the analysis fails to be
treated analytically, the required numerical tools have to be developed. The main goal of
most cosmological model prediction is a successful and fast solution of the Einstein Boltz-
mann equations governing the linear evolution of perturbations in the universe. There has
been several attempts for such codes, that produce fast and accurate solutions to this set
of first order linear homogeneous differential equations. Once these codes are developed,
their immediate predictions have to be then compared to measurements from different
cosmological surveys to put constrains on the parameters of the underlying cosmological
model using Monte-Carlo Markov Chain techniques.
The previous assumptions were mainly based on the validity of linear perturbation
theory, which is equal to the condition δ  1. But when the density contrast reaches
unity, the linear approximation breaks down, and has to be replaced by other approaches.
To accentuate the need for this, one just has to look to the interesting structures in the
universe, like galaxies or clusters of galaxies because they are highly non-linear. A galaxy
cluster, for example, corresponds to a value of up to δ ∼ 105, so that there will be no
way of applying linear theory on such objects. Since every theory of structure formation
must be capable of describing the formation and evolution of non-linear objects, the major
developments in these directions were modelling of gravitational collapse and also N-body
simulations.
One of the prominent model is the spherical collapse model. The dark matter distri-
bution in the universe can be considered to consist of spherical overdense clouds of dark
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matter, which are also widely known as halos. These halos can reach highly non-linear
densities in their centres. One can achieve a rough understanding of the properties of
such halos by investigating the evolution of a homogeneous overdense sphere, the so called
spherical collapse or top-hat model, in the framework of the expanding Friedmann model.
This model tells us that as soon as the linear extrapolated density contrast of a matter
concentration exceeds δlin ∼ 1.69, it collapses and gets virialised. A virialised region can
be defined as a region where the inner density is given by ρ ≥ 200ρ¯, where ρ¯ denotes the
mean density of the background universe.
Even though the spherical collapse model helps to describe and comprehend some of
the basic physics of halo formation, it only provides a snapshot of the whole process.
It is evident from the fact that small structures go non-linear first, that at early times
most of the dark matter is in low mass halos. The further evolution of these halos is
determined by accretion and merging processes, so that present high-mass halos developed
out of the merging process of numerous low-mass halos. Whereas numerical simulations
automatically reproduce this behaviour, this fact has to be somehow taken into account
for any kind of analytical model of halo formation.
Apart from the formation of halos, their internal structure is a very active field of
research, because the density and the mass profiles of dark matter halos are still theo-
retically and observationally not well understood. Generally speaking the virial theorem
demands that any system of self-gravitating particles does not have an equilibrium state.
Furthermore it states, that the total energy is minus half of its potential energy, implying
that any energy loss produces a deeper potential. So it urges a tighter binding of the halo,
which in turn increases the energy loss. Thus, any density profile must reflect a potentially
long-lived, but transient state. The target of the next generation of cosmological probes
is to produce an extremely detailed map of the distribution of galaxies and matter in our
universe. In order to properly analyse the measurements of those probes, the use of N-
body codes will be unavoidable. N-body simulations will be also powerful to disentangle
certain degeneracies between different cosmological models or modified gravities.
12.2. Challenges of cosmological solutions in massive gravity
In massive gravity the gravitational interactions are weaken on scales larger than the
inverse mass of the graviton due to the Yukawa suppression. If the graviton mass is
chosen to be small, the gravitational force would shut down on large scales. This on the
other hand could naturally explain the observed accelerated expansion of the universe
without invoking any exotic fluid for dark energy. One can understand this also from a
different perspective. In the helicity decomposition of massive gravity, the presence of the
helicity-0 mode could play the role of a condensate whose energy density could source
self-acceleration. However, this scalar mode of the graviton does not correspond to a
scalar field like in the quintessence and k-essence theories playing the role of a fluid on
the right hand side of Einstein’s field equations. In fact, this scalar mode descends from a
full-fledged tensor field and there is not such a thing as an Einstein frame where one could
decouple this scalar mode from the helicity-2 mode by means of local transformations.
This is not surprising since one genuinely modifies the gravitational sector by giving a
mass to the graviton.
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Actually, the original motivation for massive gravity was rather to tackle the cosmo-
logical constant problem. The mass term would then play the role of a high pass filter
modifying the effect of long wavelength sources such as a cosmological constant. In other
words, the vacuum energy would gravitate weakly. The first realisations of these ideas
were pursued in the decoupling limit of massive gravity [38]. As we saw in section 6, in
this limit the leading interactions have the schematic form
L = −h∂2h+ h(∂2pi + α2(∂2pi)2 + α3(∂2pi)3) + hT. (381)
For the self-accelerated solution, we can approximate the de Sitter metric locally as a
small perturbations over flat Minkowski space-time ds2 = ηµν(1− 12H2xαxα)dxµdxν . The
equations of motion in the decoupling limit becomes in this case H2f1(α2, α3) = 0 and
H2 = m2f2(α2, α3), where f1 and f2 are functions of the two parameters of the theory.
As it can been seen, the values of the Hubble parameter is set by the graviton mass. The
helicity-0 mode acts as a condensate with negative pressure. Furthermore, the fluctuations
on top of this self-accelerating solution in the decoupling limit are stable and the scalar
mode decouples from the matter fields in this approximation. For these background solu-
tions, the helicity-1 mode of the massive graviton was consistently set to zero. However,
there will still be non-zero fluctuations of the vector mode. Unfortunately, the kinetic
term of the vector perturbations vanishes on this background and they become infinitely
strongly coupled [38, 184].
For the degravitating solution on the other hand, one assumes the presence of a large
cosmological constant Tµν = −ληµν . The decoupling limit equations of motion are of the
form H2g1(α2, α3) = 0 and MpH
2 + g2(α2, α3) = λ/(3Mp) with again g1 and g2 being
functions of the two parameters of the theory. Even in the presence of the cosmological
constant one can have flat solutions with H = 0, since the helicity-0 mode plays the
role of a condensate, whose energy density compensates the cosmological constant. This
solution relates directly the function g2 to the cosmological constant. The fluctuations on
top of this degravitating solutions are stable. However, the strong coupling scale for the
perturbations scales with the screened cosmological constant, which on the other hand
lowers the allowed value of the vacuum energy significantly in order not to be in conflict
within the solar system and accordingly for a successful Vainshtein mechanism [38].
The existing self-accelerating solutions motivated to consider the possible cosmological
solutions beyond the decoupling limit in the full theory. Assuming a flat homogeneous
and isotropic Ansatz for the dynamical metric d2s = −N2dt2 + a2d~x2, we can study the
possible class of cosmological solutions by computing the equations of motion with respect
to the lapse N and the scale factor a. One immediate observation is that the combination
of these two equations (or equivalently the Bianchi identity) results in a condition of the
form
m2∂0(a
3 − a2) = 0, (382)
which means that this condition enforces the scale factor to be constant. Hence, there
are not any flat FLRW solutions in massive gravity [185]. This same No-go result applies
also to the spatially closed FLRW solutions. However, one can construct open FLRW
solutions, as it was shown in [186]. In this case the Bianchi constraint modifies and the
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scale factor can evolve in time. The standard Friedman equation changes to
3H2 − 3 |K|
a2
= ρ+ ρm , (383)
with the energy density of matter fields ρ and the effective energy density from the graviton
mass terms
ρm = −m2(1− k˜)
(
3(2− k˜) + α3(1− k˜)(4− k˜) + α4(1− k˜)2
)
(384)
where k˜ =
√|K|f/a and f representing the Stueckelberg field associated with the restored
time diffeomorphism. Even if these open FLRW solutions look promising at first sight, the
study of perturbations on top of these solutions reveal either strong coupling or instabilities
[187]. In the linear perturbation analysis on top of these open FLRW backgrounds, the
scalar and vector modes have vanishing kinetic terms, signalling strong couplings of these
modes. The extension of this study to a small anisotropy limit of the Bianchi-I background
revealed an unavoidable ghost mode in the even sector. Hence, massive gravity with a
flat reference metric does not allow for stable FLRW solutions. To overcome this problem
it was attempted to consider more general reference metrics, for instance de Sitter or
FLRW metrics. However, in these more general cases the helicity-0 mode of the massive
graviton becomes a Higuchi ghost for consistent backgrounds with Vainshtein mechanism
implemented [188].
A more promising attempt for the cosmological application was the bigravity extension
of massive gravity [189, 190, 191, 192]. Apart from the homogeneous and isotropic Ansatz
for the g metric d2sg = −N2g dt2 + a2gd~x2, one assumes a similar Ansatz for the f metric
d2sf = −N2f dt2 + a2fd~x2 with the corresponding lapse Nf and scale factor af . In this case
one has two Friedmann equations
3H2g = m
2ρgm +
ρg
M2g
3H2f = m
2
M2g
M2f
ρfm +
ρf
M2f
, (385)
with the corresponding Hubble functions Hg = a˙g/(Ngag) and Hf = a˙f/(Nfaf ) and the
corresponding effective energy densities of the mass terms, that depend on the parameters
of the theory and on the ratio of the two scale factors χ = af/ag. There are also some
matter fields that couple only to g, and other independent matter fields that couple to
f with their energy densities ρg and ρf (corresponding to the first option we discussed
in section 6.4). Besides the Friedmann equations, one has also two sets of acceleration
equations and conservation equations of matter fields. The Bianchi identity, or similarly
combining the background equations, imposes the constraint
J(Hg − ξHf ) = 0 , (386)
where J depends on the parameters of the theory and the scale factors. As it is clear from
this constraint equation, there are two branches of solutions.
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• For instance, we can impose that J=0, this on the other hand means that the ratio
of the scale factors is constant. Therefore, the potential interactions contribute only
in form of cosmological constants for both metrics. Studying perturbations on top of
these solutions reveal that one essentially has two copies of General Relativity in this
branch, meaning that three degrees of freedom become strongly coupled since they
loose their kinetic terms (the kinetic terms of the vector and scalar perturbations is
proportional to J and vanishes on this branch with J = 0). This is the analogue
of the self-accelerating branch of massive gravity that we saw above, where the
regime of validity of the effective field theory shrinks to zero due to strong coupling.
Besides that, the perturbations beyond the linear order will show again the presence
of ghostly degree of freedom as in massive gravity [193]. Thus, we can disregard this
branch of solutions within the framework of standard matter field coupling.
• The other branch of solutions consists of imposing the condition Hg = ξHf . In this
case the ratio of the scale factors can evolve in time and there have been two cases
studied in the literature extensively depending on the different evolution. There is
the finite branch of solutions (with ξ evolving from zero to a finite value) and the
infinite branch of solutions (where the ratio evolves from infinity to a finite value)
[194]. Unfortunately, the perturbations in the infinite branch of solutions have shown
ghost instability with a very low mass of the ghost, such that the theory can not be
used as an effective field theory [195, 196]. On the other hand, in the finite branch
of solutions one found gradient instabilities (or crossing a singularity) [189, 193, 197]
and two ways out have been proposed in the literature
– The condition on the graviton mass in order to push the instability outside the
regime of validity of the low energy effective theory requires a very large mass
m H [198, 195]. Hence, the gradient instability can be avoided at the prize
of fine-tuning.
– Another condition for the same purpose could be Mg Mf [199], even though
one has to be careful with not lowering too much the strong-coupling scale.
So far, the above mentioned cosmological solutions were assuming minimal matter
couplings to the g and f metrics. In fact, there are new type of cosmological solutions if
one gives up this restriction. We have seen in section 6.4 that matter fields can couple
to an effective metric geffµν in a consistent way without introducing any ghost degrees of
freedom within the decoupling limit. In the presence of a non-minimally coupled matter
field via this effective metric, the Friendmann equation in massive gravity modifies into
[147]
3H2 = m2ρm +
αa3eff
M2g a
3
ρ , (387)
where ρ represents the energy density of the non-minimally coupled matter field and
aeff = αa + β. As a consequence, the Stueckelberg field equation of motion does not
correspond to J = 0 anymore, but rather to the constraint
m2J =
αβa2eff
M2Pa
2
P , (388)
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with P being the pressure of the doubly coupled matter field. The presence of this new
effective matter coupling not only evades the No-go result for the flat FLRW solutions
in massive gravity, but also the essential properties of perturbations due to this changed
constraint equation. In the standard open FLRW solutions in massive gravity, that we
reported on above, the vector and scalar perturbations were proportional to J and hence
the Stueckelberg constraint equation unavoidably resulted in vanishing kinetic terms for
these modes. The effective coupling modifies this property and hence all the five physical
degrees of freedom have non-vanishing kinetic terms. Furthermore, the study of perturba-
tions has shown the absence of ghost and gradient instabilities upon the conditions α > 0,
β > 0 and H˙ < 0 [200]. Motivated by these positive results, one can push forward the
study of this effective matter coupling for cosmological applications and compare with
observations [201, 202] (see also [203, 204]).
This same non-minimal coupling can be applied to bigravity. In this case, the two
Friedmann equations with respect to g and f change into
3H2g = m
2ρgm +
αa3eff
M2g a
3
ρ
3H2f = m
2
M2g
M2f
ρfm +
βa3eff
M2f a
3ξ3
ρ . (389)
Similarly, the two acceleration equations and the conservation equation of the matter field
modify accordingly. The key change comes again in the constraint equation(
m2J − αβa
2
eff
M2g a
2
P
)
(Hg − ξHf ) = 0 . (390)
In the branch of solutions with Hg = ξHf , there are unfortunately gradient instabilities in
the vector sector in the early time regime, and even worse ghost instability in the scalar
sector in the late time regime of the evolution. Therefore, this branch of solutions can
be completely disregarded [205, 206]. A more promising branch of solutions is the branch
with J =
αβa2eff
m2M2g a
2P . In this branch it was shown that all of the perturbations including
the scalar modes are free of ghost instabilities [205]. A more detail study of the perturba-
tions performed in [207] showed the necessary conditions also for the avoidance of gradient
instabilities. Within the framework of bigravity with non-minimal matter couplings, this
branch of solutions constitutes the unique consistent cosmological solutions without ghost
and gradient instabilities.
Apart from the bimetric extension of massive gravity, there have been other exten-
sions considered in the literature for a better cosmological application. Among them, the
quasidilaton received much attention. In this extension, an additional scalar field is cou-
pled in a specific way to massive graviton [208] and the interactions are invariant under
the quasidilaton global symmetry. Regretfully, in this formulation the self-accelerating
solutions in the quasidilaton massive gravity are plagued by a ghost instability. In order
to cure this instability a promising extension with a new coupling constant was proposed
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[209]. The extension is such that this new coupling constant leaves the background dy-
namics untouched whereas it has large impact on the stability of the perturbations and
their phenomenology in the Cosmic Microwave Background and in the effective mass of
gravitational waves [210]. The scalar perturbations with the presence of the matter fields
were investigated in the late-time asymptotic solution in [211]. This analysis has been
further generalized to the fully dynamical background equations of motion and the per-
turbations on top of this general background with the matter fields [212, 213]. Another
promising extension of the quasidilaton theory is based on the effective metric. In this new
formulation the quasidilaton lives on the effective metric and hence couples non-minimally
to both metrics [214]. This on the other hand has interesting consequences for the self-
accelerating solutions and their stability.
The presence of the effective matter coupling is not only unique for the consistent
cosmological solutions, but also for the application to dark matter phenomenology. One
can build a relativistic model of dark matter within the framework of bigravity, where the
phenomenology of dark matter at galactic scales resembles modified Newtonian dynamics
(MOND) while reproducing ΛCDM behaviour at large cosmological scales. This is based
on a formulation of dipolar dark matter with two different species of dark matter parti-
cles coupled to the two metrics and linked by an internal vector field, that lives on the
effective metric. Through a mechanism of gravitational polarization one recovers MOND
phenomenology. The model is based on the action
S =
∫
d4x
{√−g(M2g
2
Rg − ρbar − ρg
)
+
√
−f
(
M2f
2
Rf − ρf
)
+
√−geff
[
m2
4pi
+Aµ
(
jµg −
α
β
jµf
)
+
a20
8pi
W(X)]} , (391)
with jµg and j
µ
f standing for the mass currents of the two types of dark matter particles
andW(X ) for the non-canonical kinetic term of the vector field X = −gµρeff gνσeffFµνFρσ/2a20.
In the non-relativistic limit the Poisson equation for the Newtonian potentials Ug and Uf
associated with the two metrics becomes
∆
(
2M2g
α
Ug −
2M2f
β
Uf
)
= − 1
α
(
ρ∗bar + ρ
∗
g
)
+
1
β
ρ∗f , (392)
with ρ∗bar, ρ
∗
g and ρ
∗
f representing the ordinary Newtonian densities of the matter fluids
respectively. Furthermore, the two Newtonian potentials are linked together by the virtue
of Bianchi identity ∇(αUg + βUf) = 0. After using the vector field equations of motion
together with the equations of motion of the baryons and the dark matter particles, the
equation for the ordinary potential Ug becomes
∇ ·
[(
1−WX
)∇Ug] = −4piρ∗bar . (393)
This is exactly of the Bekenstein-Milgrom form [215] with MOND interpolating function
given by µ = 1 − WX . For more informations on the realisation of this mechanism of
gravitational polarization see [216, 217, 218, 219].
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12.3. Cosmological implications of Scalar-Tensor Theories
Among the modified gravity theories, models based on scalar fields are the most ex-
tensively explored models for cosmology. One immediate practical reason is that they can
yield accelerated expansion without breaking the isotropy of the universe with a back-
ground field configuration pi(t). In order to act as a dark energy candidate, they need to
be very light, of the order mpi ∼ 10−33 eV. There have been many works in the literature
on specific models and instead of going through them one by one, we shall directly concen-
trate on the Horndeski theories given in equation (192). Since the Horndeski scalar-tensor
theories already accommodate quintessence, k-essence, f(R), Brans-Dicke and Galileon
models, in this way these models will be automatically covered and their cosmological
implications can then be studied by choosing some specific functions.
At the background level, we will again have an homogeneous and isotropic Ansatz for
the metric ds2 = −N(t)2 dt2 + a2(t)δijdxidxj and a field configuration pi = pi(t) for the
scalar field, respectively. The background equations of motion are obtained by varying
with respect to N , a and pi. The corresponding Friedmann equation is given by [60]
E = −P + 2XP,X − 2XG3,pi + 6Xp˙iHG3,X − 6H2G4
−6Hp˙iG4,pi − 12HXp˙iG4,piX + 24H2X(G4,X +XG4,XX)
+2H3Xp˙i (5G5,X + 2XG5,XX)− 6H2X (3G5,pi + 2XG5,piX) = −ρ . (394)
The accelerating equation on the other hand corresponds to
P = P − 2X (G3,pi + p¨i G3,X) + 2
(
3H2 + 2H˙
)
G4 − 12H2XG4,X
−4HX˙G4,X − 8H˙XG4,X − 8HXX˙G4,XX + 2 (p¨i + 2Hp˙i)G4,pi
−2X
(
2H3p˙i + 2HH˙p˙i + 3H2p¨i
)
G5,X − 4H2X2p¨i G5,XX + 4HX
(
X˙ −HX
)
G5,piX
+2
[
2
(
H˙X +HX˙
)
+ 3H2X
]
G5,pi + 4HXp˙i G5,pipi = 0 (395)
We also have the background equation of motion for the scalar field pi, which can be
compactly written as
1
a3
d
dt
(a3J) = P,pi − 2X (G3,pipi + p¨i G3,piX) + 6
(
2H2 + H˙
)
G4,pi
+ 6H
(
X˙ + 2HX
)
G4,piX − 6H2XG5,pipi + 2H3Xp˙i G5,piX (396)
where J stands for
J ≡ p˙iP,X + 6HXG3,X − 2p˙iG3,pi + 6H2p˙i (G4,X + 2XG4,XX)− 12HXG4,piX
+2H3X (3G5,X + 2XG5,XX)− 6H2p˙i (G5,pi +XG5,piX) . (397)
Of course there is also the equations of motion of the matter fields, but these are identical
to what we have in General Relativity, since we will assume minimal couplings for them.
For instance, the non-relativistic matter field has the equation of motion ρ˙+ 3Hρ = 0. As
it becomes clear from the background equations of motion, the generous freedom of the
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four functions allows very easily a self-accelerating background, that could be relevant for
dark energy and inflation.
For the purpose of the cosmological scalar perturbations analysis, let us consider the
metric to be of the form
ds2 = −(1 + 2Ψ) dt2 − 2∂iBdtdxi + a2(t)(1 + 2Φ)δijdxidxj , (398)
and the scalar field as
pi = pi(t) + δpi(t, ~x) . (399)
Let us also assume perturbation of the matter fields in form of density perturbation δρ
(density contrast δ = δρ/ρ) and fluid velocity v. The Einstein field equations in Fourier
space get modified into
A1Φ˙ +A2 ˙δpi − ρmv˙ +A3k
2
a2
Φ +A4Ψ +A5
k2
a2
B +
(
A6
k2
a2
− µ
)
δpi − ρδ = 0 ,(400)
B1Φ¨ +B2δ¨pi +B3Φ˙ +B4 ˙δpi +B5Ψ˙ +B6
k2
a2
Φ +
(
B7
k2
a2
+ 3ν
)
δpi
+
(
B8
k2
a2
+B9
)
Ψ +B10
k2
a2
B˙ +B11
k2
a2
B + 3ρv˙ = 0 , (401)
C1Φ˙ + C2 ˙δpi + C3Ψ + C4δpi + ρv = 0 , (402)
D1Φ¨ +D2δ¨pi +D3Φ˙ +D4 ˙δpi +D5Ψ˙ +D6
k2
a2
B˙ +
(
D7
k2
a2
+D8
)
Φ
+
(
D9
k2
a2
−M2
)
δpi +
(
D10
k2
a2
+D11
)
Ψ +D12
k2
a2
B = 0 , (403)
Similarly, the two equations of motion of the matter fields in Fourier space get modified
into
v˙ −Ψ = 0 , (404)
δ˙ + 3Φ˙ +
k2
a2
v − k
2
a2
B = 0 . (405)
The coefficients Ai, Bi, Ci and Di are all defined in the Appendix B and more detail
can be found in [60]. On top of the scalar degree of freedom of the matter field, there is
one additional propagating scalar field δpi. There are no propagating vector modes in the
gravity sector as in General Relativity.
It is a common practice to work in the quasi-static approximation in order to study
the evolution of the modes deep inside the Hubble radius k2/a
2  H2, assuming that
the propagation speed of the scalar degree of freedom is not cs  1, since in this case
the approximation breaks down. In this approximation we can directly neglect the time
derivatives of the scalar degree of freedom δpi, which facilitates the computation signifi-
cantly [220, 221, 222]. In this approximation the temporal component and the traceless
part of the gravitational field equations together with the scalar field equation of motion
138
simplify to (in the Newtonian gauge with B = 0)
B6Φ +B7δpi +B8Ψ ≈ 0
B7
k2
a2
Φ +
(
D9
k2
a2
−M2
)
δpi +A6
k2
a2
ψ ≈ 0
B8
k2
a2
Φ +A6
k2
a2
δpi − ρδ ≈ 0 . (406)
A combination of these equations can be brought into the form of a modified Poisson
equation
k2
a2
Ψ ≈ −4piGeffρδ , (407)
with the effective gravitational coupling given by [60]
Geff =
2M2Pl((B6D9 −B27)(k/a)2 −B6M2)
(A26B6 +B
2
8D9 − 2A6B7B8)(k/a)2 −B28M2
G . (408)
The evolution of the matter perturbations in terms of the gauge invariant density contrast
δ˜ = δ+ 3Hv in the quasi-static approximation is given by the simple differential equation
¨˜
δ + 2H
˙˜
δ − 4piGeffρδ˜ ≈ 0 . (409)
Another relevant quantity is the slip parameter, which represents the difference between
the two gravitational potentials η = −Φ/Ψ and in the quasi-static approximation simplifies
to
η ≈ (B8D9 −A6B7)(k/a)
2 −B8M2
(B6D9 −B27)(k/a)2 −B6M2
(410)
These expressions for the effective gravitational coupling and the slip parameter have been
then studied for the specific sub-classes of theories, for instance f(R), Branns-Dicke, kinetic
gravity braidings and covariant Gelileon theories [60]. The direct cosmological application
of covariant Galileons witnessed a flurry of investigations concerning self-accelerating de
Sitter solutions [223, 224], inflation [225, 226, 227, 228], dark energy and its observational
implications [229, 222, 230, 231, 232, 51, 52].
Similarly, one can also study the linear perturbations of the more general classes of
scalar-tensor theories, like for instance DHOST. Using the language of effective description
of dark energy [233, 234, 235] in terms of lapse, shift and the extrinsic curvature, the
quadratic action for DHOST can be written as [236]
SDHOST =
∫
d3xdta3
M2
2
(
δKijδK
ij −
(
1 +
2
3
αL
)
δK2 + (1 + αT )
(
R
δ
√
h
a3
+ δ2R
)
+H2αKδ
2
N + 4HαBδKδN + (1 + αH)RδN + 4β1δKδN˙ + β2δN˙
2 +
β3
a2
(∂iδN)
2
)
.(411)
Horndeski scalar-tensor theories with second order equations of motion correspond to the
restricted case with the only free functions αK , αB, αT and αM = d lnM
2/(Hdt) (in terms
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of the notation used in [237]) and the beyond Horndeski theories contain the additional
function αH . The DHOST theories introduce the additional four functions αL, β1, β2 and
β3 [236]. As we mentioned in section 7.4, the DHOST theories can be divided into two
groups, those that are related to Horndeski by means of a disformal transformation and
those that are unrelated to Horndeski theories. The parameters of the first category CI
satisfy the relations αL = 0, β2 = −6β21 and β3 = −2β1(2(1+αH)+β1(1+αT )) and in the
second category CII the βi parameters are given in terms of (αL, αT , αH) parameters. The
stability analysis of cosmological perturbations in the DHOFT theories reveals that the
second category of interactions CII that are not related to Horndeski suffer from gradient
instabilities either in the scalar or in the tensor sector and therefore can be disregarded.
Thus, the only valuable remaining DHOST theories are those that are related directly to
the Horndeski interactions by means of disformal transformations.
12.4. Cosmology with gauge invariant vector fields
The Standard Model of Particle Physics contains both abelian and non-abelian vector
fields as the fundamental fields of the gauge interactions. Therefore, this motivates an
exploration of the role of bosonic vector fields in the cosmological evolution besides scalar
fields. Similarly to the scalar field modifications, vector fields as part of the gravitational
interactions could naturally yield an accelerated expanding universe on large scales while
being screened on small scales.
Vector fields can be also in a natural way applied to the early universe to realise an
inflationary epoch. Starting with the standard Maxwell kinetic term, one immediately
realises that the associated energy density quickly decays since it is conformally invariant.
One way out is to consider a potential for the vector field V (AµA
µ). This was for instance
an idea that was followed in [238], where the slow-roll regime was realised by an almost
constant potential despite the exponential variation of AµA
µ. One can also consider a
non-minimal coupling to the gravity sector, which was pursued in [239] with a coupling of
the form RAµA
µ. However, this would explicitly break the gauge invariance and we shall
not comment on it any further in this subsection.
In all these considerations in order to guarantee an isotropic expansion, one has to
either assume a large number of randomly oriented vector fields, or a triplet of orthogonal
vector fields [240] or a vector field with only the zero component non-vanishing [241] (mas-
sive vector field). In the case of a potential term for the vector field, the contribution to
the 0i− component of the stress energy tensor goes as T0i = 2A0AiV ′. For this to be zero,
one has to either have a vanishing time component of the vector field or vanishing spatial
components. Furthermore, one has to impose that the off diagonal terms of the stress
energy tensor vanish and the diagonal component to be equal in order to be compatible
with the FLRW metric. This is possible with the triads.
Another possibility was considered in [242] with a fixed-norm vector field and its impact
on the CMB anisotropy was studied. In all of these considerations, it was later shown that
it is very hard to maintain the stability requirements [243]. The encountered instabilities
for some of these models make them cosmologically unviable [244]. Similar ideas of non-
minimal couplings to the gravity sector were also considered in [245, 246] for the purpose of
dark energy. In this subsection we shall consider only the cosmological solutions of vector
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field models with the explicit gauge invariance preserved. The consequences of breaking
this symmetry for cosmology will be investigated in the next subsection. Maintaining
gauge invariance allows a homogeneous and isotropic background only in two ways: either
considering N randomly distributed vector fields or a triad configuration.
As we have seen in section 9, imposing the U(1) symmetry allows only a unique coupling
with the double dual Riemann tensor LFF . Let us consider the most general action for a
massless vector field on curved space-time with second order equations of motion presented
in equation (293)
S =
∫
d4x
√−g
[
1
2
M2PlR−
1
4
FµνF
µν +
1
4M2
LαβγδFαβFγδ
]
.
Assuming the metric to be of the homogeneous and isotropic FLRW type and considering
a vector field with only non-vanishing spatial components Aµ = (0, Ai(t)), the vector field
equations of motion are of the form [172](
1 +
4H2
M2a2
)
~A′′ − 8H
(H2 −H′)
M2a2
~A′ = 0 , (412)
where H is the comoving Hubble parameter and the derivatives are with respect to the
conformal time dη2 = dt2/a2. Of course, as we mentioned above, a vector field with the
spatial components is not compatible with the symmetries of the FLRW metric, therefore
the vector field should be considered as subdominant. In the case of de Sitter expansion
with a = eht we have H′ = H2. This means that the second term of the vector field
equations of motion disappears yielding ~A′′ = 0. This is not very interesting since it
corresponds to the conventional electrodynamics. In the case of a power law expansion,
the dependence on M2 does not any longer factor out and we see the effect of the non-
minimal coupling. The corresponding energy density in this case takes the simple form
[172]
ρA =
1
2a4
(
1 +
12H2
M2a2
)
| ~A′|2 . (413)
One immediately observes, that if the non-minimal coupling is subdominant, the energy
density decays as in standard electrodynamics ρA ∝ 1/a4. On the other hand, if the
non-minimal coupling dominates, then one has ρA ∝ (aH)−2. For instance in a radiation
dominated universe, the energy density will be constant until the point where H2 ' a2M2
and then it starts decaying. This behaviour can be seen in figure 16. In a similar way,
the longitudinal and transverse pressures can be obtained from the stress energy tensor
(296) and one has to make sure that large scale anisotropies are not generated. It turns
out that for this to be the case, one has to impose M >∼ Heq ' 10−29 eV with Heq
denoting the Hubble expansion rate at matter and radiation equality. In this case, a
initially subdominant contribution of the vector field remains always subdominant.
So far we have assumed that the vector field played the role of a subdominant com-
ponent of the universe. What happens if the vector field contributes in a non-negligible
way to the expansion. For this purpose let us consider a vector field pointing along the
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Figure 16: The figure is taken from [172], where the evolution of the energy density ρA (dotdashed) is
shown for M = 107H0 and M = 25H0. Furthermore, one can compare it with the cosmological evolution
for the standard components in form of radiation (dotted),matter (dashed), and a constant energy density
of the cosmological constant (blue line).
z-direction and an axisymmetric Bianchi I metric ds2 = dt2−a2⊥(t)
(
dx2 + dy2
)−a2‖(t)dz2.
Corresponding to the two scale factors, we have the expansion rate along the transverse
direction H⊥ = a˙⊥/a⊥ and longitudinal direction H‖ = a˙‖/a‖. We can plug in these
Ansaetze into the metric field equations, which result in
H2⊥ + 2H‖H⊥ = 8piGρ, (414)
H˙⊥ + H˙‖ +H2⊥ +H
2
‖ +H⊥H‖ = −8piGp⊥, (415)
2H˙⊥ + 3H2⊥ = −8piGp‖, (416)
with the corresponding energy density and pressures
ρ = ρΛ +
1
2a2‖
(
1 +
12H2⊥
M2
)
A˙2z, (417)
p⊥ = −ρΛ + 1
2a2‖
[(
1− 4H⊥(H⊥ −H‖) + H˙⊥
M2
)
A˙2z −
8H⊥
M2
A˙zA¨z
]
, (418)
p‖ = −ρΛ −
1
2a2‖
(
1 +
4H2⊥
M2
)
A˙2z. (419)
Similarly, we have the equation of motion of the vector field(
1 +
4H2⊥
M2
)
A¨z +
[(
1 +
4H2⊥
M2
)
(2H⊥ −H‖) +
8H⊥H˙⊥
M2
]
A˙z = 0. (420)
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We have equations of motion that contain A¨z, H˙⊥ and H˙‖. For convenience, one can define
an average expansion rate H and its departure as shear R in terms of H⊥ = H(1 − R)
and H‖ = H(1 + 2R). We can use the Friedmann equation in order to eliminate the
A˙z dependence and the vector field equations of motion to replace A¨z. Plugging these
expressions back into the remaining equations results in an autonomous system of first
order differential equations
H˙ = f1(H,R, ρΛ)
R˙ = f2(H,R, ρΛ) , (421)
with the two specific functions f1 and f2. Brought the equations in this autonomous form,
we can easily find the critical points and study their stability. The critical points corre-
spond to f1 = 0 and f2 = 0. It turns out that there are two critical points characterised
by I :
(
R = 0, H =
√
ρΛ
3M2Pl
)
and II :
(
R = 1, H =
√
2ρΛ
3MPl
)
.
The critical point with (R = 0) is nothing else but the isotropic de Sitter solution
driven by the cosmological constant. On the other hand, the second critical point with
(R = 1) corresponds to the electric Bianchi type I solution, which is not physical since
it yields a negative energy density of the vector field. It is interesting to note that the
location of the critical points does not depend on M2 so that the non-minimal coupling
does not play any role. Moreover, we can consider small perturbations around the critical
points in order to study their stability. The linearised perturbations have the form
d
dt
(
δR
δH
)
= MI,II
(
δR
δH
)
. (422)
From this, one obtains that the first critical point is stable whereas the second one is a
saddle point. This can be explicitly seen in the figure 17. This means that the stability of
the de Sitter universe is maintained despite the presence of the non-minimal interaction.
Apart from the property of de Sitter attractor, one has to ensure the absence of ghost and
Laplacian instabilities. In order to avoid ghost instabilities on cosmological backgrounds,
one has to impose the condition
1 +
4H2
M2
> 0. (423)
Similarly, for the avoidance of Laplacian instabilities, the propagation speed in the high
frequency regime has to be positive
c2s = 1−
4H2
M2
(1− H′H2 )
1 + 4H
2
M2
> 0. (424)
This type of Horndeski vector-tensor theories, although very interesting on its own, quite
generally suffer from ghosts or Laplacian instabilities in regions where the non-minimal
coupling dominates over the Maxwell kinetic term [172]. Unfortunately, this property does
not alter by promoting the gauge field to a non-abelian gauge field. A non-abelian SU(2)
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Figure 17: In this figure three examples of the phase map for the autonomous system are shown with
increasing values of M2 from left to right [172]. One can see that the de Sitter critical point (R = 0) is an
attractor and the electric Bianchi type I solution (R = 1) is unstable.
gauge field with a non-minimal Horndeski coupling to gravity can generate a de Sitter
solution followed by a graceful exit to a radiation-dominated epoch [247]. However, the
second order action of perturbations for this Horndeski Yang-Mills theory reveals ghost
and Laplacian instabilities in the tensor sector on top of the homogeneous and isotropic
quasi de Sitter background [248]. In the case of gauge invariant vector theories, one can
not apply them to dark energy maintaining the homogeneity and isotropy. Therefore,
more promising roads for dark energy arise in the generalised Proca theories with broken
gauge symmetry.
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12.5. New avenues in cosmology with massive vector fields
As we mentioned above, vector fields have been also considered in cosmological appli-
cations. In contrast to scalars, the vector fields in cosmology have the additional difficulty
of leading to the presence of large scale anisotropic expansion. This on the other hand
would be in conflict with the high isotropy observed in the CMB. However, there is still
some room for the vector fields if the anisotropies are not too large and a small amount
of it could be actually used to explain the reported anomalies by WMAP and Planck in
cosmological observations at large scales [249, 250]. If one considers only an abelian gauge
field, the only way of obtaining an isotropic expansion would consist of N vector fields
with a randomly distributed orientation. Another way is to consider a non-abelian vector
field with interactions that exhibit a global SO(3) symmetry.
Within the context of massive vector fields, one can achieve isotropic expansion with
another configuration, namely by the temporal component of the vector field, which is just
an auxiliary field and does not propagate. The auxiliary mode gives rise to a modified
Friedman equation. Let us consider the generalized Proca interactions that we discussed
in section 9.2 in equation (299). For the background metric we shall assume as usual
a FLRW metric with the line element ds2 = −dt2 + a2(t)d~x2. Compatible with these
symmetries of homogeneity and isotropy, the Ansatz for the background vector field is
Aµ = (φ(t), 0, 0, 0) . (425)
From the action in equation (299) we obtain the following background equations of motion
G2 −G2,Xφ2 − 3G3,XHφ3 − 6(2G4,X +G4,XXφ2)H2φ2
+6G4H
2 +G5,XXH
3φ5 + 5G5,XH
3φ3 = ρM , (426)
G2 − φ˙φ2G3,X + 2G4 (3H2 + 2H˙)− 2G4,Xφ (3H2φ+ 2Hφ˙+ 2H˙φ)
−4G4,XXHφ˙φ3 +G5,XXH2φ˙φ4 +G5,XHφ2(2H˙φ+ 2H2φ+ 3Hφ˙) = −PM ,(427)
for the background metric and similarly for the vector field
φ
(
G2,X + 3G3,XHφ+ 6G4,XH
2 + 6G4,XXH
2φ2 − 3G5,XH3φ−G5,XXH3φ3
)
= 0 ,
(428)
where Gi,X stands for the derivative with respect to X and ρM and PM are the energy
density and pressure of the matter fields. In the equation of motion for the vector field,
one sees immediately that one consistent solution would be φ = 0. Of course, we will not
be interested in these solutions. On the other hand the φ 6= 0 solutions will result in the
for us interesting de Sitter solutions. The de Sitter fixed point corresponds to H˙ = 0 with
ρM = PM = 0 and φ˙ = 0.
On top of these background solutions, one has to guarantee that the tensor, vector and
scalar perturbations do not have any pathologies. For the tensor perturbations we assume
the transverse and traceless Ansatz δgij = a
2hij with ∂
ihij = 0 and hi
i = 0. The action
to second order in tensor perturbations becomes
ST =
∑
p=+,×
∫
dt d3x a3
qT
8
[
h˙2p −
c2T
a2
(∂hp)
2
]
, (429)
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where p denotes the two polarization modes and the coefficient qT is given by
qT = 2G4 − 2φ2G4,X +Hφ3G5,X , (430)
together with the sound speed
c2T =
2G4 + φ
2φ˙ G5,X
qT
. (431)
Accordingly, the tensor perturbation equation of motion in Fourier space reads
h¨λ +
(
3H +
q˙T
qT
)
h˙λ + c
2
T
k2
a2
hλ = 0 . (432)
In order to guarantee the absence of tensor ghost and small-scale Laplacian instabilities,
one has to impose the conditions qT > 0 and c
2
T > 0 respectively.
In a similar way, we can work out the vector perturbations. In this case, not only the
metric vector perturbations δg0i = 2Vi with ∂
iVi = 0 will contribute but also the vector
perturbations of the vector field δAi = δ
ij
a2
Ej with Ej again satisfying the transverse
condition. Similarly, there will be also the velocity perturbations of the matter fields. The
action two second order in vector perturbations is of the form
ST =
∑
i=1,2
∫
dt d3x a3
qV
8
[
V˙ 2i −
c2V
a2
(∂Vi)
2 −m2V V 2i
]
, (433)
with the corresponding coefficients this time
qV = G2,F + 2G2,Y φ
2 − 4g5Hφ+ 2G6H2 + 2G6,XH2φ2 , (434)
c2V = 1 +
φ2(2G4,X −G5,XHφ)2
2qT qV
+
2[G6H˙ −G2,Y φ2 − (Hφ− φ˙)(HφG6,X − g5)]
qV
,(435)
m2V =
1
qV
(
2(2G4,X −HφG5,X)H˙ + (G3,X + 4φHG4,XX −G5,XH2 − φ2G5,XXH2)φ˙
)
+2H2 +
1
qV
d
dt
(qVH) . (436)
The analytic estimation as well as the numerical solutions of the equations of motion of
the vector perturbations reveals that the vector perturbations are nearly constants far
outside the vector sound horizon and after horizon entry c2V k
2/a2 > H2 they decay with
oscillations [81].
Last but not least, there are also the scalar perturbations. For the absence of ghost
and gradient instabilities one has to put also the right constraints on these perturbations.
From the vector field we have the scalar perturbations δA0 = δφ and δAi = δ
ij
a2
∂jχV and
from the metric δg00 = −2α and δg0i = 2∂iχ and similarly from the matter fields for
the energy density δρM and velocity potential v. The equations of motion of the scalar
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perturbations are given by
δρM − 2w4α+ (3Hw1 − 2w4) δφ
φ
+
k2
a2
(Y + w1χ− w6ψ) = 0 , (437)
(ρM + PM ) v + w1α+
w2
φ
δφ = 0 , (438)
(3Hw1 − 2w4)α− 2w5 δφ
φ
+
k2
a2
[
1
2
Y + w2χ− 1
2
(
w2
φ
+ w6
)
ψ
]
= 0 , (439)
δ˙ρM + 3H
(
1 + c2M
)
δρM +
k2
a2
(ρM + PM ) (χ+ v) = 0 , (440)
Y˙ +
(
H − φ˙
φ
)
Y + 2φ (w6α+ w7ψ) +
(
w2
φ
+ w6
)
δφ = 0 , (441)
v˙ − 3Hc2Mv − c2M
δρM
ρM + PM
− α = 0 , (442)
with the introduced short-cut notations
w1 = H
2φ3(G5,X + φ
2G5,XX )− 4H(G4 + φ4G4,XX )− φ3G3,X , (443)
w2 = w1 + 2HqT , (444)
w3 = −2φ2qV , (445)
w4 =
1
2
H3φ3(9G5,X − φ4G5,XXX )− 3H2(2G4 + 2φ2G4,X + φ4G4,XX − φ6G4,XXX )
−3
2
Hφ3(G3,X − φ2G3,XX ) + 1
2
φ4G2,XX , (446)
w5 = w4 − 3
2
H(w1 + w2) , (447)
w6 = −φ
[
H2φ(G5,X − φ2G5,XX )− 4H(G4,X − φ2G4,XX ) + φG3,X
]
, (448)
w7 = 2(HφG5,X − 2G4,X)H˙ +
[
H2(G5,X + φ
2G5,XX )− 4HφG4,XX −G3,X
]
φ˙ ,
Y = w3
φ
(
ψ˙ + δφ+ 2αφ
)
. (449)
and c2M representing the matter propagation speed squared. For the purposes of obser-
vational applications we can define the gauge invariant Bardeen gravitational potentials
Ψ ≡ α+χ˙ and Φ ≡ Hχ. Similarly, it is convenient to define the gauge invariant matter den-
sity contrast δ ≡ δρM/ρM+3H(1+wM )v with the matter equation of state wM ≡ PM/ρM .
In terms of these gauge invariant quantities, the modified Poisson equation is given by
k2
a2
Ψ = −4piGeffρMδ , (450)
with Geff representing the effective gravitational coupling. Other important quantities are
the slip parameter defined as η ≡ −ΦΨ and the growth rate of the matter density contrast
f ≡ δ˙Hδ .
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In order to gain a better intuition and for a concrete comparison to observations, let
us assume specific forms for the general functions in the form
G2(X,Y, F ) = b2X
p2 + [1 + g2(X)]F , G3(X) = b3X
p3 , G4(X) =
1
16piG
+ b4X
p4 ,
G5(X) = b5X
p5 , g5(X) = b˜5X
q5 , G6(X) = b6X
p6 . (451)
For the specific relations of the powers p3 =
1
2 (p+ 2p2 − 1), p4 = p + p2 and p5 =
1
2 (3p+ 2p2 − 1) one can construct interesting background solutions of the form φp ∝ H−1
with a positive constant p. These solutions are interesting since the temporal vector
component φ is negligible in the early cosmological epoch, but with the decrease of H it
grows giving rise to the late-time cosmic acceleration. The background equations can be
recast into
ΩDE Ω
3(1+s)
r
(1− ΩDE − Ωr)4(1+s)
=
(
ΩDE
Ω1+sr
)
0
(
Ωr
1− ΩDE − Ωr
)4(1+s)
0
, (452)
where ΩDE is defined in terms of p, p2 and φ, H and the lower subscript “0” representing
the values today. The introduced new parameter s stands for s ≡ p2p . For the exact
definitions see [80]. The cosmological trajectories are illustrated in Figure 18. It can be
clearly seen that de Sitter is an attractor. Independently of the initial conditions all the
cosmological trajectories end there.
For modes of interest for the observations of large-scale structures, we can assume that
they have physical momenta k/a higher than the Hubble expansion rate, which is known
as the sub-horizon approximation. Furthermore, for an adiabatic evolution we can neglect
the fast modes, hence apply the quasi-static approximation. With these assumptions the
effective gravitational coupling constant and the slip parameter take the form
Geff =
H(µ2µ3 − µ1µ4)
4piφµ5
, (453)
η =
φ2[2w2µ2 − w3µ4(w1 − 2w2)]
µ2µ3 − µ1µ4 , (454)
with the introduced variables µi for convenience
µ1 ≡ φ
2
H
[(w˙1 − 2w˙2 +Hw1 − ρM )w3 − 2w2(w2 +Hw3)] , (455)
µ2 ≡ φ
(
w22 +Hw2w3 + w˙2w3
)
+ w2(w6φ
2 − w3φ˙) , (456)
µ3 ≡ 2φ
Hw3
µ2 , (457)
µ4 ≡ − 1
w3
[
φ3(w26 + 2w3w7) + φ
2(2w2w6 +Hw3w6 + w3w˙6)
+φ
{
w22 +Hw2w3 + w3(w˙2 − φ˙w6)
}
− 2φ˙w2w3
]
, (458)
µ5 ≡ (w1 − 2w2) [φ(w1 − 2w2)w3µ4 − 2φw2µ2] +Hw2 [2w2(µ1 + w3µ3)− w1w3µ3] .(459)
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Figure 18: In this figure the phase map portrait of the dynamical autonomous system for s = 1 is shown
[80]. The yellow dot is the radiation fixed point, the green is the matter fixed point and the blue is the de
Sitter fixed point.
An essential property of these generalized Proca theories is illustrated for the model pa-
rameters p2 = 1/2, p = p6 = 5/2, g2 = 0, b˜5 = 0, β4 = 10
−4, β5 = 0.052, λ = 1 in figure
19.
As it can be seen in the figure 19, one can realize weak gravity with Geff smaller than
the Newton gravitational constant G. Hereby, the contribution of the intrinsic vector
modes in the quantity qV (kinetic term of the vector perturbations given by equation
(434)) plays a very crucial role. For small values for qV the effective gravitational coupling
Geff decreases. This illustrates that vector modes can significantly modify the gravitational
interactions on cosmological scales with a large impact on the observations of large-scale
structures and weak lensing. The realization of weak gravity could be used to explain the
tension between the redshift space distortion measurements and the Planck data for fσ8.
Hence, it is possible to distinguish these models from the ΛCDM model according to both
expansion history and cosmic growth.
12.6. Cosmic structure formation with Kinetic Field Theory (KFT)
The concept of KFT:
The formation of cosmic structures provides one of the most important and potentially
most powerful testing grounds for theories of gravity. The earliest signature of cosmic
structures that we can observe are the temperature and polarisation fluctuations in the
Cosmic Microwave Background (CMB). We see them as they were when photons were first
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Figure 19: Evolution of Geff/G for the model parameters p2 = 1/2, p = p6 = 5/2, g2 = 0, b˜5 = 0,
β4 = 10
−4, β5 = 0.052 (related to b4 and b5), λ = 1 with qV = 0.5, 0.1, 0.05, 0.01, 0.001 (from top to
bottom). More detail can be obtained from [81], specially about the notation of the coefficients and their
numerical values.
released from the cosmic plasma, approximately 400,000 years after the Big Bang. Their
amplitude is characterised by the variance of the temperature fluctuations relative to the
mean temperature, which is of order 10−5.
The angular power spectrum of the CMB temperature fluctuations indicates that these
fluctuations were at least predominantly adiabatic and thus accompanied by corresponding
fluctuations in the matter density. In our present universe, we see ourselves surrounded
by pronounced cosmic structures marked by galaxies, galaxy clusters, large regions de-
void of galaxies and huge, extended filaments. The quite obvious question whether, and
if so, how the primordial density fluctuations traced by the CMB could have developed
into the structures we observe today leads to the immediate conclusion that, at least in
the standard cosmological model based on the General theory of Relativity, the cosmic
structures must be dominated by a form of matter which cannot partake in the electro-
magnetic interaction [251]. This dark matter thus appears as an inevitable consequence
of the standard cosmological model.
As long as the relative density fluctuations in cosmic structures are small compared to
the mean cosmic matter density, the evolution of cosmic structures can safely be described
as a linear process, i.e. as a process governed by a linearised set of equations. In the
conventional analytic approach to cosmic structure formation, the density and velocity
fields of the predominantly dark matter are both assumed to be smooth and differentiable
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fields whose behaviour is captured by the hydrodynamical equations, i.e. the continuity
and the Euler equation, plus the Poisson equation as the Newtonian field equation for
the fluctuations of the gravitational potential sourced by the density fluctuations. For
structures with length scales small compared to the Hubble radius, moving with velocities
small compared to the speed of light, this Euler-Poisson system appears adequate [see 252,
for a review].
At late cosmic times and on small spatial scales, the evolution of cosmic structures be-
comes highly non-linear, i.e. the amplitude of the density fluctuations grows way beyond
the mean density. Then, the approach based on the linearised hydrodynamical equations
breaks down for two reasons. First, since the equations are linearised in the density, ve-
locity, and gravitational-potential fluctuations, they cannot capture the formation of large
density fluctuations. Second, and conceptually more importantly, a limitation in the es-
sential assumptions of hydrodynamics becomes fundamentally important. Hydrodynamics
assumes that the mean free path of the fluid particles is negligibly short compared to all
other length scales relevant for the system under consideration. Specifically for dark mat-
ter, however, this cannot hold true. At the latest when particle streams converge and
meet, discontinuities or shocks would form in a fluid, preventing the velocity field from
becoming multi-valued. In cosmic structures, however, streams of the at most weakly in-
teracting dark-matter particles can cross, leading to the formation of multi-valued velocity
fields. At the latest when this happens, the hydrodynamical treatment must break down.
Conventionally, the most trustable way of studying non-linear cosmic structure for-
mation are numerical simulations. They decompose the cosmic density field into pseudo-
particles with a mass set by the spatial resolution of the simulation. Beginning with
suitable initial conditions, the gravitational interaction of the dark matter particles is di-
rectly simulated. As highly resolved simulations show, the non-linearly evolved density
field develops characteristic patterns and, in particular, gravitationally bound structures
with universal properties, such as the radial density profiles with similar functional forms
for dark matter haloes with masses between dwarf galaxies and massive galaxy clusters.
Much of what we can learn about the universe is due to observations of signals provided
by non-linearly evolved structures. Moreover, as observations of the CMB temperature
fluctuations show, cosmic structures begin as random fields which either are Gaussian
random fields or have non-Gaussian contributions which are tightly constrained and com-
patible with zero. In the course of cosmic structure evolution, however, the Gaussian
character of the structures gets lost by mode coupling due to the gravitational interaction.
Non-Gaussian, non-linear structures thus carry much of the empirical evidence available
in our observable universe.
Aiming at testing alternative theories of gravity on cosmological scales, the late-time,
non-linear and non-Gaussian structures supply a large and most valuable part of the
potentially available signal. A thorough understanding of these aspects of structure for-
mation is thus mandatory for sensitive tests of the cosmological consequences of gravity
theories. This remark has two aspects. First, cosmic structure formation becomes most
interesting in particular where density fluctuations become large and conventional analytic
approaches break down. Second, the signal contained in these structures will not obey
Gaussian statistics any more. For solid statistical inference from observations, therefore,
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higher than second-order density and velocity correlations are needed, allowing to assess
the degree of mixing and of phase correlations between Fourier modes of the cosmic matter
field. Simulating cosmic structures sufficiently deeply into the non-linear, non-Gaussian
regimes for a possibly large variety of alternative theories of gravity, with an angular res-
olution required at least for galaxy clusters or groups and with simulation volumes large
enough to reliably estimate non-Gaussian effects, would be forbiddingly time and resource
consuming.
Effective field theories have been developed, based on the Euler-Poisson system, to
study cosmic structure formation analytically [e.g. 253, 254, 255]. They encounter two
problems. First, by construction, they cannot bypass the conceptual problem that hy-
drodynamics does not allow the formation of multiple-valued velocity fields, i.e. of stream
or shell crossing. Effective field theories of cosmic structure formation thus typically be-
gin failing at wave numbers k & 0.3hMpc−1. Second, being effective field theories, they
contain parameters which again require sufficiently large numerical simulations for their
reliable calibration. Other analytic approaches based on Lagrangian perturbation theory
may go further, but still assume the existence of a smooth spatial distribution functions
e.g. for the cosmic matter [256, 257, 258, 259, 260]. Once multiple streams form, these
functions are being folded and develop cusps where functional determinants relating the
initial density distribution to its later states become singular.
For these and other reasons, a conceptually entirely different analytic approach to
cosmic structure formation has recently been developed [261], based on the approach by
[262] and on the pioneering work by [263, 264, 265, 266]. This approach, termed kinetic
field theory or KFT for short, decomposes the cosmic matter field into classical pseudo-
particles of a certain mass whose value is irrelevant. The dynamics of these particles
in phase space is controlled by the Hamiltonian equations of motion. Being linear, the
Hamiltonian equations allow the construction of a retarded Green’s function for solving
these microscopic equations of motion. Since Hamiltonian trajectories cannot cross in
phase space due to their uniqueness, the problems related to shell crossing or multiple
particle streams is absent by construction. In addition, the Hamiltonian flow on the phase
space is diffeomorphic and thus free of singularities, and it is symplectic and thus, by
Liouville’s theorem, even preserves its volume in phase space.
KFT begins by covering phase space at a sufficiently early initial time, for example
corresponding to the time of CMB decoupling, with a suitable distribution function quan-
tifying the probability for a phase-space point to be occupied by a particle. This initial
probability distribution must respect the relevant spatial density correlations correspond-
ing to an assumed initial density-fluctuation power spectrum. In accordance with the
Gaussian appearance of the CMB temperature fluctuations, modelling the initial density
field as a Gaussian random field seems to be a safe procedure. By continuity then, the
initial velocity field must also be correlated. The initial state of KFT is thus characterised
by a set of N classical point particles whose initial positions and momenta are correlated
according to an initial Gaussian random potential field whose gradient determines the
velocity and whose (negative) Laplacian determines the number density of the particles.
The Hamiltonian flow of these particles, expressed by the retarded Green’s function of
Hamilton’s equations, then provides a volume-conserving, diffeomorphic map of the initial
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to any final phase space. It thus also maps the initial probability distribution to any later
time. Very much in analogy to statistical quantum field theory, the statistical properties of
the particle ensemble are encapsulated into a generating functional. Similar to a partition
function in standard, equilibrium thermodynamics, this generating functional integrates
over the probability for the particles to occupy the phase-space positions at any time.
This probability for any phase-space position to be occupied at time t is factorised into
the probability an initial phase-space position to be occupied at the initial time t = 0,
times the conditional or transition probability for a particle to move from the initial to
the final position within the time t. Being a classical theory, this transition probability is
deterministic, which is the main difference between KFT and a statistical quantum field
theory.
Having augmented the generating functional with suitable generator or source fields,
particle correlations of any order can then be derived by applying as many functional
derivatives with respect to these source fields to the generating functional as correspond
to the order of the correlations. Particle interactions are contained in an exponential
interaction operator, again similar to quantum field theory. As there, expanding the
interaction operator into a Taylor series leads to the Feynman diagrams of the theory.
Compared to most quantum field theories, applications of KFT to cosmology have
two further important advantages. One concerns the interaction potential between the
particles. Since the particles are diluted by cosmic expansion, the effective amplitude of
their interaction potential decreases over time, corresponding to a particle mass shrinking
with time. This prevents secular instabilities from occurring. The second concerns the
properties of the initial density fluctuation power spectrum, which decreases quite steeply
for k → 0 as well as for k → ∞. Infrared or ultraviolet divergences thus do not occur
either.
To a very large degree, it is arbitrary how a given Hamiltonian is split up into a free
and an interaction part. This implies that the Green’s function of the Hamiltonian can be
varied to an equally large degree. In particular, it is possible to split the Hamiltonian such
that already the Green’s function of the free motion encapsulates part of the large scale
gravitational interaction. One widely known example for this approach is the Zel’dovich
approximation [267], which could be further improved [268]. On the basis of this improved
Zel’dovich approximation, it could be shown that even first-order perturbation theory with
KFT yields a non-linearly evolved density fluctuation power spectrum which, up to wave
numbers k . 10hMpc−1, very closely follows the power spectrum derived directly from
numerical simulations [261].
Further improvements are possible. First, beginning with a statistically homogeneous
and isotropic, Gaussian random field for the initial conditions, the generating functional
of KFT can be fully factorized into generic factors which can be evaluated once and for
all [269]. This simplifies and speeds up even elaborate calculations with KFT, but also
provides a conceptual understanding of the essential characteristics of cosmic structure
formation. Second, the interaction operator can be evaluated in the Born approximation,
i.e. along the inertial (free) particle trajectories described by the retarded Green’s function
of the Hamiltonian equations. This allows the derivation of a non-perturbative, closed,
analytic and parameter free expression for the non-linearly evolved power spectrum of
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cosmic density fluctuations up to k . 20, hMpc−1, thus reaching already quite deeply into
the non-linear regime [270]. The evaluation of this expression is a matter of seconds on
conventional laptops.
Even though KFT has been developed in the framework of the standard cosmological
model, it can quite easily be generalised to alternative theories of gravity and different
cosmological models. Such adaptations typically require only (1) a suitable choice of the
time coordinate, which is conveniently (but not necessarily) chosen as the growth factor
of linear structure formation; (2) the construction of a retarded Green’s function for the
Hamiltonian equations on an expanding background; and (3) the choice of the interac-
tion potential between the particles. The correlated distribution function for the initial
phase-space positions of the particles is defined by a suitable density-fluctuation power
spectrum, typically set by the dark matter model. KFT then provides a general frame-
work for developing the initial phase-space distribution forward in time.
The formalism of KFT and its application to modified theories of gravity:
The concepts of KFT are quite straightforwardly formalised. Its central object is a gen-
erating functional Z, analogous to a partition sum in equilibrium thermodynamics, which
is defined as usual as an integral of the probability P (ϕ) for a state ϕ to be occupied over
all possible states,
Z =
∫
D[ϕ]P (ϕ) , (460)
where D[ϕ] denotes the path integration over field configurations. We split the probability
P (ϕ) into the probability P (ϕi) for the initial state and the conditional or transition
probability P (ϕ|ϕi) from the initial state to a state ϕ, hence
Z =
∫
D[ϕ]
∫
D[ϕi]P (ϕ|ϕi)P (ϕi) . (461)
For classical point particles subject to Hamiltonian dynamics, the fields are Dirac delta
distributions at the particle positions x = (q, p) in phase space, and thus the path inte-
grations are reduced to ordinary integrations over phase-space points. Since the particle
trajectories are deterministic, the transition probability also is a functional delta distribu-
tion of classical trajectories which is non-zero only along the particular trajectory which
solves the Hamiltonian equation of motion. Let G(t, t′) be the retarded Green’s function
of the Hamiltonian equations, then the trajectories beginning at xi are
x¯(t) = G(t, 0)xi −
∫ t
0
dt′G(t, t′)∇V (t′) , (462)
if the initial time is chosen to be zero and ∇V (t′) represents a force term to be specified
via the potential V in the Hamiltonian equations. Replacing the transition probability
P (x|xi) by the Fourier representation of the functional delta distribution and introducing
a generator field J turns the generating functional into the form
Z[J ] =
∫
dΓ i
∫ t
0 〈J,x¯〉 dt′ , (463)
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where dΓ = P (xi) dx is the initial phase-space measure and 〈·, ·〉 denotes a suitably defined
scalar product over all phase-space coordinates of all particles [261]. During the derivation
of (463), it is being used that the Hamiltonian flow on the phase space is symplectic and
thus has a unit functional determinant by Liouville’s theorem.
Functional derivatives of Z with respect to J(t) pull the particle positions x¯(t) down
from the exponent. Particle densities in configuration space are represented by delta
distributions. Writing these in their Fourier representation, we can define an operator for
density modes with wave number ~k in configuration space,
ρˆ
(
~k, t
)
= exp
(
−i~k · δ
δJq(t)
)
, (464)
where Jq(t) is the q component of the generator field J at time t. Since derivatives
generate translations, exponentials of derivatives are finite translations. Applying a density
operator ρˆ(1) with wave number ~k1 at time t1 to the generating functional thus creates a
shift L(1) which, once the generator field J has been set to zero, simply replaces J ,
ρˆ(1)Z[J ]|J=0 = 〈ρ(1)〉 =
∫
dΓ E i〈L(1),x¯〉 . (465)
The time integral over the phase in (463) disappears now because the functional derivative
with respect to J(t1) returns a delta distribution in t− t1. Density spectra of order n can
now be calculated by applying n density operators to Z,
Gn = 〈ρ(1) . . . ρ(n)〉 =
n∏
i=1
ρˆ(i)Z[J ]
∣∣∣∣∣
J=0
= Z[L] =
∫
dΓ E i〈L,x¯〉 , (466)
where the shift L =
∑
L(i) is now a sum of contributions from density modes with wave
numbers ~k1, . . . ,~kn taken at times t1, . . . , tn. Up to this point, the theory is completely
generic for classical Hamiltonian particles.
For cosmology, the probability distribution P (xi) of the initial phase-space positions xi
must be specified. Since observations of the cosmic microwave background do not reveal
any deviations from a Gaussian random field, it seems appropriate to assume that this
P (xi) is a Gaussian, characterised only by the correlation matrices of particle positions
and momenta, and between them. Assuming that the initial momenta are drawn from a
vorticity-free field, p = ∇ψ, and continuity then requires that δ = −∇2ψ. Specifying the
correlation function of ψ or, alternatively, the density power spectrum is thus sufficient
to fix P (xi) [261]. Despite the correlations between all particle momenta, this initial
probability distribution can be fully factorized, thus greatly simplifying the calculation of
the generating functional Z[L] and accordingly of n-th order power spectra [269].
For cosmological applications, it is convenient to account for the expansion of spacetime
by replacing spatial coordinates by comoving coordinates, and to adapt the Hamiltonian
and the momenta accordingly. Effectively, this causes the interaction potential between
the particles to decrease with time in response to the increasing mean particle separation.
It is furthermore convenient to replace the cosmological time t by a function τ growing
monotonically with time and reflecting the linear growth of density fluctuations. A suitable
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choice for this function is the linear growth factor factor D+(t), shifted such that τ = 0
at the initial time,
τ := D+(t)−D+(ti) . (467)
Simple as it looks, the expression (466) for the n-point spectra disguises one major
difficulty, namely the interaction between the particles. The interaction term between two
particles at positions 1 and 2 is described by the potential
v(12) =
∫
k
v˜(k) E ik·(q1(τ1)−q2(τ1)) (468)
in terms of its Fourier transform v˜(k). Note that τ1 = τ2 due to the instantaneous action
of the Newtonian gravitational force. In (468), the particle positions can be replaced by
functional derivatives with respect to the generator field component Jq. This allows to
represent the particle interactions by an interaction operator appearing in an exponential
function. Expanding this exponential operator into a Taylor series gives rise to the conven-
tional perturbative approach graphically expressed by Feynman diagrams [261]. Another
approach is enabled by Born’s approximation, replacing an actual particle trajectory by
its unperturbed trajectory
q(τ) = q + gqp(τ, 0)p (469)
determined by the initial position (q, p) and the component gqp(τ, τ
′) of the Green’s func-
tion G(τ, τ ′) [270].
An important observation for both approaches is that the Green’s function is deter-
mined by the Hamiltonian of a free particle. Splitting the Hamiltonian H into a free
part H0 and an interaction part HI is, however, to a large degree arbitrary. This allows
the construction of entire classes of Green’s functions such that the interaction potential
between the particles is minimized. One example for the benefit of this arbitrariness is
the Zel’dovich approximation [267], which describes free particle trajectories simply as
q(τ) = q + τp . (470)
An improvement of the Zel’dovich approximation is given by
gqp(τ, τ
′) =
∫ τ
τ ′
dτ¯ Eh(τ)−h(τ¯) (471)
with
h(τ) :=
1
g(τ)
− 1 , g(τ) := a2D+fH , (472)
with the usual definition
f =
d lnD+
d ln a
(473)
of the growth function f [268]. The function g is to be normalized such that g(0) = 1.
For h = 0, the Green’s function (471) returns to the Zel’dovich approximation. The
potential acting with respect to the trajectories (469) with the Green’s function (471) can
then easily be found. The Green’s function (471) has the advantage of avoiding part of
the re-expansion of cosmic structures after matter streams cross. The interaction term in
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Born’s approximation has been derived in [270], where it was shown that it reproduces
the non-linear evolution of the cosmic matter power spectrum very well.
Adapting KFT to alternative theories of gravity and using it to study non-linear struc-
ture formation as described by these theories is now quite straightforward. We need to
specify
• the background evolution in a cosmological model derived from the modified theory;
this background evolution is characterised by the Hubble function H;
• a possible time dependence of the effective gravitational constant;
• the growth factor D+ for linear perturbations in the modified theory; and
• possible changes to the gravitational potential.
The KFT formalism itself remains untouched by modifications of the theory of gravity, and
the Green’s function can be chosen as in General Relativity. In figure 20 the application
of KFT to generalised Proca theories is shown as a proof of concept for its applicability.
We took the same dark energy model as illustrated in 12.5.
Figure 20: The non-linear power spectrum of a dark energy model arising in generalised Proca theories
with respect to the standard ΛCDM as a function of the wave number for different qv values (the quantity
appearing in the kinetic term of vector perturbations of generalised Proca theories). The power spectra are
normalised in the same way at the initial time. The model parameters are chosen as p2 = 1/2, p = p6 = 5/2,
g2 = 0, b˜5 = 0, β4 = 0, β5 = 0.0, λ = 1.
We first studied the background evolution of this specific dark energy model and deter-
mined the Hubble function (solved equations (426),(427) and (428)). We used the Hamil-
tonian of the unperturbed background H = ΠµO˙ − L (with O representing O(N, a, pi))
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H = −Na3(G2 + 6H2G4 − 6G4,XH2pi2 + 2G5,XH3pi3 (474)
and chosen the specific dark energy model given by the functions in equation (451). We
have then used the linear growth factor as a suitable time component. For this, we solved
the perturbation equation
δ¨ + 2Hδ˙ − 4piGeffρδ = 0, (475)
where the effective gravitational coupling Geff is given by equation (453). The outcome of
the KFT approach shows clearly significant deviations in the non-linear power spectrum
with respect to General Relativity and could be tested against observations. The plot
should be taken with a grain of salt, since we merely provide it just to illustrate the
applicability of KFT to modified gravity theories and represents preliminary results [271].
it would be very interesting to introduce the new physics related to the generalised Proca
field into a N-body simulation and compare the outcomes with the analytical KFT results.
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13. Gravitational Waves
The breathtaking discovery of gravitational waves (GWs) [182], that received the well
deserved Nobel prize, has triggered the field of GW astronomy. We are now able to listen
to the mergers of binary black holes and neutron stars. This tremendous discovery has
opened a new and unique opportunity to test gravitational theories beyond the regimes
where it has been tested so far. With this new observational window we will enormously
enhance our knowledge about the universe. The science of GWs will be a key field not
only to astrophysics but also to cosmology. The LIGO/VIRGO team makes use of very
advanced interferometers, which are able to detect strains with an accuracy corresponding
to one hydrogen-atom radius compared to the astronomical unit. The ESA project eLISA
will push this technology even further. These observational advances and technologies
have to be accompanied tightly by the reinforced deeper theoretical understanding of the
whole process of the merging of compact objects.
Even before the direct detection of GWs we had tight constraints from indirect probes.
For instance the period change of binary pulsars and energy loss were indirect evidence
for GWS. The observations of the orbital decay rate of binary pulsars allowed to deduce
that the inferred gravitational waves are predominantly of quadrupolar nature and the
deviation of their propagation speed from the speed of light has to be of order 10−2 - 10−3
[272, 273]. As it was shown in [273] the anomalous propagation speed of GWs in Horndeski
type of theories survives conventional screening due to the persistence of the gradient of
the additional degree of freedom deep inside the virialized overdensities. Another tight
constraint was already present from the absence of Cherenkov radiation, which puts a
lower bound on the deviation of the order of 10−15, forbidding sub-luminal propagation
in this way.
These already tight constraints improved significantly with the direct detection of
GWs. With the by now several events LIGO marked a milestone in GWs astronomy. With
the two LIGO detectors the sensitivity to the polarisation of GWs and the source position
was rather low, which was then increased significantly when the VIRGO collaboration
joined the LIGO network. The 90% credible region of the two detectors were then improved
from 1160deg2 down to 60deg2. The observations indicate so far that the GW signals are
predominantly of spin-2 nature, where vector and scalar polarisations, if present at all,
have to be suppressed.
Soon after VIRGO’s participation GWs astronomy witnessed another major event
with tremendous consequences. The GW170817 event [6] of two merging neutron stars
came with its electromagnetic counterpart as gamma-ray burst signal GRB170817A. The
electromagnetic signal was arrived after 1.7 seconds after the instant of merger of the neu-
tron stars defined by the GW signal. This first multimessenger detection has outstanding
repercussions of both astrophysical and cosmological nature. It not only allowed to mea-
sure the propagation speed with high precision, but also delivered essential evidence for
heavy elements production. In the previous events of black hole binaries, the detectors
were mainly sensitive to the merger phase and only a few cycles were observed before
coalescence. However, in the case of neutron star binaries the detectors are sensitive to
the inspiral phase prior to the merger, which allows the observation of tens of thousands
cycles. In this way we can extract more information about the physical properties of
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compact objects.
One tremendous consequence of the GW170817 event is that the propagation speed of
GWs is highly constrained to be |cT /c− 1| . 10−15, where c represents the speed of light.
This on the other hand tightly constraints many modified gravity theories for dark energy.
In the following we shall discuss shortly the corresponding implications for different classes
of modified gravity theories.
13.1. Scalar-Tensor theories
As we have discussed in a previous section, one can construct successfully the most
general scalar-tensor theories with second order equations of motion, the Horndeski La-
grangians. The presence of derivative non-minimal couplings to gravity modifies among
other things the propagation speed of GWs. These interactions come in at the forth and
fifth order of Horndeski Lagrangians
L4 = G4(pi,X)R+G4,X
(
[Π]2 − [Π2])
L5 = G5(pi,X)GµνΠµν − 1
6
G5,X
(
[Π]3 − 3[Π][Π2] + 2[Π3]) . (476)
If one considers small perturbations on top of a homogeneous background p¯i(t) and g¯µν =
(−N(t)2, a(t)2δij), then the tensor perturbations on top of this background have the fol-
lowing generic form
S(2)T =
∑
λ
∫
d4xa3qT (h˙
2
λ −
c2T
a2
(∂hλ)
2) (477)
where we note two relevant contributions in terms of modified gravitational coupling and
propagation speed taking the explicit expressions
qT =
1
4
(2(G4 − 2XG4,X)− 2X(G5,X p˙iH −G5,pi))
c2T =
2G4 − 2XG5,pi − 2XG5,X p¨i
4qT
. (478)
As we can see, the sound speed of tensor perturbations depends in a non-trivial way
on the background functions G4, G5 and the background dynamics. The LIGO/VIRGO
constraint on the speed of gravitational waves is restricted to frequencies 10−100Hz, which
corresponds to a scale that is at the edge of the strong coupling scale of the Horndeski
theories, where the regime of validity of the effective field theory breaks down and new
physics enter. As was pointed out in [274]8, the new operators arising at the cutoff scale can
significantly affect the speed of propagation of gravitational waves and make it even unity
at those high energy scales. Note, that there is no need of finely-tuned cancellations and
the new physics entering at that scale does not know anything about the very particular
specific choice of the Lorentz-breaking background field configuration.
8This was also intensively discussed at the ITS-ETH workshop ”Gravitational waves in modified gravity”
on the 28-30.05.2018 and it is good that there is some awareness of this in the community.
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If we decide to be too conservative and ignore the presence of the higher order opera-
tors, that would enter naturally from the effective field theory point of view, we can then
put very restrictive bounds on the modified gravity theories [275, 276, 277, 278, 279, 280,
281, 282]. Even if it is too early to say anything decisive with the LIGO measurement,
future missions like LISA will tightly constrain non-luminal propagation in alternative
theories on scales within the regime of validity of the constructed effective field theories.
For the Horndeski theories, luminal propagation would require
G4,X = 0 and G5 = 0 , (479)
if we do not allow any fine-tuning between these two functions and their specific de-
pendence on X and pi. One could be also attempted to fine-tune the functions G4 and
G5 against each other in order to erase their contributions in the speed of GWs. How-
ever, such a fine-tuning would be valid only for a particular background evolution with
a perfect homogeneous and isotropic symmetries. Any small deviation in the perturba-
tions would break this fine-tuning. In order to guarantee a promising cancelation for
arbitrary backgrounds, the contributions of these functions to the effective metric that
determines the causal structure of the GWs should have the same tensor structure at
the covariant level. For an arbitrary background the effective metric has the covariant
form Gµν = Cgµν +DΠµΠν +EΠµν [283]. Whereas the function G4 contributes to the D
term, the function G5 contributes to the E term and hence their cancelation for an arbi-
trary background is restrictively not possible [276]. In other words, the luminal Horndeski
interactions could be summarised in the simple Lagrangian as
Lluminalpi = G2(pi,X) +G3(pi,X)pi +G4(pi)R . (480)
As we mentioned in section 4.3, a subclass of these theories with shift and Galileon sym-
metry on flat space-time has the nice property of technical naturalness. Even if this
symmetry is slightly broken on curved space-time, their covariant version still allows a
significant suppression of the quantum corrections within the regime of validity [158].
Imposing the radiative stability would further narrow down the allowed Lagrangian to
Lluminal,naturalpi = G2(X) +G3(X)pi +M2PlR. (481)
So far we only considered the second order Horndeski Lagrangians. Another possibility
arises when one allows for higher order equations of motions, as it is the case in beyond
Horndeski theories. Still within the restriction G5 = 0, the following GLPV Lagrangian
can be considered
LBH4 = F4(pi,X)
(
ΠµΠ
µνΠνρΠ
ρ −ΠµΠµνΠν [Π]−X([Π]2 − [Π2])
)
, (482)
which yields an additional contribution to the GW speed on top of the G4 contribution
c2T =
G4
G4 − 2X(G4,X −XF4) . (483)
From this expression it becomes clear that the contribution to the anomalous GW speed
coming from L4 can be tuned away by the beyond Horndeski interaction in LBH by im-
posing the relation F4 = G4,X/X. It is worth to emphasise that such a tuning among the
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functions F4 and G4 does not share the same problem as a possible cancelation among the
G4 and G5 functions, since they contribute with the same tensor structure to the effective
metric on top of which the gravitational waves propagate [276].
In the language of the effective field theory of dark energy, luminal propagation will
require quadratic terms with a1 = 0 in L ⊃ (f−a1X)KijKij and no cubic termsKijKjlKil ,
etc. Thus, among the DHOST theories, only those of the first category C1 with a1 = 0
provide luminal propagation [280]. The luminal Lagrangian is given by
Lluminalpi = f2(pi,X)R+ P (pi,X) +G3(pi,X)pi + a3(pi,X)pi∂µpiΠµν∂νpi
+a4(pi,X)∂µpiΠ
µνΠµρ∂ρpi + a5(pi,X)(∂µpiΠ
µν∂νpi)
2 . (484)
As one can see, after imposing the luminal propagation on the DHOST theories, the re-
maining Lagrangian has four free functions, as many as Horndeski had before the condition
|cT /c− 1| . 10−15.
Within these luminal theories it would be interesting to study their implications in
the scalar perturbations for the large-scale structure formation [284]. On top of the ho-
mogeneous and isotropic background we can consider small scalar perturbations ds2 =
−(1 + 2Ψ)dt2 + a2(1− 2Φ)dx2i in Newtonian gauge. The interesting quantities are the ef-
fective gravitational coupling Geff and the slip parameter η = Φ/Ψ in the small-scale limit
within the quasi-static approximation. In this limit, the modified Poisson equation sim-
plifies to k2Ψ ≈ −4pia2Geffρmδ with the comoving non-relativistic matter density contrast
δ. With the remaining functions G2(pi,X), G3(pi,X) and G4(pi) the resulting effective
gravitational constant is always equal or larger than the Newton’s constant Geff ≥ GN. In
other words, weak gravity can not be realised and hence matter cannot cluster slower than
in the standard ΛCDM model. The gravitational slip parameter can be larger or smaller
than unity but without scaling within the sound horizon or it is very close to unity above
the Compton wavelength. If one enriches the allowed interactions by the F4 term in the
beyond Horndeski Lagrangian, then it is possible to have weak gravity with Geff < GN
and η 6= 1.
13.2. Vector-Tensor theories
Similar implications of future missions like LISA apply also to a general class of vector-
tensor theories. Within the generalised Proca interactions the exact type of scalar interac-
tions are incorporated for the longitudinal mode of the vector field. In that limit Aµ → ∂µpi
the interactions reduce to the Horndeski scalar-tensor theories and hence one encounters
exactly the same solutions with the same implications of the GW speed on them. Other
independent solutions of the scalar counterpart arise if one considers field configurations
with only the temporal component of the vector field being present Aµ = (A0(t), 0, 0, 0).
In the same way as in the scalar-tensor theories the non-minimal derivative couplings in
the forth and fifth Lagrangians
L4 = G4(X)R+G4,X
[
(∇µAµ)2 −∇ρAσ∇σAρ
]
L5 = G5(X)Gµν∇µAν − 1
6
G5,X
[
(∇ ·A)3
+2∇ρAσ∇γAρ∇σAγ − 3(∇ ·A)∇ρAσ∇σAρ
]
(485)
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contribute to the anomalous propagation speed of GWs. Note that the g5(X) term in
the fifth order Lagrangian and the G6 terms in the sixth order Lagrangian (299) are
not sensitive to the background due to involved symmetries of the background and the
interactions themselves. Therefore g5 and G6 do not modify the propagation speed. This
crucial property will be relevant for us when we discuss interesting dark energy survivals
in multi-Proca theories in the following subsection. The gravitational coupling and the
propagation speed take this time the form [81]
qT = 2G4 − 2A20G4,X +HA30G5,X
c2T =
2G4 +A
2
0A˙0G5,X
qT
. (486)
The attempt of a cancelation between G4 and G5 fails in the same way as in the scalar
case, since these functions contribute to the different tensor structure of the effective metric
Gµν = Cgµν +DAµAν +E∇µAν and hence for an arbitrary background a fine-tuning will
not be possible. One is forced to demand G5 = 0 and G4,X = 0, so that the luminal
Lagrangian is of the following form
LluminalAµ = G2(X,Y, F ) +G3(X)∇µAµ +
M2Pl
2
R+ g5(X)F˜
αµF˜ βµ∇αAβ
+ G6(X)Lµναβ∇µAν∇αAβ + G6,X
2
F˜αβF˜µν∇αAµ∇βAν . (487)
In analogy with the scalar-tensor theories, another possibility arises from the presence of
a specific beyond generalized Proca interaction, namely
LN4 = f4(X)δˆβ1β2β3γ4α1α2α3γ4Aα1Aβ1∇α2Aβ2∇α3Aβ3 (488)
where G5 = 0 and the fifth order beyond generalized Proca interaction as well f5 = 0
(for this background the beyond genealized Proca interactions f˜5 = 0 and f6 do not
contribute). In the presence of this beyond generalized Proca interaction the propagation
speed modifies into [67]
c2T =
2G4
2G4 − 2A20(G4,X + f4A20)
. (489)
Hence, the tuning f4 = G4,X/A
2
0 would achieve the cancellation of any contribution to
the anomalous speed of GWs. This is again possible since G4 and f4 contribute to the
effective metric of GWs with the same tensorial structure.
Concerning the implications of these restrictions for the phenomenology of large-scale
structure formation, the same conclusions of the scalar case for the slip parameter and
the effective gravitational coupling can be drawn also for the vector-tensor theories since
one recovers the results of the scalar-tensor theories for the longitudinal part of the vector
field Aµ = ∂µpi. For this field configuration of the longitudinal mode of the vector field
the limited Lagrangians satisfying c2T = 1 will again allow only Geff ≥ GN and η 6= 1. As
regards the temporal field configuration Aµ = (A0(t), 0, 0, 0), there is no modification in the
gravitational slip parameter at all, hence η = 1 and one cannot realise weak gravity either,
since Geff ≥ GN [284]. For the beyond generalized Proca theories there are possibilities to
achieve η 6= 1 and Geff < GN due to the presence of the additional function f4.
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13.3. Tensor-Tensor theories
In respect of the implications for the propagation speed of GWs massive gravity is
very special since it does not give rise to any anomalous speed since it does not modify
the derivative part of the Lagrangian but only contributes in form of potential term. If
derivative interactions were possible, this would yield an anomalous propagation speed
but there is a clear No-go theorem for this type of derivative interactions [285]. Massive
gravity will only introduce a mass term in the tensor perturbations
S(2)T =
∑
λ
∫
d4xa3M2Pl
{
h˙2λ −
(
k2
a2
+m2T
)
h2λ
}
. (490)
As one can see from the above expression, the gravitational coupling and the propaga-
tion speed are exactly the same as in General Relativity. For this reason massive gravity
automatically satisfies the constraints on the anomalous propagation speed c2T = 1. It nat-
urally introduces an effective mass term m2Th
2
λ, which incorporates the mass parameter
m2 and the background dynamics together with the dependence on the remaining parame-
ters. The bounds on the mass of the graviton from GWs observations are rather moderate
mT ≤ 7.7×10−23 eV compared to the tight cosmological constraints mT . 10−33 eV. The
same conclusion can be made for the massive gravity scenario with doubly coupled matter
fields. If there is a matter field that couples to the unique specific effective metric geff ,
then the second order Lagrangian of the tensor perturbations maintain the property of
cT = 1 and qT = M
2
Pl. However, one has to be careful with the propagation speed of the
scalar sector. The matter field that couples to geff will obtain non-trivial contributions in
the expression of the propagation speed c2s. This means that the parameters α and β in
geff will be exposed to tight constraints from Cherenkov radiation of order 10
−15 at high
frequencies. See also [282] for a recent work on this.
13.4. Astrophysical applications
The implications of modified gravity theories for astrophysical objects are tremendous
and rich in phenomenology. We will not discuss this here in detail but just give a quick
overview of the main features of the different large classes of alternative theories. For an
exhaustive review on this topic we refer to [286].
In standard General Relativity in the presence of a canonical scalar field and a Maxwell
field, both minimally coupled to the gravity sector, there is a No-hair theorem for black
hole solutions. This states the fact that the asymptotically flat and stationary black
hole solutions are described by only three parameters, namely the mass, the charge and
the angular momentum [287, 288]. This No-hair theorem can be avoided by going to
alternative theories with non-minimal coupling to gravity as in the Hornsdeski theories.
Restricting these interactions to the shift symmetric case allows to classify the conditions
under which the No-hair properties of black holes remain. In [289], this was done using
the properties of the conserved current associated with the shift symmetry. Hairy black
hole solutions can be constructed within this class of theories, if some of the assumptions
are set aside, for instance solutions involving pi′ 6= 0 [290, 291, 62, 61].
As we have seen, derivative self-interactions and non-minimal couplings also naturally
arise in vector-tensor theories. Apart from their scalar analogon, there are also new purely
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genuine intrinsic vector interactions with no scalar counterpart. The vector nature of
the involved interactions gives rise to astrophysical implications beyond Horndeski scalar.
There have been already a multitude of exact and numerical black hole solutions with
vector hair discussed in the literature [292, 293, 294, 295, 296, 297, 298]. In the presence
of the cubic and quartic derivative interactions (including the vector Galileon as a specific
case), one obtains black hole solutions with a primary Proca hair. Even though the quintic
powerlaw couplings do not accommodate black hole configurations regular throughout the
horizon exterior, the sixth order as well as the purely intrinsic vector mode couplings allow
hairy solutions with secondary Proca hair. In contrast to the scalar Horndeski theories,
the presence of the temporal vector component on top of the longitudinal mode notably
augments the possibility for the existence of hairy black hole solutions without the need
of tuning the explicit models [294, 295].
In the larger class of scalar-vector-tensor theories, the astrophysical phenomenology of
both these classes is unified and also new effects due to genuine scalar-vector couplings
arise. If one imposes the U(1) gauge invariance, we saw that there are, among other things,
two relevant scalar-vector couplings in L3SVT and L4SVT (328). In the shift symmetric field
space, cubic scalar-vector-tensor interactions in L3SVT are essential for constructing black
hole solutions with a scalar hair, that has significant effects around the event horizon.
Moreover, the inclusion of the quartic order scalar-vector-tensor interactions in L4SVT en-
riches the previous black hole solutions with an additional vector hair [176]. Hence, the
scalar-vector-tensor theories naturally give rise to black hole solutions endowed with scalar
and vector hairs and are also stable in the presence of odd-parity perturbations [177].
In the framework of massive (bi-gravity) the properties of the black hole solutions are
diverse and depend strongly on the restrictions put on the two metrics [299, 300, 301, 302,
303]. For not simultaneously diagonal metrics, the theory admits exact Schwarzschild or
Schwarzschild-dS solutions with no Yukawa suppression on large scales, which suffer from
strong coupling issues. The other possibility is to have simultaneously diagonal metrics
in the same coordinate system. However, the constructed solutions contain singularities
at the horizon [304]. Furthermore, the study of linear perturbations admits an unstable
mode with a Gregory-Laflamme instability [305, 306], which seems to be persistent and
surfaces also in bi-Kerr geometry. On the other hand, the analysis of perturbations in the
non-bidiagonal geometry gives more promising results [307]. Interestingly, time dependent
and non-singular numerical solutions were recently proposed in [308] and it would be worth
investigating their stabilities further.
13.5. Luminal dark energy in multi-Proca theories
In the previous subsections we have seen the implications of the restriction of lumi-
nal propagation of GWs in Horndeski, generalized Proca and massive gravity theories.
Dark energy models based on Horndeski type of Lagrangian with non-minimal derivative
coupling are severely constrained by the requirement |cT /c − 1| . 10−15, even though
these measurements so far were made on a scale, which is at the edge of the regime of
validity of these effective field theories. If LISA measures luminal propagation of GWs
also on significantly lower energy scales, some theories with non-minimal couplings will
be strongly restricted. In [309] a class of dark energy models within multi-Proca theories
165
were discussed, which incorporate non-minimal derivative couplings but nonetheless do not
contribute to the GWs sector. Nevertheless, due to the presence of a second tensor sector
they can give rise to new interesting features that can be probed by the GWs observations
while giving rise to cT = 1 for the GWs sector. Specially, these models can accommodate
interesting oscillation effects of GWs into additional tensor sectors. These dark energy
models can be successfully realised in the frameworks of multi-Proca and Yang-Mills the-
ories. Within these frameworks different suitable field configurations can be considered
in order to obtain a homogeneous and isotropic background. In the following we shall go
through these field configurations and highlight their common and different features.
13.5.1. Pure temporal configuration
The simplest field configuration is the pure temporal configuration where the only non-
vanishing components are the temporal ones Aaµ = φ
a(t)δ0µ. This field configuration can be
realised in the framework of multi-Proca theories, which is nothing else but several copy of
the single Proca field. For this field configuration the sixth order Proca Lagrangian with
non-minimal derivative coupling behaves quite special
L6 ⊃ G6(X)LµναβF aµνFaαβ +
G′6(X)
2
F˜αβa F˜
µν
a S
b
αµSbβν . (491)
As we have mentioned in section 9, this sixth order Lagrangian is attributed only to the
vector-tensor theories since there is no correspondence in the scalar Horndeski theories
(note that the fifth order Proca interaction F˜µαF˜
α
ν S
µν which also does not have its scalar
correspondence, does not have the extension into multi-Proca interactions if one imposes
an internal global SO(3) symmetry as we saw in 11.2). For this field configuration the
background field strength vanishes identically F¯µν = 0, hence the contribution to the
perturbations is only via
δ(2)L6 ⊃
[
G6(Y )R
µναβ +
G′6(Y )
2
SbαµSβνb
]
0
δF˜aµνδF˜
a
αβ . (492)
From this expression we immediately observe that it does not yield any effect on the GWs
sector but contributes only through the vector field perturbations δF˜µν with non-trivial
effects. It is also important to note that its contribution highly depends on the presence
of the cubic interaction. If G3 is absent, then we will not see any effects in the other sector
of perturbations either [309].
13.5.2. Triad configuration
For the existence of this field configuration the presence of an internal SO(3) sym-
metry of an ensemble of fields is crucial. In this scenario the spatial components obey
Aaµ = A(t)δ
a
i . Note, that this field configuration is completely compatible with the sym-
metries of the FLRW background. It is true that this field configuration breaks both the
spatial rotations and the internal symmetry, but it does it in a way that leaves a lin-
ear combination of the two unbroken. The symmetry breaking pattern follows SO(3) ×
ISO(3, 1)→ ISO(3)diagonal. The variation of the set of the vector fields under the spatial
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and internal rotations yields
δAai = wi
jAaj + J
a
bA
bAbi
= (wi
jδaj + J
a
b δ
b
i )A(t) , (493)
where the the combination inside the brackets (wi
jδaj + J
a
b δ
b
i ) is a diagonal unbroken
SO(3) and this is the reason why this field configuration is compatible with a FLRW
background. In difference to the pure temporal configuration we can not consider the
sixth Lagrangian (491) with the non-minimal coupling to the double dual Riemann tensor
for this field configuration, since it would modify the GWs propagation speed. Thus, one
has to enforce L6 = 0 for this field configuration. Even if the non-minimal couplings
are absent, there is still non-trivial phenomenology of the GWs due to the presence of a
second tensor mode associated to the multi-Proca fields. On top of the standard tensor
modes of the metric perturbations hij = δ
T gij/a
2, there are the tensor modes of the vector
fields tij = δ
a
i δ
TAai . These second tensor modes give rise to interesting feature since they
can mix with the GWs sector in a non-trivial way yielding an oscillation of GWs into
them. This is a very distinctive feature of these theories as dark energy models, since
they can be interestingly probed by GWs astronomy without being in conflict with the
tight constraints on the GWs speed. As we mentioned above, the constraints of the GWs
speed does not allow the presence of non-minimal couplings for this field configuration.
The allowed Lagrangian in this case would be of the form L = LEH + K(X,Z, · · · ). The
dots denote the SO(3) and Lorentz invariant contractions of Aµ’s and Fµν ’s, which do not
contribute any new additional terms to the FLRW background and can be disregarded.
13.5.3. Temporally extended triad configuration
The pure temporal configuration respected the spatial rotational invariance whereas
the triad configuration a linear combination of internal and spatial rotations. There is
another configuration that combines the two Aaµ = φ
aδ0µ + A(t)δ
a
µ, which was first pro-
posed in [69] in the framework of generalized multi-Proca theories. This combination does
not respect any rotational symmetry anymore and one might worry that the underlying
symmetries for a FLRW solution is lost. Nevertheless, if one restricts the interactions such
that Aaµ’s and F
a
µν ’s are never contracted with each other, in other words Y = 0, then
this field configuration for the remaining interactions gives rise to contributions to the
energy momentum tensor that are isotropic on-shell. This constitutes a dramatically new
mechanism to obtain homogeneous and isotropic cosmological solutions that had not been
considered in the literature before [69]. In order to illustrate the underlying mechanism
behind this field configuration let us consider the Lagrangian L = K(X,Z) (note that
Y can not be present). Due to antisymmetric nature of the field strength φa does not
contribute to Z and hence the Z sector will continue being isotropic. The Y sector needs
a little bit more care. The variation of the action is of the form
δS =
∫
d4x
√−gKXδX + isotropic terms (494)
Due to the presence of φa, the energy-momentum tensor receives an anisotropic contri-
bution T0i ∝ KXA(t)φa(t)δai. The equations of motion for the φa components impose
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KXφa = 0. Therefore, satisfying the equations of motion of the temporal components
makes the energy-momentum tensor isotropic on-shell. Since the branch φa = 0 cor-
responds to the triad configuration of the previous section, the genuine extended triad
configuration only arises for KX = 0. For the GWs phenomenology one does not gain any
new effects for the tensor perturbations in this field configuration, since the Z sector that
contributes to the tensor modes share the same properties as in the triad configuration.
On the other hand, the off-shell violation of isotropy in the extended triad configuration
yields preferred direction effects in the vector and scalar perturbations, that makes them
not decouple from each other. See [309] for more detail on this.
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14. Concluding remarks
This review was intended to give a comprehensive overview of modified gravity the-
ories in the framework of effective field theories. Imposing Lorentz symmetry we have
systematically constructed gravity theories based on different protagonists of particles.
The Standard Model of Particle Physics makes an extensive use of massless and massive
particles of spin-0, 1/2, 1 and cosmology strongly relies on the consistent interactions of
spin-2 particles. Since observations indicate that the gravitational force is a long-range
attractive force and couples to electromagnetism, this uniquely filters out a massless (or
very light) spin-2 particle as an exchange particle for the gravitational force.
We started our journey by recalling the properties of the Lorentz group and discussed
its fundamental representations since invariance under rotations and boosts in space plays
a crucial role in particle physics and cosmology as well as for the underlying laws of physics.
We have described these rotation and boost operations by the generators of the Lorentz
group together with their commutation relations. As a one dimensional representation we
have introduced the Lorentz scalar, that remains unchanged under Lorentz transforma-
tions. Non-trivial representations came into operation after establishing the tensor and
vector representations. Particles in Nature are classified by their spin and mass and carried
by the associated fields.
We have started with the simplest spin-0 particle and asked ourselves how we could
construct consistent interactions for a Lorentz scalar field with second order equations of
motion. We discussed the free scalar field with a kinetic and a mass term together with
its Hamiltonian density and stress energy tensor. The sign of the kinetic term was crucial
in order to have a Hamiltonian bounded from below. After writing down the quadratic
action of perturbations on top of a general background, we obtained the corresponding
propagator of the spin-0 particle and saw that the scalar exchange amplitude would give
rise to an attractive force between two conserved sources.
As possible extensions of the free theory, we discussed the K-essence scalar field in form
of a general function of the kinetic term and the field itself P (pi,X = −12∂µpi∂µpi). This im-
mediately guided us to the question whether one could consider derivative self-interactions
with two derivatives per field and still give rise to second order equations of motion. The
answer to this question naturally led to the construction of the Galileon theories, that
generalises the decoupling limit interactions of the DGP model. The resulting interactions
were invariant under Galileon and shift transformations of the scalar field. In terms of
the Levi-Civita tensors they correspond to the elementary polynomials of the symmetric
fundamental matrix Πµν = ∂µ∂νpi. In this context, we have seen that the Hamiltonian
of the Galileon becomes unbounded from below if the kinetic term is negative. The an-
tisymmetric structure of the interactions in terms of the Levi-Civita tensors helped us to
understand why the Galileon interactions do not obtain quantum corrections and there-
fore are technically natural. In other words, they are protected from quantum corrections
not only by the underlying symmetries but also by the non-renormalisation theorem as a
result of the antisymmetric nature of the Levi-Civita tensors. We also obtained important
information on the low energy effective field theory based on the unitarity and analyticity
requirements of the scattering amplitudes for a Lorentz invariant UV completion of the
massive Galileon.
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We then moved on to the case of massless spin-2 particle. We convinced ourselves
why gravity should be described by a massless spin-2 field (rather than a spin-0 or spin-
1 particle). We started with the consistent linear theory for a massless spin-2 particle.
Writing the most general Lorentz invariant Lagrangian at quadratic order in the spin-2
field hµν , we imposed restrictive conditions on the parameters in order to make the 00−
and 0i− components of the spin-2 field non-dynamical. This resulted in a one parameter
family of Lagrangians that had either the full diffeomorphism invariance yielding the Fierz-
Pauli or a Weyl transverse diffeomorphism invariant theory. We saw that the difference
between these two linear theories was just an integration constant.
With this linear Fierz-Pauli theory at hand, we discussed the natural matter coupling
and quickly encountered an inconsistency of the resulting equations of motion. Since
the stress energy tensor is only conserved on-shell, the new additional matter coupling
immediately spoiled this property. The attempt to fix this by including the next-to leading
operator resulted in an infinite series of interactions. Imposing the full diffeomorphism
invariance and the consistency of the equations of motion yielded a Taylor expansion of
the matter action where the initial Minkowski metric had to be replaced by hµν with
a corresponding prefactor and scaling. However, we very soon realised that we are still
missing the stress energy tensor associated to the self-interactions of the spin-2 field itself.
If one takes the linear theory in the weak field limit and compares it with observations,
the predictions are off by a factor of 1/4. In other words, in order to correctly account for
the observations we had to find the non-linear completion of the theory.
Starting from the linear theory as the zeroth order Lagrangian, we computed the self
energy in terms of the stress energy tensor and added an additional coupling to itself.
This again gives rise to an infinite series in the same manner as the matter coupling due
to the inconsistency of the equations of motion. One has to resum an infinite series of self-
interactions in order to realise the full diffeomorphism invariance at the non-linear level.
We saw that using Deser’s approach of the bootstrapping procedure allowed to perform
the resummation in one single step using the Palatini language. The resulting theory is
General Relativity up to a boundary term, that can be added by hand to recover the
Einstein-Hilbert action. The underlying property of this Lagrangian is that it is second
order in derivatives at the level of the equations of motion and propagates only two physical
degrees of freedom. A crucial property of this action is that the associated Hamiltonian is
linear in the lapse and the shifts, guaranteeing the presence of first class constraints that
remove the non-physical degrees of freedom. The fact that the lapse and the shifts are
Lagrange multipliers is a virtue of the full diffeomorphism symmetry.
In fact, imposing the full diffeomorphism symmetry and second order equations of
motion naturally filters out the Lovelock invariants as the unique consistent covariant
Lagrangians. In four dimensions this corresponds exactly to the Einstein-Hilbert action
with a cosmological constant. We saw that in higher dimensions one can construct further
interesting Lovelock invariants like the Gauss-Bonnet term and beyond. Associated to
the Lovelock invariant terms we constructed divergenceless tensors. In four dimensions
these were the metric, the Einstein tensor and the double dual Riemann tensor. We also
discussed how the well-posedness of the variational principle is jeopardised by the Einstein-
Hilbert action since it contains second order derivatives for the metric. This made the
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introduction of a boundary term (the Gibbons-Hawking-York boundary term) unavoidable
and introduced a disturbing ambiguity.
We continued our journey by abandoning the masslessness condition of the spin-2
particle. Adding a mass term explicitly breaks the diffeomorphism invariance and therefore
the constraints with respect to the lapse and shift cease to be first class. Consequently one
would naively have six propagating degrees of freedom, among which one is predestined to
be a ghost degree of freedom since the massive spin-2 representation of the Lorentz group
carries only five propagating degrees of freedom. At the linear order we have seen that
the Fierz-Pauli tuning makes the mass of this sixth degree of freedom to become infinite
and returns a unique linear theory. Comparing this linear theory with the observations
in the massless limit reveals the vDVZ discontinuity with the consequence that General
Relativity can not be recovered. This is due to the fact that non-linear interactions of
the helicity-0 mode become very relevant in that limit. Therefore, the theory has to be
non-linearly completed.
Usually, the inclusion of non-linear interactions brings back the sixth ghostly degree
of freedom and we saw that the potential interactions have to have a very specific square
root structure in order to avoid the ghost. They correspond to the symmetric elementary
polynomials of the fundamental square root matrix Kµν . The construction of such terms
relies on the existence of a second metric fµν , that plays the role of a fiducial metric
that can be used to contract indices. We also saw that the key properties of the theory
become manifest already in the decoupling limit, where the helicity modes of the massive
graviton decouple from each other and the helicity-0 mode resembles a scalar Galileon.
The interactions are such that the pure helicity-0 sector comes in form of total derivatives
and the leading order operators mix the helicity-0 and the helicity-2 modes. In this limit
the helicity-1 mode usually decouples from the matter sources and does not yield extra fifth
forces in contrast to the helicity-0 mode. The fifth force arising from the helicity-0 mode
gets frozen on small scales via the Vainshtein mechanism, which guarantees a successful
recovery of General Relativity on Solar System scales.
Within the decoupling limit the leading order interactions are protected from quan-
tum corrections by a similar non-renormalisation theorem as in the Galileon case. Beyond
the decoupling limit, the contributions coming from graviton loops unfortunately detune
the specific structure of the potential interactions. However, this detuning remains ir-
relevant below the Planck scale even for large background values after properly taking
into account the Vainshtein mechanism. Furthermore, the graviton mass receives small
quantum corrections, and hence, is technically natural. Another important question we
discussed concerned the consistent matter couplings in the framework of massive gravity.
We showed that there are two viable options (both at the classical and quantum level):
the matter fields either couple to gµν or to fµν but never to both simultaneously or they
couple to a composite effective metric geffµν . We then commented on the consequences of
the requirement to have Lorentz invariant UV completion for massive gravity in the same
way as for the Galileon interactions. The positivity bounds on the tree level scattering
amplitudes drastically reduce the allowed parameter space of the low energy effective field
theory.
After the successful construction of field theories for a spin-0 and a spin-2 field, we
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aimed at unifying both in form of scalar-tensor theories, in other words, we wanted to
promote the scalar theories to the curved space-time. Concerning the k-essence type of
interaction, this step is trivial in the sense that adding a volume element in form of a
minimal coupling does not alter the physical degrees of freedom. However, if we want to
promote Galileon-type of interactions to curved space-time, more caution is needed. If we
naively covariantise the quartic and quintic Galileon interactions, we obtain higher order
equations of motion. To counterbalance this we had to introduce non-minimal couplings
between the spin-0 and the spin-2 field. The cubic Galileon is an exception since it is
linear in the connection and therefore no counterterm in form of a non-minimal coupling
is needed. This gave rise to the rediscovery of the Horndeski interactions. They constitute
the most general scalar-tensor theories with second order equations of motion. We also
saw that starting from the decoupling limit of massive gravity and covariantising the in-
teractions after integration by parts, one obtains a specific subclass of Horndeski theories.
In this way we could relate massive gravity to Horndeski interactions in the same way as
we recovered in the decoupling limit the Galileon interactions for the helicity-0 mode of
the massive graviton. Next, we addressed the question as to whether the requirement of
second-order equations of motion could be abandoned. Horndeski interactions strongly
rely on the assumption of having second order in derivatives at the level of the equations
of motion. Renouncing this restriction allowed us to construct beyond Horndeski interac-
tions (and DHOST theories) with higher order equations of motion but still avoiding the
Ostrogradski instability.
Having overviewed the general landscape of scalar-tensor theories, we moved on to the
different territories where the protagonist now was a vector field. We focused our attention
on the spin-1 representation of the Lorentz group and asked ourselves the question how we
could construct consistent field theories for a vector field. Starting with the most general
quadratic Lagrangian for the massless spin-1 field, we worked out the conditions on the
parameters that give rise to a first class constraint removing two degrees of freedom. This
uniquely leads to Maxwell theory with U(1) gauge invariance, where the latter is reflected
in the vanishing of the Poisson bracket of the primary and the secondary constraint. We
also saw that even if we do not impose directly the U(1) symmetry on the matter coupling,
the consistency of the equations of motion inevitably introduces the gauge symmetry into
the matter sector as well. We illustrated that on the basis of a complex scalar field.
We then continued our journey towards massive vector fields and pointed out the main
differences between the massive and the massless spin-1 representations. We saw that
adding a mass term drastically changes the fundamental degrees of freedom and the nature
of the system of constraints. The mass term in the Proca theory explicitly breaks the gauge
symmetry and therefore three degrees of freedom propagate. Now, one has a second class
constraint with the Poission bracket of the primary and the secondary constraint being
proportional to the mass. The temporal component of the vector field ceases playing the
role of a Lagrange multiplier and becomes an auxiliary field, that can be integrated out.
Finally, we confirmed that the exchange amplitude of a spin-1 particle between conserved
currents gives rise to a repulsive force.
A natural immediate question in the framework of vector field theories is the possibility
of constructing vector Galileon-type interactions. The attempt to construct derivative
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self-interactions for a massless vector field ends at a No-go result and we soon had to
abandon this inhospitable place. However, this did not prevent us from conquering the
landscape of Proca theories. We started building the allowed interactions by imposing two
conditions: second order equations of motion and a non-dynamical temporal component
of the vector field. In this way we were able to systematically construct order by order
the allowed interactions in terms of the Levi-Civita tensors. In contrast to the scalar
Galileon theories, the generalised Proca theories contain two additional purely intrinsic
genuine vector interactions, that vanish in the limit of the longitudinal mode. The same
interactions also arise by requiring that the determinant of the Hessian matrix vanishes
at each order, which guarantees the presence of a primary constraint that removes the
temporal component. We showed that the series stops after the sixth order Lagrangian by
the virtue of the Cayley-Hamilton theorem. As an additional support we also constructed
the allowed interactions from a bottom-up approach, where we first built the allowed
interactions in the decoupling limit with the leading order terms and then promoted them
to the corresponding interactions beyond that limit.
Furthermore, we discussed the stability of the classical interactions under quantum
corrections. For those interactions, which do have their scalar Galileon limit as the longi-
tudinal mode of the vector field, there exists a similar non-renormalisation theorem. For
the genuine intrinsic vector interactions the non-renormalisation theorem is lost but the
quantum corrections might still be small. Concerning a Lorentz invariant UV comple-
tion, the presence of these purely intrinsic vector interactions seems to be crucial. We
then tried to promote these theories based on vector fields to the curved space-time for
both the U(1) invariant and broken cases in order to construct consistent vector-tensor
theories. In the case of the gauge invariant interactions we realised quickly that there is
only a unique non-minimal coupling to the double dual Riemann tensor that gives rise
to second order equations of motion. On the other hand, for the generalised Proca in-
teractions when we plunged into the curved space-time, we came across similar findings
as in the scalar Horndeski case. Namely, the covariantisation of the generalised Proca
interactions in the quartic, quintic and sixth-order Lagrangians requires the introduction
of non-minimal couplings in order to maintain second-order equations. Finally, following
the spirit of the beyond Horndeski construction for scalar fields, we also established similar
interactions beyond generalized Proca with higher order equations of motion but still five
propagating physical degrees of freedom.
Having spent some time with these two important classes of modified gravity theories,
that either contain an additional scalar or a vector field, we aimed at unifying them in
a single scalar-vector-tensor theory. The unification and the resulting underlying inter-
actions strongly depend on the presence or absence of the gauge symmetry of the vector
field. For the interactions with explicit gauge invariance we saw that one can success-
fully construct three different Lagrangians with non-trivial mixing of the scalar and vector
fields. In the case of broken gauge invariance there are six propagating degrees of freedom
and we were able to formulate six independent Lagrangians. These scalar-vector-tensor
theories will have very rich applications to cosmology and astrophysics.
Still within the framework of vector theories, the case of single vector field interac-
tions can be extended to a set of vector fields. In fact, the Standard Model of Particle
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Physics relies on the existence of non-abelian gauge fields, as described by the Yang-Mills
theories. Unfortunately, for a set of vector fields with a non-abelian gauge symmetry one
can not construct derivative self-interactions in four dimensions that would go beyond the
standard terms of the field strength and its dual. However, if one is willing to explicitly
break the non-abelian gauge symmetry, one can systematically build consistent derivative
interactions for a set of massive vector fields, the multi-Proca fields. We have discussed the
straightforward extension of the single Proca interactions but also emphasised the main
differences coming from the genuine new multi-Proca interactions.
After finishing the construction of this colourful landscape of gravitational theories,
we moved on to the different scenery where all these theories find cosmological applica-
tions. We first established the standard perturbation theory in General Relativity and
pointed out the role played by the gauge invariance. We convinced ourselves that out
of the naively counted six scalar perturbations only one single scalar mode propagates,
which is associated to the presence of a matter field. We discussed two prominent choices
of gauge fixing, namely the synchronous and the conformal Newtonian gauges. Along
an independent path, we also analysed the perturbations and obtained the right physical
properties without fixing any gauge. After integrating out the non-dynamical modes by
means of algebraic equations, the final differential equations contained the right combina-
tion of gauge invariant quantities. We then embraced the rich cosmological applications
of massive gravity, scalar-tensor and vector-tensor theories and discussed their fundamen-
tal features and defining differences. Most of the applications in the literature concern
the dark energy phenomenology, but these theories can also be naturally applied to early
universe cosmology and to dark matter phenomenology.
As we have seen, all these field theories of gravity result in alterations of the Hub-
ble function at the background level. The first step would be to test these modifications
against observations. Experimental tests of the expansion dynamics of the universe consist
of the distance-redshift relation of supernovae and measurements of the angular diameter
distance as a function of redshift (for instance as in the measurements of the Cosmic Mi-
crowave Background and the Baryon Acoustic Oscillations). These geometrical tests of the
background evolution will not be powerful enough to disentangle between the degeneracies
among the different field theories. The time dependence of evolving cosmic structures and
the influence of the gravitational theory on the geodesics of relativistic and non-relativistic
test particles will play a crucial role in distinguishing between field theories. The latter
includes the growth of cosmic structures and the formation of galaxies and clusters of
galaxies by gravitational collapse whereas the former encompasses the Sachs-Wolfe effects
and gravitational lensing.
The different gravitational theories will have modified time sequence of gravitational
clustering, number density of collapsed objects and evolution of peculiar velocities and
can be tested against each other. In this context, we discussed quickly a conceptually en-
tirely different and new analytic approach to cosmic structure formation based on kinetic
field theory and we believe that adapting this approach to alternative theories of gravity
and using it to study non-linear structure formation will be very relevant and comple-
mentary to N-body simulations in order to test alternative theories. Furthermore, the
tremendous discovery of gravitational waves has opened a new and unique opportunity
174
to test gravitational theories and we already saw its constraining power for most of these
alternative theories, that give rise to a different propagation speed of gravitational waves
than the light speed. The adventure undertaken throughout this review granted us to gain
an overview among existing consistent gravitational theories with fascinating novel effects
and distinctive features and we believe that they offer unique opportunities for exploring
the fundamental gravitational interactions and addressing pertinent open questions.
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Appendix A. Instabilities
In most of modifications of gravity, additional extra degrees of freedom are present.
One might be adding an additional tensor field, or a vector field or simply an additional
scalar field to the gravity sector. When constructing a consistent theory, one has to enforce
the absence of instabilities for these new degrees of freedom. There are ghosts, Laplacian
and tachyons instabilities.
A ghost is a field that carries the wrong sign for its kinetic term. Consider the following
action with two fields
S =
∫
d4x
(
−1
2
(∂µpi)
2 +
1
2
(∂µpi)
2 + Lint(pi, pi)
)
(A.1)
where we immediately see that the pi field has the wrong sign for the kinetic term, which
makes the Hamiltonian unbounded from below independently of the interaction term
Lint(pi, pi)
H =
∫
d3x
1
2
(
Π2pi −Π2pi + ∂ipi2 − ∂ipi2
)
, (A.2)
with the conjugate momentum Πpi and Πpi. The scale associated with the ghost instability
is the momentum, which has an arbitrarily fast instability as a consequence already at
the classical level. Sometimes a ghostly degree of freedom might be hidden behind a
higher derivative interactions of another field where the wrong sign of the kinetic term
might not be as immediate as in the previous example. For instance consider the following
Lagrangian
S =
∫
d4x
(
−1
2
(∂µpi)
2 +
(pi)3
6Λ5
)
, (A.3)
with a non-linear interaction of higher order in derivatives terms. Assume the background
field configuration p¯i = Λ3c1xµx
µ/8 and perturbation on top of that background δpi. The
above action at quadratic order in the perturbations takes the form
S =
∫
d4x
1
2
(
δpi
[
+ c1
2
Λ2
]
δpi
)
. (A.4)
The associated propagator can be read off and correspond to the expression in the square
brackets
D =
1(
1 + c1
Λ2
)

=
1
 −
1
+ Λ2 (A.5)
As it can be taken from the above expression of the graviton, there is an additional degree
of freedom behind the interaction and it comes with a wrong sign in the kinetic term.
Another severe instability that one has to avoid in any consistent theory is the Lapla-
cian instability. Let us consider an arbitrary background configuration p¯i and perturbations
δpi on top of this background. The quadratic action will take the general form
S =
∫
d4x
1
2
Z (δp˙i2 − c2s∇δpi2)− 12m2δpi2 (A.6)
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with the functions Z, c2s and m2 depending on the background configuration. As we have
seen above, in order to guarantee the absence of ghost instabilities, we have to impose the
right sign for the kinetic term, i.e. we have to require that Z > 0. On the other hand, for
the absence of any Laplacian instability one has to impose c2s ≥ 0.
Last but not least, one also has to impose conditions for the absence of tachyonic
instabilities. This is related to the presence of imaginary mass. It means that one has the
wrong sign for the mass term
S =
∫
d4x
(
−1
2
(∂µpi)
2 +
1
2
m2pi2
)
. (A.7)
In difference to the ghost instability, one has now an instability in the potential with the
scale given by m. In the presence of a general potential interactions, tachyonic instabilities
are present if second derivatives of the potential is negative. For a better illustration of
the consequences of a tachyonic instability, let us consider the following action with the
specific potential V
S =
∫
d4x
(
−1
2
(∂µpi)
2 − Λ
4
(pi2 − v2)2
)
. (A.8)
The corresponding Klein-Gordon equation p¨i − ∇2pi + ∂V/∂pi = 0 has critical points at
pi = 0 and pi = ±v. Consider perturbations δpi on top of the critical points as background.
For instance, for the background p¯i = 0 with V ′′ < 0 the perturbations equation in Fourier
space δp¨i + k2δpi − Λv2δpi = 0 can be solved easily and one obtains δpi ∼ e
√−k2tΛv2/
√
2k.
This means that modes with k < v
√
Λ have an exponential growing. The perturbative
analysis breaks down when the perturbations quickly become large.
Another worrying phenomenon is the possibility of having superluminal propagation
in the regime of interest. Special relativity has the important restriction that fluctuations
should not propagate faster then the speed of light. If a theory allows for superluminal
fluctuations, then it is considered to be a sick theory in some of the literature. This is
still an ongoing debate. However, undoubtedly the real concern is about the possibility of
creating closed timelike curves. In General Relativity, and also in some modifications of
gravity like massive gravity and Galileon theories, the theory allows for the construction
of timelike curves. However, once one tries to send information along these curves, the
effective field theory breaks down. This is known as Hawking’s chronology protection
conjecture.
A crucial point in General Relativity is the Null Energy Condition. It states that the
energy momentum tensor satisfies Tµνn
µnν > 0 for any null vector obeying gµνn
µnν > 0.
In other words, it means that any observer travelling along a light-ray should measure a
non-negative matter density. However, in some modifications of gravity like the scalar-
tensor theories, this condition might be violated
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Appendix B. Perturbations of the Scalar-Tensor Theories
The coefficients of the Einstein field equations in the scalar-tensor theories in section
12.3 are given by
A1 = 6Θ, A2 = −2(Σ + 3HΘ)/p˙i, A3 = 2GT , A4 = 2Σ + ρm,
A5 = −2Θ, A6 = 2(Θ−HGT )/p˙i, µ = E,pi , (B.1)
B1 = 6GT , B2 = 6(Θ−HGT )/p˙i, B3 = 6(G˙T + 3HGT ),
B4 = 3
[(
4Hp¨i − 4H˙p˙i − 6H2p˙i
)
GT − 2Hp˙i G˙T − (4p¨i − 6Hp˙i) Θ + 2p˙iΘ˙− ρmp˙i
]
/p˙i2,
B5 = −6Θ, B6 = 2FT , B7 = 2
[
G˙T +H (GT −FT )
]
/p˙i,
B8 = 2GT , B9 = −6(Θ˙ + 3HΘ),
B10 = −2GT , B11 = −2(G˙T +HGT ), ν = P,pi , (B.2)
C1 = 2GT , C2 = 2(Θ−HGT )/p˙i, C3 = −2Θ,
C4 =
[
2(Hp¨i − H˙p˙i)GT − 2p¨iΘ− ρmp˙i
]
/p˙i2, (B.3)
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D1 = 6(Θ−HGT )/p˙i, D2 = 2(3H2GT − 6HΘ− Σ)/p˙i2,
D3 = −3
[
2H(G˙T + 3HGT )− 2(Θ˙ + 3HΘ)− ρm
]
/p˙i,
D4 = 2
[
3H{(3H2 + 2H˙)p˙i − 2Hp¨i}GT + 3H2p˙iG˙T + 6{2Hp¨i − (3H2 + H˙)p˙i}Θ
−6Hp˙iΘ˙ + (2p¨i − 3Hp˙i)Σ− p˙iΣ˙
]
/p˙i3,
D5 = 2(Σ + 3HΘ)/p˙i, D6 = −2(Θ−HGT )/p˙i, D7 = 2
[
G˙T +H (GT −FT )
]
/p˙i,
D8 = 3
[
6(H˙p˙i −Hp¨i)Θ− 2p¨iΣ + 3Hρmp˙i − µp˙i2
]
/p˙i2,
D9 =
[
2H2FT − 4H(G˙T +HGT ) + 2(Θ˙ +HΘ) + ρm
]
/p˙i2,
D10 = 2(Θ−HGT )/p˙i,
D11 =
[
6{(3H2 + H˙)p˙i −Hp¨i}Θ + 6Hp˙iΘ˙ + 2(3Hp˙i − p¨i)Σ + 2p˙iΣ˙− µp˙i2
]
/p˙i2,
D12 =
[
2H(G˙T +HGT )− 2(Θ˙ +HΘ)− ρm
]
/p˙i ,
M2 = [µ˙+ 3H(µ+ ν)] /p˙i
= −K,pipi + (p¨i + 3Hp˙i)K,piX + 2XK,pipiX + 2Xp¨iK,piXX
+[6H(G3,piXXX +G3,piX)p˙i − 2G3,pipiXX − 2G3,pipi]p¨i + 6H (G3,pipiXX −G3,pipi) p˙i
+6G3,piXXH˙ + 2(9H
2G3,piX −G3,pipipi)X
+[6H2(4G4,piXXXX
2 + 8G4,piXXX +G4,piX)− 6H(2G4,pipiXXX + 3G4,pipiX)p˙i]p¨i
+[12H(G4,piX + 2G4,piXXX)H˙ + 6H(6H
2G4,piXXX − 2G4,pipipiXX + 3H2G4,piX)]p˙i
+12H2
(
2G4,pipiXXX
2 − 3G4,pipiXX −G4,pipi
)− 6 (2G4,pipiXX +G4,pipi) H˙
+[2H3(2G5,piXXXX
2 + 7G5,piXXX + 3G5,piX)p˙i − 6H2(5G5,pipiXX +G5,pipi + 2G5,pipiXXX2)]p¨i
+[2H3(2G5,pipiXXX
2 − 9G5,pipi − 7G5,pipiXX)− 12H(G5,pipiXX +G5,pipi)H˙]p˙i
+6H2X (3G5,piX + 2G5,piXXX) H˙ + 6H
2X
(
3H2G5,piX −G5,pipipi + 2H2G5,piXXX − 2G5,pipipiXX
)
.
(B.4)
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